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Abstract: The purpose of this paper is to study common fixed point thesffer six (four single-valued and two set-valued) mappings
in fuzzy metric space using general contractive conditibintegral type, without assuming compatibility and comnity of any
mapping on non complete metric spaces. To prove the thepmemsise a non compatible condition, that is, weak commuityativ
of type (Kh)in fuzzy metric spaces. We show that completséshe whole space is not necessary for the existence agdemgss of
common fixed point. Also, we prove a common fixed point theofentwo self mappings and two sequences set-valued mappings
the same weaker conditions.
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1 Introduction The purpose of this paper is to establish a common fixed
point for six mappings under weaker condition, that is,

After introduction of fuzzy sets by Zadeh[16], many weakly commuting of type (Kh) in fuzzy metric spaces

researchers have defined fuzzy metric spaces in differenising general contractive condition of integral type. Our

ways such as Kramosil and Michalek[10]. The concept ofresults generalize, extend and improve the corresponding

compatible and weakly compatible for hybird mappings results given by many authors.

in fyzzy metric spaces has been investigated initially by

Abu-Donia, Abd-Rabou [2], by which the notions of

commuting and weakly commuting mappings gre(? Basic Preliminaries

generalized. In the last few decades, the common fixe

point theorems for compatible mappings have applied to . . , o ,

show the existence and uniqueness of the solutions ol this section, we recall some notions and definitions in

differential equations, integral equations and many othefUZzy metric. o _
applied mathematics[3, 6-8, 11, 13, 15]. Note thatDefinition2.1[14]A mappings :[0,1] x [0,1] — [0,1]is

common fixed point theorems for single and set-valued® continuous norm if it satisfies the following conditions:

maps are interesting and ply a major role in many areas() . is associative and commutative,

Abu-Donia, Abd-Rabou [1, 2] studied common fixed (2) * is continuous,

point theorems for single and set-valued mappings i”(3)a*1:aforeveryae 0,1]

fuzzy metric spaces.Abd-Rabou [4] studied common 4) axb <cxd wheneve’ra <candb < d for each
fixed point theorems for weakly compatible hybrid abocde 0,1]. - -

mappings. Abd-Rabou [5 Jstudied a common fixed point B ’

for sequence of mappings under weaker condition, that isPefinition 2.2 [10] A triplet (X,M,x) is a fuzzy metric
weakly commuting of type (Kh) in fuzzy metric spaces. space ifX is an arbitrary sets is a continuous norm and
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M is a fuzzy set onX x X x [0,e0) — [0,1] satisfying,

X,y € X,the following conditions:

(D)M(x,y,0) =0,

2)M(x,y,t) =1LVt > 0iff x=y,

(3) ng,y,t) M(y,xt)
(

(BHM(X,y,t)«M(y,zs) <M(x,zs+t),st €[0,1),
(5) M(x,y,.) : [0,00) — [0,1] is left continuous.

n—

0(A,B) = max{d(a,b) : a € A/b € B},A,B € B(X),
whered(a,b) = |a—b|.
Let xo = 5+ %,n = 12.. Then limx, = 2 and
limFxq {2}. Also IFxy, € B(X) and
M(FIXn, IFXo,t) = M([2,2+ &[22+ £],t) — 1, as
n— co,
Hence,| and F are d-compatible and hence weakly

Note thatM(y,x,t) can be thought of as the degree of compatible. On the other hand if we take= 2, then

nearness betweetandy with respect td.

Definition 2.3 [9] A sequence{xp} in a fuzzy metric
space(X, M, ) is said to be convergent to a poing X if
liMneM (X, X, t) = 1,Vt > 0.

A sequence{x,} in a fuzzy metric spacéX,M,x) is
Cauchy sequence if

|irm_>ooM(Xn+p,Xn,t) = 1,Vt, p > O

[Ix =2, FIx =[1,2] and clearlyl and F are weakly
commuting of type (Kh) fox = 2.

Example 2.3 Let X = [1,»). Definel : X — X and
F: X — B(X) by Ix=2x andFx = [1,X] for all x € X,

0(A,B) = max{d(a,b) : ac A b € B},A B € B(x), where
d(a,b) = |a—b|. Thenllx = 4x,FIx = [1,2x] and for
R > 3 we can see thad(I1x,FIx,t) > M(Ix,Fx,t/R) for

A fuzzy metric space in which every Cauchy sequence isall x € X. Thus| andF are weakly commuting of type

convergentis said to be complete.
Definition 2.4 The mappings!| : X — X and
F : X — B(X)(The class nonempty bounded subsetX pf

(Kh) on X but there exists no sequengein X such that
condition of - compatibility is satisfied.
Example 2.4 Let X = [1,»). Definel : X — X and

are weakly compatible if they commute at coincidenceF : X — B(X) by Ix= 2xandFx = [1,x+ 1] for all x € X.

points. i.e. for each poini € X such thatlu € Fu, we
haveFIu = IFu. Not that the equatioRu = {lu} implies
thatFu is singleton.

Definition 2.5[2] The mappings!| : X — X and
F : X — B(X) are compatible if, for allt > O,

liMooM(FlIxn, IFXn,t) = 1, whenever {x,} is a
sequence in X such that
lM_wlXh=2z€ A= limhoF X, AC X.

Definition 2.6 The mappings| : X — X and

F : X — B(X) are R— weakly commuting if, for all
Rt > 0, M(FIxIFxt) > M(Fx,Ixt/R), such that
xe X,IFxe B(X).

Definition 2.7 The mappings!| : X — X and
F : X — B(X) are said to be weakly commuting of type
(Khy at x if, for all Rt > 0x € X,
M(I1x, FIxt) > M(Fx, Ixt/R).

Herel andF are weakly commuting of typeKh) on X if
the above inequality hold for akl € X.

Remark 2.1 Every weakly compatible pair of hybrid
maps is weakly commuting of typé&h) but the converse
is not necessarily true.

In the following example, we know that every metric
induces a fuzzy metric

Example 2.1 Let (X,0) be a metric space. Define
axb=ab,ac AlbeBandforallA,BC X,t >0,

M(X.Y.t) = tr50am)

We callM is a fuzzy metric orX induced by metrid.
Example 2.2Let X = [1,10]. Definel : X — X andF :
X — B(X) by

I — X if 1<x<5b
%2 if 5<x<10

ThenlIx = 4x,FIx = [1,2x+ 1] and forR > 3 we can see
that o(11x,FIx,C) < Ro(Ix,Fx,C) for all x € X. Thusl
andF are weakly commuting of type (Kh) oK. On the
other hand if we tak& = 1, thusl (1) =2 F(1) = [1,2],
IF(1) # FI(1). Thenl andF are not weakly compatible.

3 Main Results

Now we can introduce our main theorems @&(X)
be the class of all nonempty bounded closed subs#t of
andd(A,B) = sup{d(a,b):ac A be B}.
Theorem 3.1Let SR H andT be four self mappings of
a fuzzy metric spaceX,M,*) andA,B: X — CB(X) set-
valued mappings satisfying following conditions:

(1) UAXX) € SR(X) andUB(X) C TH(X) ,

(2) {A,TH} and{B,SR} are weakly commuting of type
(Kh) at coincidence points iX,

@ afe" ™ g)dt > [0 ¢ (0)et,

where¢ : R — R" is a lebesgue-integral mapping which
is summable, nonnegative, and such that for each
€>0, /S ¢(t)dt >0,
m(x,y,t)
aM(THx, SRy,t) + bM(THx, Ax,t) + cM(SRy, By, t)
—|—maX{M(AX,SRy,t),M(By,THX,t)},

for al xy € X, where abc > 0 with
0<g<a+b+c<1andif the range of one of the
mappingsA,B,SR and TH is complete subspace .
Then A/B,SRH and T have a unique common fixed
point.

Proof. Let xg be an arbitrary point inX. From the

and condition (1), we chose a point; in X such that
[1,x] if 1<x<2 SRx1 € AXp. For this pointx; there exist a poink, in X
F(x) = [2,x] if 2<x<5 such thatTHx, € Bx; and so on. Inductively, we can
[2,%1] if 5<x<10 define a sequend&,} in X such that
(@© 2015 NSP
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M(A

SRXon+1 € A¥on = Zon, THXoni2 € BXoni1 = Zonen, ¥ n= gy ™) g(t)at

0,1,2,. > faM(zzt)+bM(zAut)+cM(zzt)+n‘ax{M(Au zt),M(z.zt) }¢( )

We wiII prove that{Z,} is Cauchy sequence. 'Fhé)n we get

Now, we prove thatM(Zany1,Zon,t) > M(Zon, Zon-1,1). M(Au,z,t) > (agchl) >1,

Using inequality (3), we obtain
QfOM(ZZ"’ZZ"H’t) ¢ (t)dt = qfOM<AX2naBX2n+lat) ¢ (t)at

2- fom(xzmxznﬂ-,t) ¢(t)dt _
Since
m(ina X2n+17 t)

=aM (THXZn, S?X2n+1,t) +bM (THXZn,AXZn,t)
+ CM(S?XZHJrla BX2n+lat)
+ max{M(Axzn, SRXon11,t), M(BXan 11, THXon, 1) }

aM(Zan-1,Zon,t) +bM(Zon_1,Zon,t) + CM(Zon, Zons1,t)

+ max{M(Zzn, Zon,t),M(Zon11,Zon-1,t) }

= (a+ b+ 1)M(Zan-1,Zon,t) + M (Zon, Zony 1, 1).
ThenM(Zan, Zon+1,t) > BM(Zon-1,Zon,t), where

B _ anggl >1

Sincef > 1, we obtain

M(Zon+1,Zon,t) > M(Zon, Zon—1,t)
Similarly

M(Zont2, Zons1,t) > M(Zong1, Zon, t).

Now for any positive integep,
M(Znazn+p7t) Z M(ZniszrlJ tﬁ) * M(Zn+1azn+27 %) ok

M(Zn+p—1azn+pa tf))

Asn — o, we getM(Z,, Znip,t) — 1.

Hence{Z,} is a Cauchy sequence. Suppose BRX is
complete, therefore by the above&SRxon11} is a Cauchy
sequence and hen&®xpy,1 — 2= SRv for somev € X.
Hence,Z, — z and the subsequenc@$ixon 2, Axn and
Bxons1 CcOnverge ta@.

We shall prove that = SRv € By, by (3), we have
q-foM(szmBV-,t) ¢ (t)dt > f(;n(xz”,v,t) é(t)dt.

Since

m(inavvt)

= aM(THxan, SRy, t) + bM (THX2p, AXon, t)
+cM(SRv,Bv,t) + max{M(Axzn, SRv,t),M(Bv, THxp,t).
As n — oo, we obtain

Al “*Y gty

> jOaM (zzt)+bM(zzt)+cM(z,Bvit)+max{M(z.zt) M(Bv,zt)} ¢(t)dt
Then,

M(zBut) > (22E1) > 1,

which yields{z} = {SRv} = Bv.

SinceB(X) C TH(X), thus, there existi € X such that
{THu} =Bv = {z} = {SRv}.

Now if Au # Bv,we get

afo" Y (M)t > [ gty

Since

m(u,v,t)

=a M(THu,SRv,t) + b M(THu,Au,t)+ ¢ M(SRv,Bv,t) +
max{M(Au,SRv,t) , M(Bv,THu,t},

thus,

which yieldsAu = {z} = {THu} = {SRv} = Bv.
SinceAu = {THu} and{A, TH} is weakly commuting of

type (Kh) at coincidence points in X,
M(THTHu,ATHu) > RM(THu,Au) which gives
Az={Tz}.

On using (3), we obtain

afo" AP g (t)dt > [ (el

Since

m(z,v,t)

=aM(THz,SRv,t) + b M(THz,Az,t)+ ¢ M(SRv,Bv,t)
+ max{M(Az,SRv,t) , M(Bv,THz,t)},

thus,

qjo

M(Tz zt)+bM(zAzt)+cM(zzt)+max{M(Azzt),

(Azzt)

¢ (t)dt

M(z.zt) }¢( )dt
HenceAz {z} = {THz}. Similarly, Bz= {z} = {SRz}
where {B,SR} is weakly commuting of typgKh) at
coincidence points iiX. Then,

Az={THz} = {z} = {SRz} =Bz

Now, we prove thaRz = z. In fact, by (3), it follows that
af" "% g (t)dt >

jaM(THZ52th)+bM(THzAzt)+cM(m BRzt)-+max{M(Az,SRRzt).M(BRz. THzt) } o)t
Since Bz = {7z} = {SRz} and R: X — X,
BRz= {Rz},SRRz=Rz.

Then the above inequality become

qf ZRZt ( )dt >
JEM(ZReD) HOM (2:20) oM (ReRet) +ex{M(zRet) M(Re20)} 4

Thus, we haveRz = z HenceRz = SRz = Sz =z
Similarly, we gefTz=Hz=z Thus

Az={Tz} ={Hz} = {z} = {SZ} = {Rz} =Bz

i.e.zis the common fixed point &, B,S R, H andT have
a unique.

To see z is unique, suppose thap # z such that
Ap={Tp} = {p} ={Sp} =Bp.

On using (3), we get

‘M(AzBp,t
afg" =Y gty >
anM(THz,SQp,tHbM(THzAz,t)+cM(S?p.Bp,t)+rmx{M(Az,SQp,t),M(Bp,THzt)) ¢(t)dt,

thus,
M(z p.t) > (52£),

which is impossiblez = p.ThenA,B,S R H andT have a
unigue common fixed point.

thus

Remark 3.1 Theorem 3.1 extends,
generalizes the results of [3, 6-8, 15].

improves and

Remark 3.21n Theorem 3.1 if¢ (t) = 1 , we obtain the
results of Abdrabou [5],which extends, improves and
generalizes the results of Abu-Donia and Abdrabou [1-2]
and Abdrabou [4]
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Theorem 3.2Let Sand T be two self mappings of a Theorem 3.1, we geA" and S™ have a uniqgue common

fuzzy metric spacéX, M, ) such that fixed point in X. That is, there existz € X such that
A(z) = {S"(2)} = {z}. sinceA"(Az) = A(A"z) = Az, it
@ afy"™ Y gt)dt > 70 g (t)ct, follows thatAz is a fixed point ofA" and S™ and hence

n(x,y,t) = aM(Tx, Sy,t) + bM(Tx, X, t) +-cM(Sy, y,t) Az =z Similarly, we havesz = z.
+max{M(x, Sy,t),M(y, Tx,t) }

whereg : R* — R* is a lebesgue-integral mapping which Theorem 35LetS and T be two self mappings of a
is summable, nonnegative and such that for eacUZZy metric space(X,M,x) and two sequences
£>0,[Ep(t)dt > 0, for all x,y € X, wherea,b,c > 0 set'-val.ued mappmgA;,Bl : X — CB(X) for all i,j € N
with 0< q < a+b+c < 1 and if the range of one of the Satisfying following conditions:

mappingsSandT is complete subspace ¥f ThenSand (1) there existig, jo € N such that JA,(X) € S(X) and
T have a unique common fixed point. UBj,(X) CT(X),

Proof. If we set A= B = H = R = I(the identity  (2) {Aj,, T} and{Bj,,S} are weakly commuting of type
mapping)in Theorem 3.1, then it is easy to check that the  (Kh) pairs,

pairs (1,S) and (I,T) are weakly commuting of type (3)q/)" " p(t)dt >

(Kh). Hence, by Theorem 3.1S and T have a unique S DS EEMDAL) T MO (M AXSIOMENTEO g ) o,

common fixed point. where¢ : R" — R' is a lebesgue-integral mapping which

is summable, nonnegative, and such that for each
>0,/ ¢(t)dt >0, for all x,y € X, wherea,b,c > 0
with 0 < g < a+b+c< 1 and if the range of one of the

In the following theorem, we prove a common fixed point
theorem for four self mappings without the continuity
assumption of the mappings in Pathak and Singh [12]'ma ingsA Bi.SandT foralli.j = 1.2.... is complete
Also, we replacing complete fuz;y mgtric SpageM, x) subps%age c’JfXJ.’ Then A, B;,S ’afnd T7 ﬁave a ur?ique
by the range of one of the mappings is complete subspacg, ., 1 fixed point for aii J-J’: 12

of X. :
. Proof. By Theorem 3.1, the mappingy,,Bj,,Sand T
Theorem 3.3Let A B,SandT are four self mappings of a for someio, jo € N have a unique common fixed point in

fuzzy metric spacéX, M, x) such that X. That s, there exists a unique poi¢ X such that

(1) A(X) C §(X) andB(X) C T(X), {Sz} ={Tz} = {z} =A;z=B).z o
(2) {A, T} and{B, S} are weakly commuting of typgh), Suppose that there exists N such thai = ig. Then, we
@)D AB g t)dt > [N (1), have | A

h(X7 yvt) = aM (TX, th) + bM (TX7 AX,t) + qfoaM(Tz&ﬂglJ)M}Tz:Aiqz{?JrcM(SzB- zt()i’Jr(rtrzxx{tM(AixSLt)M(B- zTzt)}

cM(Sy, By, t) -+ max{M(Ax, Sy,t),M(By, Tx,t)} zh o ST gt

> .OaM(zzt)+bM(zA"z,t)+cM(zzt)+max{M(Aix.zt).M(z,z,t)}¢(t>dt
where¢ : R" — R* is a lebesgue-integral mapping which 5 p.cy1 MEAZO b ),

is summable, nonnegative, and such that for eachyhich is a contradiction. Hence, for dlie N, it follows
€>0, [g¢(t)dt >0, for all xy € X, wherea.b,c>0  that Az =z Similarly, for all j € N, we haveB;z =z

with 0 < g <a+b+c<1andif the range of one of the Therefor, for alli, j € N, we have

mappingsA,B,SandT is complete subspace & Then  aAz— Bjz=z={Sz} = {Tz}.

A,B,SandT have a unique common fixed point.

Proof. If we setA,B: X — X in Theorem 3.1. Hence The authors are grateful to the anonymous referee for a
proof. careful checking of the details and for helpful comments

. _ thatimproved this paper.
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