J. Stat. Appl. Pro. 4, No. 2, 315-321 (2015) F =D\ 35

Journal of Statistics Applications & Probability
An International Journal

http://dx.doi.org/10.12785/jsap/040216

Characterization and Estimation of Transmuted Rayleigh
Distribution

Afag Ahmad **, S. P Ahmad *and A. Ahmed 2.

! Department of Statistics, University of Kashmir, Srinagar, India.
2 Department of Statistics and Operation Research, Aligarh Muslim University, India.

Received: 18 Jan. 2015, Revised: 22 Apr. 2015, Accepted: 23 Apr. 2015.
Published online: 1 Jul. 2 015.

Abstract: In this paper, a new class of Transmuted Rayleigh distribution is introduced. The estimates of parameters of Transmuted
Rayleigh distribution are obtained by using new method of moments. A new distribution which contains as a special case is introduced.
The characterizing properties of the model are also derived.
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1 Introduction

Rayleigh distribution (RD) is considered to be a very useful life distribution. Rayleigh distribution is an important
distribution in statistics and operations research. It is applied in several areas such as health, agriculture, biology, and other
sciences. One major application of this model is used in analyzing wind speed data. This distribution is a special case of
the two parameter Weibull distribution with the shape parameter equal to 2. This model was first introduced by Rayleigh
(1980), Siddiqui (1962) discussed the origin and properties of the Rayleigh distribution. Inference for model Rayleigh
model has been considered by Sinha and Howlader (1993), Lalitha et al. (1996) and Abd Elfattah et al. (2006). Faton
Merovci (2013) generalizes the Rayleigh distribution using the quadratic rank transmutation map studied by Shaw et al.
(2009) and named it Transmuted Rayleigh distribution. Ahmad et al. (2014) develops the Transmuted Inverse Rayleigh
distribution and discussed its properties. The probability density function (pdf) of Rayleigh distribution is given as:

2

g(x,H):%exp(—%j, Xx>0,0>0 (11)

And its corresponding cumulative distribution function (cdf) is given by

2

G(x,@):l—exp(—zx—ezj, x>0,0>0 (12)

Merovci (2013) used the quadratic rank transmutation map (QRTM) for a pair of distributions F(x) and G(x) where G(x) is
a sub model of F(x). Therefore, a random variable X is said to have transmuted probability distribution with cdf F(x) if

F(x)=(+A)G(x)-AG*(x) ,|4[<1
Which on differentiation yields
f(x)=g(x)[1+1-24G(x)]

WhereG(x) and g(x) is the cdf and pdf of the base distribution. Observe that at A= 0, we have the distribution of the base
random variable.
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Hence, the pdf of transmuted Rayleigh distribution with parameters &and A is

t 0.0 =" exp| - 1224+ 220xp] -2 (13)
D= P o Pl 207 '
And the corresponding cdf is given by
X2 X2
F(x,0,A)=|1-exp| —— | || 1+ Aexp| —— 1.4
( ) p( Zezj p[ Zezj 1.4)

The Rayleigh distribution is clearly a special case for A =0.

Figure 1 and 2 shows some of the possible shapes of the pdf and cdf of transmuted Rayleigh distribution for selected
values of parameters & and A respectively.
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Figure 2: The cdf of transmuted Rayleigh distribution under various values of Parameters
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2 Statistical Properties of Transmuted Rayleigh Distribution (TRD)

In this section, we present the statistical properties of Transmuted Rayleigh Distribution throughout computing the mean,
variance, coefficient of variation, harmonic mean, moments, mode, coefficient of skewness, and coefficient of kurtosis as

follow:
2.1 Moments of TRD

The rth moment of TRD is given by

E(Xf)zﬂ;zjxff(x;e,z)dx
0

T X x? x?
=X =exp| —— || 1-A+21exp| —— | |dx
[ ool 5 o[-

r-2
22 a-porr| L)+ e[ L
2)" 2 2

1 r >
=y ==0rT| = || 1+22(1-2)
2 2
Putr=1ineq. (2.1), we get mean of the Transmuted Rayleigh distribution which is given by
1
L= ;4:59\/2(/“\/5(1—1))
Put r =2, 3and 4 in eq. (2.1), we get second third and fourth moment of TRD as given below
=0*(1+2(1-4))

3
ﬂ;%eﬂ/}[,uzza—l))

1, =260*(1+4@1-2))
2.2 Variance of Transmuted Rayleigh distribution

The variance of transmuted Weibull distribution is given by

2 0 2
_d- /I)J‘x”l X exp(—gjdx+ 8 x”lexp( XZ
0

(2.1)

(2.2)

! ! 7[ 2
HZ=ﬂ2_(ﬂ1)2=02(2—1—Z(/1+\/§(1—ﬂ,))j (2.3)
2.3 Third and fourth moments Transmuted Rayleigh distribution
M =24t +2(44)’ —_93\/_( —20,0, + %O-fj
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3
py = g — Al + 650 —3()* =20%c, —30*ro,0, +30°no,0, —E947r2014

2.4 Standard Deviation

N

o =11 =0(2—z—%(1+\/§(1—,1))2j (2.4)

2.5 Coefficient of variation

(2—1—”(1+J§(1—A))2j2
o. 4 (2.5)
a */2;(,1+J§(1—,1))

CV =

2.6 Skewness and Kurtosis

The most popular way to measure the skewness and kurtosis of a distribution function rests upon ratios of moments. Lack
of symmetry of tails (about mean) of frequency distribution curve is known as skewness. The formula for measure of
skewness and kurtosis given by Karl Pearson in terms of moments of frequency distribution is given by

2 2
Skewness = 3 = ’u—33 and Kurtosis= £, = ,u_42
2 H,

2
(293\/;(0'3 - 20,0, +7§0'13D

(2202

( 20°c, 30" \/;(73(72 + 303\/20'201 - 1:2 0'r’c, j

({2707

3 New Moment Estimator of parameters of Transmuted Rayleigh distribution.

B =

b=

In this section, we recall the new method based on moments, using it’s characterization for estimation of parameters of
transmuted Rayleigh distribution. The result shows that this new method is easy and more efficient than MLE method in
small sample. For deriving new moment estimators of the parameters of the Transmuted Rayleigh distribution, we need the
following theorem obtained by using the similar approach of Hwang (2000), Hwang and Hu (1999) and Huang and Hwang
(2006).

Theorem 3.1:Let N>3and let X, X,, X,... X, be a n positive identical independently distributed random variables

having a probability density function f (X) .Then the independence of the sample mean Xn and the sample coefficient of

S
variation V, =—=" is equivalent to that f(X)is a transmuted Rayleigh density where S is the sample standard
X
n
deviation.
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2
S _
The next result and theorem 3.1 are useful in deriving the expectation and the variance oan2 = [XT” , where X and
n

S, are respectively the sample mean and the sample standard deviation.

Theorem 3.2:Let N>3and let X, X,, X,...X,, be a n positive identical independently distributed random samples
drawn from a population having a transmuted Rayleigh density

t o) ="exp| - X (1= 1+ 22800 - X
T g2 207 207

E(Ynz)z%z(z —2 —%(ﬁ + Ji(l—,1))2 1- n)j

Then

E(S,2) =62 (2—/1—%(/1+\/§(1—/1))2)

Where X and Sn2 are respectively their sample mean and sample variance.

Proof: It is easy to prove that

E(x)=%eﬁ(/1+\/§(1—,1)), Var(X)=92(2—1—%(/1+\/§(1—/1))2)
E(X™) =%9mmr(%)(z+2z (1—/1)J
E(Xn) = 07 (2442 -2)

92(2—/1—2(/“&(1—/1))2)

Var(X,) =
n
— 92 2
E(Xn )=7(2—/1—”T(z+\/§(1—z)) (n—1)j (3.1)
Now, E(S,?) =nVar(Xn)
E(S.2) =92(2—/1—%(,1+J§(1—/1))2j (3.2)

Theorem 3.3:Let N>3and let X, X,, X,...X, be a n positive identical independently distributed random samples
drawn from a population having transmuted Rayleigh density

o) ="expl - X 1= 1+ 22800 - X
e 26° 26°
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S ez
Then (XnZJ(ZlZ(ﬂ‘J”/E(ll))Z (n—l)J

Where X and Sn2 are respectively their sample mean and sample variance.

Proof: By theorem 2.1, we have

coiy-e[ 50 -3t

n

x|

And hence

{5

n

Applying theorem 3.2 to the above identity yields that

(7). n(Z—/I—Z(/H\/E(l—/I))Zj
(K Zj(zxz(m\/i(lz))z (n—l))

Thus theorem 3.3 is established.
: j_)(zzi:(mﬁ(lz))zj

Note that E [ )z” 5 p= >
Z(mﬁ(l—z))

(3.3)

as N —ooand that this limit is the square of the coefficient of
n

2

variation. Thus ( )z” 5 j is an asymptotically unbiased estimator of the square of the coefficient of variation.
n

Based on Theorems 3.2 and 3.3 we set, by using moment estimation approach, two equations for finding two estimators

(6’, ﬂj of parameters (9, Z) respectively as follows:

&ieﬁ(mﬁa—ﬂ)) (3.4)
n 2

5 (2—A—Z(ﬁ+ﬁ(1_ﬂ))zj y
nX,’ (2_172(1+J§(1—/1))2(n—1)j

Thus the solutions of (Q,A)are obtained by solving the two equations (3.4) and (3.5) simultaneously are proposed for
their estimators.
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