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Abstract: The aim of this paper is to use the concepts of idéabitopological spacéX, 11, 72) and its associated supra topological
space(X, T12) to introduce a new local functioy;,. The properties of these local functiéyj, and some important results related to
it have obtained. The local functioki, is used to generate a famity, which is finer tharry, T, andty», 17, is a supra topology not
a topology in general. In addition, a supra topolagy is used to study connectedness in the ideal bitopologiGaesiX, 14, 12, .7 ).
Examples have introduced to illustrate the concepts inendity way. Finally, the relationship between the curreotgtand the
previous one has been given.
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1 Introduction 2014 Mandira Kar and ThakufLp] have been studied the
notion of connectedness in ideal bitopological spaces, but

In 1963 Kelly [10] was introduced a bitopological space he studying of such spaces by using the supra-topological
(X,11,T2) as a richer structure than topological space. Aspace has not been considered.

study of bitopological space is a generalization of theytud

of general topological space as every hitopological space

(X,11,T2) can be regarded as a topological spgXer) if In this paper, given a btéX,11,172) and its associated

n=Ty=T. supra topological spaceX, 112) [13]. Also, let .# be an
ideal on a spac&, we introduce a new local function,

The concept of ideals in topological spaces has beer'lo\12 ' P(é() —>X P(X)’e 12(A)T1_2(>{<;(}E O r\:\/ﬁ\egrze

introduced and studied by_ Kura_towskil]ﬂ and Ti={U UUy: U € T3,i = 1,2} is a su'pra topologyl[3]

Vaidyanathaswamy 1[7]. An ideal is a nonempty generated byr; and 1, (X,T12) is @ supra topological

collection of subsets closed under heredity and f'”'tespace associate to the 6, 11, T2). The properties of the

additivity. The study of ideal bitopological spaces was gperatorA, have obtained. In addition, we show that

initiated by Jafari and Rajeshi Ai,(A) = A;(A) N A;(A). Moreover, we show that the
operatorcli,(A) = AUA7,(A) is a supra closure operator

As a generalized to topological spaces, Mashhour et all8 9] and then induces a supra topologly which is finer
[13] introduced supra-topological spaces by droppingth@n 71,72 and Tip, Tj, iS not a topology in general.
only the intersection condition. Kandil et aglj[generated Furthermore, a supra topology;, is used to study
a supra-fuzzy topological spa¢, 11,) from the fuzzy connectedness in the '|deal' b|topolog|ce}l space
bitopological  space (X,71,72) and studied some (X,11,T2,.%), since the dealing with one family is easier

roperties of the spacéX,t;,T,) via properties of the than the dealing with two families. Also, the class of all
gparc):e(x T12). paceX, 11, 72) prop supra-topological spaces is wider than the class of

topological spaces. So, the study of supra-topological
spaces is a generalization of the study of topological
The notion of connectedness in bitopological spaces haspaces. The notions ofP*-x-connected spaces,
been studied by Pervidf]], Reily [15] and Swart 16]. In P*-x-separated sets and*-xs-connected sets in ideal
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bitopological spaces are studied. Some examples arB NB= 0,ANB =@,i,j=12i+#]j.
given to illustrate these concepts. Finally, comparisonsDefinition 2.6[14,15] A bts-spacg X, 11, T») is said to be
between the current study and the previous &4 14, p_connected space X can not be expressed as a union of
19| are presented. two non-empty disjointj-open sefA andtj-open seB. If
X can be so expressed we shall wite= A|B and we call
o this a separation or disconnection.
2 Preliminaries We call (X, 11, T2) is P-disconnected space if it is not
P-connected.
In this section, we collect some needed definitions andDefinition 2.7[8] A mappingcl : P(X) — P(X) is said to

theories of the material used in this paper. be a supra closure operator if it satisfies the following
Definition 2.1.[4] Let X be a non-empty set. A clagsof

conditions.
subsets oiX is called a topology oiX iff T satisfies the
following axioms. lcl(g) = o.
2ACcl(A).
1X,per. 3.cl(AUB) D cl(A)Ucl(B).
2.An arbitrary union of the members ofis in 7. acl(cl(A) =dl(A).

3.The intersection of any two setsiris in 7.

Proposition 2.2[8,9] For any bts(X, 11,72) a mapping
clz: P(X) = P(X), cliz(A) = d(A)ncl?(A), cipis a
supra closure operator and induces a supra-topology
T2 = {A C X : dp(A) = A} and (X,132) is a

The members of are then called-open sets, or simply
open sets. The paiX, 1) is called a topological space. A
subsetA of a topological spacéX, 1) is called a closed
set if its complemend’ is an open set. If satisfies the . g
conditions 1 and 2 only, thenis said to be supra-topology ;l:gr%;[ﬁ% ?:029';[%'] SLZ?C(; ?ssrognglteeg l:t)ct)s aT(r?Sng;tor
onX and the paifX, 1) is called a supra-topological space ' '°P : t1, 02 F ' P

[13]. int;o: P(X) — P(X) defined by,nt;2(A) = A% UA%?,
Definition 2.2[7] A non-empty collection” of subsetsof IS & supra interior  operator ~ such  that

a setX is called an ideal oiX, if it satisfies the following Séf;ii{i'gngZXS: '[rit]lzl_(:t‘)(; 'AT‘}'T ) be a bts. Thend C X is
-O. s 11, L2 . N =

conditions
called aP-open set ifA =U; UUp,U; € 14, (i = 1,2). The
1Ae.7andBe J = AUBe .7, complement of &-open set ifX is aP-closed set irX.
2Ac s andBCA=Be 7. Proposition 2.4[3,8] Let (X,11,T2) be a bts. Then, the
Definition 2.3[7] Let (X, T) be a topological space and ~ family of all P-open sets inX, is a supra-topology.
be an ideal orX. Then, Moreover,t1o = {AC X : Ais P-open}.

oy A% X OVAAL 7O Proposition 2.5[8] Let (X,11,T2) be a bts andA C X.
(7,7) (orA7) = {xe X: OnA¢E x} Thenx € clip(A) < V Oy € T12,OxNA £ @.
is called the local function of\ with respect to# andr, Definition 2.9. [3,8] Let (X1,11,12), (X2, 61,62) be two
whereQy is an open set containing bts's. A function f : (X;,T1,T2) — (X2,61,6,) is called
Theorem 2.1[7] Let (X, T) be a topological space and P*-continuous if the inverse image of eveé?yopen subset

be an ideal orX. Then, the operatatl* : P(X) — P(X) of X, is aP-open subset oX;.
defined by: Definition 2.10.[2] Let (X,11,T2) be a bts,A;B C X.

cI*(A) = AUA" (1) Then, A and B are said to beP*-separated sets if
satisfies Kuratwski's axioms and induces a topologyCl1i2(A) NB= ¢, ANclix(B) = ¢.
T*(#) on X given by: Definition 2.11. [2] A bts (X,11,7T2) is said to be
P*-connected space K can not be expressed as the
T(F) ={ACX: d"(A)=A}. (2)  union of two non-empty disjoinP-open setsA andB. If

" . X can be so expressed we shall wpite= A|B and we call
Proposition 2.1[7] Let (X, 1) be a topological space and s ap*-disconnection.

# be anideal oiX. Then,r C 17(.%), i.e.,T*(.¥) is finer We call (X, 11, T2, R) is P*-disconnected space if it is
thanrt. not P*-connected.

Lemma 2.1[5] Let (X, 1,1) be an ideal topological space Definition 2.12. [12] An ideal bitopological space
andB C AC X. Then,clx(B) = cl*(B) NA. (X,11,T2,.#) is called P-+-connected ifX cannot be

Definition 2.4[10] A bitopological space (bts, for short) Written as a union of a non-empty disjomtopen set and
is a triple (X, 11, T2), wherery, T, are arbitrary topologies  Tj-openseti, j =1,2,i # |.

for a setX. Definition 2.13. [12] Let (X,11,T2,.#) be an ideal

Definition 2.5[14,15] Let (X,11,7T2) be a bts-space, bitopological spaced, B C X. Then,A andB are said to
A,B C X. Then,A andB are said to bé&-separated sets if beP-x-separated setsif‘cl (A)NB= ¢,ANTjcl(B) = ¢.

(@© 2015 NSP
Natural Sciences Publishing Cor.



Math. Sci. Lett4, No. 1, 19-24 (2015) www.naturalspublishing.com/Journals.asp

21

Definition 2.14.[12] A subsetA of an ideal bitopological

space(X, 11, T2,.#) is called P-xs-connected ifA is not
the union of twoP-x-separated sets iiX, 11, T2, .%).

3 Bitopological spaces and the operatoA],

In this section, we consid€iX, 11, T2) as a bts(X, 112)
its associated supra topological space ahbe an ideal on
X and introduce a new local functioAj,. The properties
of the operatok;, have obtained. By making use of this
function, we generate a famityf, which is finer tharry,

andryp, 15, is a supra topology not a topology in general.

Definition 3.1.Let (X, 11, T2) be a bts,# be an ideal on a
spaceX andA C X. Then, the operatdk;, : P(X) — P(X)
given byAj, = {Xxe X :OxNA¢ .V Ox € T12(X)} is a
local function associated with'.

Proposition 3.1.Let (X, 11, T2) be a bts. Then,

()If 7 is any ideal onX, then Aj, is an increasing
function,i.e AC B(C X) = A}, C B},.

(iDlf .71 and.#, are two ideals oX with .7, C %, then
AiH(A) C A2(A) VAC X.

(iiFor any ideal.” onX andA C X, if A€ .7, thenAj, =
Q.

Proof. It follows from the definition of the local function

A,

Proposition 3.2.Let (X, 11, T2) be a bts and” be an ideal

onX. Then, forallA,BC X

(N (AUB)1, 2 A, UB:,,
(if) (A12)12 © Ao = Cl12(A7,) € cl12(A).
Proof.

(i) Since A,B € AU B, by Proposition 3.1 (i),
1> € (AUB)}, and B, € (AUB)j,. It follows that
12UB1, € (AUB)7,.

(i) To prove that(Aj,)i1, C A}, let x € (A,)i,. Then,

OxN A}, & 7, VO € T12(X). So, OxN A}, # ¢ and

consequently there exisysc Ox N Aj,. Then,y € Oy and

y € Aj,. Thus,OyNA ¢ 7 for all Oy € T12(y). Since,

ye Oy OkNA ¢ .7, so x € Aj, and therefore

(A2)ir € AL

Clearly, A}, C clip(A],), so, we prove that
clio(Al,) € Al,. Thus, let x € clip(Aj,). Then,

VOx € T12(X); OxNA;, # @. So, there existg € Ox NA],.

It follows thaty € Oy andy € Aj,. So, for allOy € T12(y),

OyNA¢ .7. Hence, OxNA ¢ .7 and this yieldx € A7,.

Finally, we have A}, D cli2(Aj,) and consequently

A;, = cl12(Aj,). Now to complete the proof of part (ii),

we show thatAj, C cli2(A). So, letx & cli2(A). Then,

there existsOx € 112(x) such thatOy N A = ¢, then

x & A;, and consequentlf;, C clia(A).

Remark 3.1.Let (X, 11, 72) be a bts and? be an ideal on
X. Let (X, 1}, 15) be a bts induced by, where

;= {AC X :di(X\A) = X\A}

T3 = {AC X :cl3(X\A) = X\A},
c*(A)=AUA (i=1,2)and
A ={xeX:ONAZ IV OxeTi(X)}.

Also, note that; C 17",

Lemma 3.1.Let (X, 11,T2) be a bts and# be an ideal on
X. LetA;},: P(X) — P(X) be alocal function. Then,

As,=AINA; Y, ACX.

Proof.

Letx ¢ A;NA;. Then,x ¢ A} or x € A. If x € A;, then
there exist9y € 11 C 112 such thatOxNA € .#. Hence,
X & Aj,. Similarly, if x ¢ A5, then there exists
Ox € T2 C 112 such thalOyNA € .#. Hencex ¢ Aj,. So,
in both casesAj, C A]NA5. On the other hand, if
x & Aj, then there existsOx € T12(x) such that
O«NA € . Now, Ox € Typ(X) = Ox = Ot U 02
(O €t,i=12) = (QtUOZ)NAE ¥ = O\NAE I
(since .# is an ideal). Now,x € Ox = x € O} or
XeO2=0lNAc ¥ or 2NAc ¥ = x¢gA; or
X & A5 = x¢ A NA;. Hence, the result.

The following theorem gives the properties of the
local functionA;, in terms of the local functioné; and
A
Tr21eorem 3.1.Let (X,11,72) be a bts ands be an ideal
on X. Then, the local functiod\}, = A] N A} satisfies the
following properties.

e, = o,

(HACB=A;,CB;j,,

(ii)) A, UB1, € (AUB),

(V) (AL)3, € Af, = cl1a(AL) C claa(A).

Proof.

e, =eNg =0

(i) Let AC B. Then,Aj, = A;NA; C B;NB; =Bj, (by

using the properties &, A3).

(iii) Follows from (ii).

(V) (A2)12 = (A12)1N (A1p)3
= (A{NAS)IN (AT NAS)S
C (ADF N (AN (AD3M (A2)3
C AN (AS)1 N (A3 N AS.
CANA =A;,.

Hence,(A1y)1, € Al,.
Clearly,A;, C cl12(A7,).

On the other hand12(A;,) = A_jzl r;A_izz ,
—ANA, NANA
C A A AN A

A NA NAY N A(since,

A=A i=1,2)
= Al NA; = Al,. Hence,

A1, = cl12(Aly).
Finally, we show that A}, C cli2(A). Since,

Aip = AjNAyCA'NAY = dlip(A) (sinceAr C A, i=1,2).
If 7 is an ideal on a spacéX,11,12). Define a
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mapping cdi, : PX) —= P(X) by
cli,(A) = AUA], YA C X. Then, we have the following
theorem.

Theorem 3.2. The above mayxlj, is a supra closure
operator which induces the supra
T, = {AC X :clj,(X\A) = X\A}.
Proof.
Letcli,(A) = AUA7,. Then,
(SC1)cli,(p) = U@, = @.
(SC2) ClearlyA C cli,(A).
Note that if A C B,
clip(A) = AU A, C BUB, = diyB),
ACB=cljy(A) Ccliy(B).
(SC3) cliy(A) Ucliy(B) C cli,(AUB) (follows from the
above note).
(SC4) The proof follows by using the properties:qf x»
and by using (SC2). Hencel], is a supra closure
operator.

It is easy to show that the family

T = {AC X:dp(X\A) = X\A},
is a supra topology oiX it is not a topology in general.
Definition 3.2. Corresponding to an idea¥ on a bts
(X, 11, T2) there exists a unique supra topologgs(say)
on X given by

T, ={U C X :cj,(X\U) =X\U},
which is finer than T12
cliy(A) =AUA}, =T{,—cl(A)VACX.
Theorem 3.3.Let (X, 11, T2) be a bts,# be an ideal orX
andA C X. Then,

ol5,(A) = AUAL, = i (A) N3 (A).

then
i.e.

and

Proof.
Since,cli,(A) = AUAL,, then
cli,(A) =AU (AINAS),
= (AUA]) N(AUAY),
=clj(A)Ncl3(A).

X\Ul N Cli(X\Uz) N C|§(X\U1) N X\U2 =
X\Ug N X\Uz = X\A. But, X\A C clj,(X\A). Hence,
cli5(X\A) = X\Aand consequentl € T75.

Remark 3.2.Let (X, 11, T2) be a bts,# be an ideal orX.

topology Then,

(1)(AUB)1, # (A)1,U(B)7, in general.

(2)clio(AUB) # cli,(A) Uclis(B) in general.

(3)17, which induced byclj, may be not a topology in
general but it is a supra topology finer thant, and
T12.

(AU C 112 C 13,

Example 3.1.Let X ={1,2,3,4}, .# = {¢,{2}}, 11 and
T, be two topologies orX such thatr; = {@,X,{2,4}}
and T = {0,X,{1,2,3}}, then
112 = {0, X,{2,4},{1,2,3}} is a supra topology, since
{2,41n{1,2,3} = {2} & 112.Now, letA = {4}, B = {3},
since {4};, = {4}, {3};,={1,3} and{3,4};, = X, then
(A U B, # (A U (B and,
di)A U B) = X.di(A) = {4},cj,(B) = {1.3}.
Thereforecl,(AUB) # clj,(A)Ucli,(B). Also, 11, T, C
T12C T = {0, X, {{4},{2,4},{1,2,3},{1,3,4} } andt;,
is a supratopology afl, 2,3} N {1,3,4} = {1,3} & 1},
Definition 3.3. Let (X, 11, T2) be a bts,.# be an ideal on
X.Then,AC X is called a&P*-open set ifA = U1 UU,,U; €
T, (i =1,2)(or A € 135,). The complement of #*-open
setinX is aP*-closed set irX.

Corollary 3.1. Let (X, 11,72) be a bts,.# be an ideal on

X. Then, the family of allP*-open sets irX, is a supra-
topology. Moreoverr;, = {AC X : Ais P*-open}.

4 P*-x-Connectedness in ideal bitopological
spaces

The aim of this section is to introduce the notion of
P*-x-connected spaces, P*-x-separated sets,

Note that Theorem 3.3 means that we can establishef” -*S-connected sets in ideal bitopological spaces. Some

the same supra topology from a %, 11, 72) by using

examples are given to illustrate the concepts.

two equivalent methods. The first follows from the local Furthermore, the relationship between the current notion
function x1, and the other by using the closure operatorsOf connectedness and the previous one2ii2 14,19] is

cli, cl5 induced by the local functions, ;.
Theorem 3.4.Let (X,11,T2) be a bts,.# be an ideal on

X. Let (X, 11", 12") be a bts induced by’ and the local
functionsxq, *o. Then,

15, ={U1UlU:U; e 1,1 = 1,2}

Proof.

LetA e %12 Then,cli5(X\A) = X\A,

= X\A=clj(X\A) Ncl5(X\A),

= X\A = X\intj (A) N X\int3(A),

= A=intj(A)uint;(A) =UUUy, U € 17"
Conversely, letA = Uy UU,, Ui € 1. Then,

dip(X\A) = dp(X\U N X\Uy)

C|I(X\U1 N X\Uz2) N C|;(X\U1 N X\Up)

cli (X\U1) N clj(X\Uz) N cl3(X\U1) N cl5(X\Uy)

N

obtained.
Definition 4.1. An ideal bitopological spaceX, 11, T2, .¥)

is calledP*-x-connected ifX cannot be written as union

of a nonempty disjoinP-open set an®*-open set.
Example 3.1, shows that,(X,11,72,.#) is a

P*-x-connected.

Remark 4.1.EveryP*-x-connected i$*-connected.

Example 3.1 shows that the converse of Remark 4.1 is
not true, i.e., (X,11,72,.#) is P*-connected, but not
P*-x-connected (as] a non-empty disjointP-open set
A = {1,2,3} and 3 P*-open setB = {4} such that
X =AUB.

Remark 4.2.EveryP*-x-connected i®-connected.
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Example 3.1 shows that the converse of Remark 4.2  Proof.
is not true, i.e.,(X,11,T2,.#) is P-connected, but not Let AC HUG. Since,A= (ANH)U(ANG), then
P*-x-connected. (ANG)Nclj,(ANH) C Gndi,(H) = @. By similar
Definition 4.2.Let (X, 11, T2,.#) be an ideal bitopological reasoning, we havieANH) Ncli2(ANG) C HNcli(G)

space, AB C X. Then, A and B are said to be = ¢ SupposethahnH andANG are nonempty. Then,
P*-x-separated sets il3,(A) N B = ¢,ANclio(B) = . A is not P*-xs-connected. This is a contradiction. Thus,

Remark 4.3.Every P-«-separated sets aRs-«-separated ~€itherANH = @ or ANG = . This implies that either
sets ACHorACG.

Example 3.1 shows that the converse of Remark 4.3T.heorem.4.4. If Ais aP*-xs-connected set of an ideal
is not true, asA = {1,2,3},B = {4} are P*-«-separated bitopological spac&X,11,72,.#) and A C B C cli,(A),
sets, but not P-x-separated sets as thenBis P*-xs-connected.

(BNtscl(A) = {4} N X= {4} # ¢). Proof. '
Remark 4.4. Every P*-separated sets aRs-«-separated Suppose B is not P*-xs-connected. There exist
sets. P*-x-separated setd andG of X such thaB=H UG.

Example 3.1 shows that the converse of Remark 4.4This implies that H and G are nonempty and

; « [1,(H)NG = HNcl12(G) = ¢. By Theorem 4.3, we

tt = {1,2,3},B = {4} areP*-«- ted C12\7) 12
|Ssetnso ruE'u?SA nét’ ’g’}:sepaia'[}egre S;:Epar;r?ge have eithe’A C H or A C G. Suppose tha C H. Then,
rlzcl,(A) NB=XnN{4) = {4} £ . "y (A) C C!;Z(H) andGn cl{z(A) = ¢ This implies that

On account of Remarks 4.3 and 4.4 ari1p] we G BC diA) andG=di,(A)NG= ¢. Thus,Gis an
have the following proposition which studies the empty set for ifG is honempty, th|§ IS a contradmpon.
relationship between the current definitions and thesquc’Se th‘% Q.G' By similar way, It follows thatH IS
previous definitionsd, 12,14, 15] empty. This is a contradiction. HenceB is

o PR P*-xs-connected.
;f?;ls;lv;;] 4ml1 I;(c:);t;'z:sto spaceX, 1, T, R), we have Corollary 4.1. If Ais aP*-xs-connected set in an ideal
P—separaledgsetsi P*_separated sets bitopological space (X,11,T2,.#), then clj,(A) is
) P*-xs-connected ordered.

Theorem 4.5.1f {M; :i € 1} is a nonempty family of
P*-xs-connected sets of an ideal bitopological space
(X,11,T2,.%) with NigtM; # @. Then, Uig!M; is
P*-xs-connected.

4
P-x-separated sets = P*-x-separated sets.
Theorem 4.1.Let (X, 11,T2,.#) be an ideal bitopological
space andA C B C Y C X. Then, A and B are
P*-x-separated sets M« A B areP*-x-separated sets in

Proof.
X. : .
Proof. It follows from Lemma 2.1 that EUppo_seNT_hiUAE'Mé IS hnot :: —*sécé)nnegt*ed. Then, V\ae
di,(A) 1B =ANd1(B) = o. aveUicMi = HU G, whereH andG areP*-x-separate

. sets inX. SinceNigiM; # @ we have a poink in Nig M;.

Theorem 4.2.Let T (X’.Tl’Tz’f) ~ (Y’ M1, 112) .be 2 Sincex € Uiel M , eitherx € H or x € G. Suppose that
P*-continuous and surjective function. X is x € H. Sincex € M: for eachi € N, then M; and H
P*-+-connected  space,  then (Y;n1,m2,R") IS jntersect for eachi € I. By Theorem 4.3M; C H or
P*-connected space. . . M; C G. SinceH andG are disjoint,M; C H Vi € | and

Proof. It is "”OW.” thatP -conngctgdness SPace IS hence i Mj C H. This implies thats is empty. Thisis a
preserved byP*-continuous and surjective functio]l  onradiction. Suppose thate G. By similar way, we
Also, every P*-+-connected space iB'-connected (S€€ paye thatH is empty. This is a contradiction. Thus
Remark 4.1). Hence, the proof has done. Ui M is P*-#s-connected ’
Definition 4.3. A subsetA of an ideal bitopological space '~ '

(X,11,T2,.%) is called P*-xs-connected ifA is not the

union of twoP*-x-separated sets {iX, 71, 72,.¥). References
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