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Abstract: In this paper, we provide Bayesian estimation for the patare@f the Pareto distribution based on simple random sampl
(SRS) and ranked set sampling (RSS) in two cases, one cydleragcle. Posterior risk of the derived estimators are aldainbd

by using squared error loss (SEL). Two-sample Bayesiangired for future observations are obtained by using SRSR®8 in two
cases, one cycle amd-cycle. A simulation data for SRS and RSS for one cycle anddyete are used to illustrate the results.
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1 Introduction

Sampling methods play an important role in all kinds of giinies, such as medical sciences, engineering, educatian,
industrial processes. RSS has been suggested by Mcldgjrad a useful technique for improving estimates of the mean
and variance of population and he found that the estimat®dan RSS is more efficient than SRS. The RSS method can
be described as follows: randomly seleétunits from the target population and putrirsets each of them are a SRS of
sizen and then the units of each set are ranked visually in ascending orderm@ipect to the variable of interest as the
following: X11,X21,. .., Xn1, X12, X22, . . ., Xn2, - -+, X1m, Xom, - - - , Xam. From the first set ofi units, the smallest ranked unit

is measured, the second smallest ranked unit is measumadHti@second set of units. The process is continued until
then-th largest ranked unit is measured from the last set. If weakthis methodhtimes, we get a RSS of sizen.

Assume that the variable of interesthas Pareto distribution which was suggested by Patefpvjith a probability
density function (pdf) is given by

a B a+1
f(x;a,B):—(—> , X>B, B,a>0, 1)
B\ X
and cumulative distribution function (cdf) is given by
B a
Fxa,B)=1- (;) . (2)

Al-Hadhrami and Al-Omari ] introduced Bayesian inference of the variance of the nbdisdribution by using
moving extremes ranked set sampling. Al-Omari and J8beded double RSS method for estimating the population
mean. Al-Omari et al.4] used extreme RSS method to find estimators of the populaizsm. Al-Saleh and SamuB][
suggested multistage RSS. Chacko and Thorépddrived different estimators of Morgenstern type biverigistic
distribution by using RSS. Efron and Morrig][used risk Bayesian problem of estimating the mean of a nbrma
distribution when the mean itself has a normal prior. Ghefebal. [8] discussed two-sample Bayesian prediction by
using progressively Type-Il censored data. Ibrahim anch8j@} applied stratified median RSS method for estimating
the population mean. Islam et all(] described the modified maximum likelihood estimator ofdticn and scale
parameters based on selected RSS for normal, uniform angdvameter exponential distributions. Mohammadi and
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Pazira. L3] showed Bayesian estimations of the parameters of the glret exponential distribution by using censored
data. Mohie EI-Din et al.14] studied two-sample Bayesian prediction intervals foreorstatistics based on the class of
the inverse exponential-type distributions using a righisored sample. Mohie EI-Din et alq used multiply type-I|
censored data to find two-sample Bayesian prediction iaterPanaitescu et allf] used Bayesian and non-Bayesian
estimators using record statistics of the modified-invévséull distribution. Sadek et all1p] used the asymmetric loss
function to derive the Bayesian estimate of the parameteh@fexponential distribution based on RSS. Soliman et
al. [20] made a comparison of estimates using record statistios Yieibull model by using Bayesian and non-Bayesian
approaches. ZellneR]] introduced Bayesian estimation by using asymmetric lasstion.

In the current investigation, Bayesian estimators undel 8Hction for the parameters of Pareto distribution are
obtained based on SRS and RSS in two cases, one cycle RS&-eyale RSS in Section 2. Two-sample Bayesian
prediction scheme by using SRS and RSS when both parametetsknown is presented in Section 3. Simulation
result is presented in Section 4. Finally, we make some calityj remarks in Section 5.

2 Bayes Estimation

In this section, Bayesian estimators under SEL functiorttierparameters of Pareto distribution are derived based on
SRS and RSS.

2.1 Bayes estimation based on SRS

Suppose thaXyq, Xo1, . .., Xn1, X12, X22, . . ., Xn2, - - - , Xam, Xom, - - - , Xam D€ M Sets of order statistics each of sizethen the
joint density in the case of dependencesefi =1,2,....n,/=1,2,....mis given by

f(xla,B) = (n!) J_|1|_|f Xi¢,a,B)
O a”’“exp(—ai iln (X">> . (3)
1i

To obtain the joint posterior density afand, we will use the prior density, suggested by Lwiri] and generalized by
Arnold and Pressl[g] of a and which is given by

n(a,p:8) = m(a )nz(Bla)DFnexp< <p+a|n<g)>>, @)

where d = (a,b,n,p), m(a) is a gamma distribution with parametegsand p and &(B|a) is a power function
distribution with parametersa andb.
From Eq.B) and @), the posterior density function based on SRS can be widtsen

n*(a,le)=A‘1%cexp< <P+aln< >+/le21| (X'[)>>, 0<B<L (5)

wherex = (X11,X21, - - -, Xn1, X12,X22, - - - s Xn2; - - - » X1m, X2m; - - - , Xnm), €= NM+17,
A= 19 (praln(b ) 45T 5" N (’w)) andL = min(xy, b).

Hence, Bayesian estimators@fandf under a SEL function are
ass = E(alx)

_ /OL/Oooarr*(a,le)dadB

_c<p+aln( )+/lezl|n( ")) 1, (6)

-2

E(a®lx) =c(c+1) <P+aln( )+le|21| (X")> 7
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. ) (1)
BBS:A‘ll'(CJrl)/O <p+aln< )+;1l21|n( ")) dB

— A (cr1) K(K vin(L)) Cw(l+c,g—ln(L)), ®)
and
E(B%x) = A 1r(c+1) e (k —uln(L))~°w (1+c,2—:—2|n(L)>, 9)

whereW(-) be Exp. Integral functiors = p+aln(b)+ 32, 51, In(x¢) andu = nm+a.

The posterior risk (minimum posterior expected loss (MPKif)0 is the posterior variance. The posterior model
is essentially an updated version of our prior knowledgeuaBain light of knowledge of the sample data. So the risk
function of 6 = (a, ) under a SEL function is given by

Brisx = E(62[x) — (E(8]x))2. (10)

2.2 Bayes estimation based on RSS

In this subsection, we introduce Bayesian estimators uB&érfunction for the parameters based on RSS in two cases,
one cycle RSS anah-cycle RSS.

Considervy, Y,..., Y, be a one cycle RSS from a Pareto distribution obtained froonaptete sample of SRS, then the
joint pdf of the independent;, Y, ..., Yy is given by

f(y )Y 7--'7yn) = - g(y)7 (11)
1,Y2 Jll i

where

o) =1 ] ) Fon) ) 10, 12)

is the pdf for thej-th order statistic for a SRS of size(see Arnold et al.g]).

2.2.1 Bayes estimates based on one cycle RSS

From Eq.(2), the density function of th¢-th order statistic; can be written as

avla.p)=i(7) &5 (151)-ress(-atn-i+krim(%)). 13)

Then from Eq.{1) the joint density function of the RSS in the case of the irafelence oy; is given by
0 1 n—1

wen =5 55 |fleo] ()
xexp(—az n—J+|J+1)In(>;>>, (14)

J7
whereg;;(j) = | (J El T (=)l
Using Eq.@) and (L4), the posterior density function can be derived as

0o 1 n-1 c1

w@ply) =Ry Y ..y [chixj)] =

oo o[sran(3) o 1sm(3))). .
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where
0 1 n-1

<p+aln< ) i J+|J+1In(yj)>q. (16)

I(c.)
(a+3yia(n—j+ij+1))

Hence, Bayesian estimation afandf under a SEL function is

0 1 ni[n
=R i (1
Ops = PDRED) LI:LC (J)

i1=0i,=0 in=0

b n y —(c1+1)
_ i
X ( +aln(L)+Z n—j+ij+1) In(L)> , (17)

=

r (C]_ + 1)
(a+3yia(n—j+ij+1))

o I(c1+2)

—1 A L
= |1zo.zzo ano L C”(J)] (3 i(n—j+ij+1)+a)

n —(c112)
X ( +aln(E>+Z j+ij+1) In({‘)) , (18)

=1

(a?ly)

1 n-1| n %
BBs— R™ |1Zo|220 mZo Lllcij(j)] I'(Cl+1)i—l(K1— v1lIn(L))™“

x W <1+Cl, 01 |n(L)> , (19)

and
2K1

0 1 n-1 n . ev1
EB?Y)=R'Y ¥ .. ¥ [ﬂlqj(nl r(ci+1) 01
=

i1=0i,=0  in=0

(k1 —U1In(L))™@
x W <1+c1, ZU—Kll - 2In(L)> , (20)

wherek; = p+aln(b) + 311 (n—j+ij+1)In(yj), v =a+ 3| _4(n— j+ij+1) andcy = n+n.

2.2.2 Bayes estimates basedmitycle RSS

Letyj, j=12,...,n,/=1,2,..., mbemcycle RSS from Pareto distribution. The joint density flimic in this case is
given by

3

n
f(yla,B) = J‘| f(yjela,B)
]

e

n—1

:ﬁémzo nézo <J_|11 ylf)
X exp(—a/ijzl (n—j+i+1)n (’%’)) 1)

WhereKﬁ = [ﬂ',f‘zl HTleifJ;(J')} :

(@© 2015 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro4, No. 2, 211-221 (2015)www.naturalspublishing.com/Journals.asp NS = 215

Using Eq.4) and @1), the posterior density function can be derived as

m 0 n-1 C2
m(a D! (a”
B|y J_|1|‘1§0|‘2=0 ﬁ,g
><exp< <p+aln £>+;mi(n—1+| +1)|n<yé’>>>7 (22)
=]
where
m o ¢ n1 r(c)
D= LS K —
ﬂl,l!z(),z o if=o Ha+ 3ty yia(n—j +'f+1))

<p+aln ;g n—j+i +1In(y|i/)>_cz. (23)

Hence, Bayesian estimation afand under a SEL function is

m O a n—-1 (C _|_1)
R 1P I P ey ETE

—(c2+1)

x <p+a|n< >+§lj;(n—j+i’f+1)ln(¥)> : (24)

” 1 [(c+2)
a? D~ |‘| —
aY = 1,!2 if= 0 a+2| 12 (n=j+ij+1))

b n vie —(C2+2)
bt _ i
X <p+aln<L)+ > (n—=j+ij +1In(L)> : (25)

,:ljzl

Bes = D_l/_(02+1)f| i ﬁ ---n_lKie e (K2 — UaIn(L))
=1ifZ0ib=0 /=0 ' U2
" (1+ Co, 22 In(L)) , (26)
U2

and

2 1 d o
E(B%ly) =D I (c2+1) J_lllgzolgzo 2 OK Kz—Uzln( )~

x Y (1+ C2, ZU—K; - 2In(L)) , (27)

wherekz = p+aln(b) + 372, 37 (n— j+i5+1)In(yje), vz =a+ 3"y (n— j+ij+1) andc = nm+1n.

3 Bayes Prediction

This section provides two-sample Bayesian predictionsehgy using SRS and RSS when both parameters are unknown.
Suppose thatv;, ws, ..., wn, be a second independent sample of sizeTo predict the future samples, s=1,2,...,n;
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based on a complete sample of SRS and RSS, then the densitipfuofws is given by
atwela, ) = (% ) (Fwe)® (F ()™ *F )

- ng\ a st s—1 ok

—(3)a2, (e

xexp(— (N —s+k+1)In <Fs>) (28)

3.1 Two sample Bayesian prediction intervals based on SRS

By using Eq.p) and @8), the predictive density function efs is given by
L 0
f(wx) = [ [ gwsia, ) (a. Bl dadp

s—1 _
B Als( nsl> wiS k; (S K 1) (-D)" (nm+ (ni_—(cstrlljjL +a)
—(c+1)

x<p+aln<g>+(n1—3+k+lln( )+ l;m("“)) . (29)

Hence, the predictive survival function is given by

Plws > v|x] = / f (Ws|x) dws
v

—as(2) Z(Sgl)mk

. re
(nm+(ng —s+k+1)+a)(ng—s+k+1)

—C

x <p+aln<§>+(nl—s+k+1ln( )+ 1.Z\|n(m)> . (30)

So the lower and upper 18% prediction bound{.(x),U (x)] for ws are obtained by equating Eg() to (1+1)/2 and
(1—1)/2, respectively.

From Eq.R9), the predictive estimator af, s=1,2,...,n; can be obtained as
W — E(Wslx) = /B W (Wa[X)dws
s—1
_ -1 r(c+1)
EROHEVE
(S kZo k) )(nm+(n1—s+k+1)+a)
® b Ws
X/B (p+aln(t)+(n1—s+k+1)ln(r)
m n
Xie\\—(cr1
+ In (2£)) =+ divys. (31)
2N ()
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3.2 Two sample Bayesian prediction intervals based on one cycle RSS

By using Eq.(5) and @8), the predictive density function &fs is given by

) 151 /g 1 0o 1 n—1
w3 () 8,5, 5[]
F(Cl—l—l)

X
(ZT:l(n—j+ij+1)+(nl—s+k+1)+a)

Ws
X (p+(n1—s+k+1)ln(r)
n
+aln( ) Z n—j+ij+1) In(y‘)) (Cr+D)y, (32)
Hence, the predictive survival function is given by
s—1 k 0o 1 n-1| n
_ -1 (-1 :
P[w. >vy:Rls<n1> (S )— . Gi (]
[ ) | ] S k; k (nl_s+k+1)|120|220 inZO JI:II IJ()

I(c1)

X
(z'j‘:l(n—j+i,-+1)+(n1—s+k+1)+a)

x (P4 (m —s+k+ 1)In(%)
+aln(€>+i(n—1+|,+1)ln(yj)) 1), 33)
=1

So the lower and upper 18% prediction bound§.(x),U (x)] for ws are obtained by equating E§3) to (1+ 7)/2 and
(1-1)/2, respectively.
From Eq.82), the predictive estimator afs, s=1,2,...,n; can be obtained as

w5 ()5 55 e

k=0 i1=0i,=0 in=0[J=1
I_(Cl—i- 1)
(2?:1(n—j+ij+1)+(n1—s+k+1)+a)

X /;(p+(n1—s+k+1)ln(%)

X

+aln< ) in—]—klj—i—lln(yl)) C1+1))dws. (34)

3.3 Two sample Bayesian prediction intervals based on m-cycle RSS

By using Eq.R2) and 8), the predictive density function o¥s is given by

o EE () 5 B
I_(Cz + 1)

X
(z;”:lzfj‘:l(n— JHi+ D)+ + (m-st+k+1) +a)

X (p+(n1—s+k+1)|n(%)

+aln( )+/ZZ n—j+ij —l—l)ln(yjf)) (2 1)y, (35)
1
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Hence, the predictive survival function is given by
0o ¢ n—1

_ s1l/s_1 (—1) m ¢ _
D 1s< ”;) k; (S K ) (N —s+k+1) Dli‘izoi;omigo
I(c2)
(2?‘:123’:1(”— I+ 1)+ (- s+k+ 1)+a)

Plws > vly]

X

(p+ (M —s+k+1)In (%)

can(2) 4y i(n—j+i’-‘+1)ln(m))*°2). (36)
DA R
So the lower and upper 18% prediction bound{(x),U (x)] for ws are obtained by equating Eg6f) to (1+1)/2 and

(1—1)/2, respectively.
From Eq.B5), the predictive estimator afs, s=1,2,...,n; can be obtained as

WS:D—ls(”l)s_l<s_1)(—1)km Sy S K
S kZO k Jligmgo inZO !
[(ca+1)
(z;“:lz?:l(n—j+i§+1)+1)+(n1—s+k+1)+a)

« /:(p+(n1—s+k+1)ln(%)

X

b moan . Yit\\—(c,
+ aln (E) +gl Zl(n— j +|f+1)|n (%)) (21 . (37)

J:

4 11lustrative example

In this section, we present a simulation study to illustmateprevious theoretical results for Pareto distributidrewboth
parameters are unknown.

4.1 Smulation Sudy

To illustrate Bayesian estimation and two-sample Bayegiadiction intervals results for the Pareto distributi@séd
on SRS and RSS, we perform a simulation study using diffeyamiple sizes according to the following steps:

1.To compute Bayesian estimation, we choose the paramaiges(a,b,n,p) = (1,1,2,3) and then generate =
0.7497 fromry (o) and = 0.6660 fromme(B|a).

2.By using the transformatio§ = 8(1— Ui)%l whereU; from U (0,1), the generated sample of size= 4,6,8 from
Pareto distribution can be obtained for RSS of one cyele- 1) and two cyclelm= 2) and SRS whem =1 and
m=2.

3.Compute Bayesian estimates which derived in the prexdeasons by using the generated samples of SRS of size
n=4,6,8 when (n= 1) and (h= 2) and RSS of siza = 4, 6,8 for one cycle and two cycle.

4.By using Eq.10), posterior risk can be obtained and then we replicate #@ss?— 3 for 1000 times to compute the
average of posterior risk. The results are displayed ineTabl

Table 1: Posterior risk of the Bayesian estimates based on
SRS and RSS in two casas £ 1) and (n= 2).

n Par. SRS RSS SRS RSS
4 o 19412 01903 03065 01163
B 0.0171 Q0099 Q0081 Q0060
6 o 0.2742 Q00565 01262 00454
B 0.0120 Q00051 Q0052 Q0035
8 a 0.1392 00261 00760 Q0254
B 0.0087 Q0030 00038 00022
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5.To compute two-sample Baysian predictiomgfs= 1,2, 3, we choose the parameter valges,n,p) = (1,1,2,1)
to generatea = 2.0002 from rm(a) and B = 0.2499 from »(Bla) and then by using the transformation

Xi=pB(1- Ui)%l whereU; fromU (0, 1), we generate SRS and RSS of gize 4, 6,8 in two cases whem{= 1) and
(m=2). The results are displayed in Table 2 and 3, respectively.

Table 2: The generate SRS of size- 4,6, 8.

m n
1 4 04075 05028 10191 18870
6 025017 02578 02672 03784 05256 12568
8 02510 02716 02834 03035 03854 04091 06121 06360
2 4 03445 04346 Q7466 Q7716 02959 08054 08512 12061
6 02778 02866 03143 03745 05006 15104 02666 03044

0.3632 04121 04260 04765
8 02634 02993 03013 03430 03758 09270 01833 12689
0.2569 02785 02794 02830 02953 03433 04485 05120

Table 3: The generate RSS of size- 4,6, 8.

m n
1 4 04075 04302 04691 05194
6 02598 03269 03287 04293 06185 07071
8 02522 02697 02864 02986 03289 03728 03825 03957
2 4 02506 03065 03513 03102 03065 03102 Q7563 03581
6 02536 02620 03109 02601 Q4774 02799 02621 02601

0.2799 03293 (08306 05316
8 02512 02573 02711 02664 03509 02575 05182 02859
0.2572 02664 02575 02859 02805 Q4007 05025 09134

6.By using the generated SRS of size- 4,6,8 when (n= 1) and (h = 2), a 95% two-sample Baysian prediction
intervals ofws, s= 1,2, 3 are obtained from EB() and then we can find the predictive estimatowgfs= 1,2, 3 by
using Eq.81). The results are displayed in Tables 4 and 5.

7.By using the generated RSS samples of size 4,6,8 for one cycle and two cycle, a 95% two-sample Baysian
prediction intervals ofvs, s= 1,2, 3 are obtained from EBB) and Eq.86), respectively. In this case we can find the
predictive estimator ofvs, s= 1,2, 3 by using Eq.84) and Eq.B87), respectively. The results are displayed in Tables 4
and 5.

Table 4: The Bayesian prediction boundsfgrands=1,2,3

based on SRS and RSS for= 1.
SRS RSS

Lower Upper Width ws Lower Upper Width ws

03807 07484 03677 04473 02697 04464 Q1767 03056
0.3829 15584 11755 06553 02701 Q7478 04777 03869
04116 34369 30253 20389 02988 22376 19388 07648

WN R®»

02399 04062 01663 02830 02472 03801 01329 02773
02411 Q7032 04621 03496 02499 05790 03291 03359
02627 22549 19922 06655 02738 14175 11437 05265

WN

02438 03812 01374 02804 02500 03436 00936 02724
02400 06004 03594 03328 02620 04674 02054 03126
02702 15728 13026 05583 02879 08973 06094 04228

WN -
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Table 5: The Bayesian prediction boundsfarands=1,2,3

based on SRS and RSS for= 2.
SRS RSS

Lower Upper Width ws Lower Upper Width ws

02815 06202 03387 03497 02446 03565 01119 02690
03100 13824 10724 05320 03000 05159 02159 03188
03295 29199 25904 18839 02944 11370 08426 04677

WN R®»

02627 03596 00969 02749 02453 03391 00938 02599
03031 04910 01879 03257 03116 04757 01641 Q3038
02818 10000 07182 04396 03315 10131 06816 04314

WN R

8 1 02540 03497 00957 02700 02447 03304 00857 02551
2 03000 04775 01775 03169 03011 04427 01416 02948
3 02758 09242 06484 04294 (03255 08489 05234 03975

5 Conclusion

We present Bayesian estimation and two-sample Bayesiaichon scheme based on SRS and RSS. Pareto distribution
is used as application example to illustrate our resultsc@vapute posterior risk of the derived Bayesian estimates an
then make a comparison between SRS and RSS. Our obsenatiomisthe results are stated in the following points:

1.From Table 1, posterior risk of the Bayes estimates ungérf8nction decrease with increasindased on SRS and
RSS in two casesi{= 1) and = 2).

2.Posterior risk of two cycle RSS is better than posterik of one cycle RSS and we notice that posterior risk of SRS
in case ofm = 2 is better than posterior risk of SRS in caserof 1.

3.Posterior risk of the Bayes estimates based on RSS foryamheand two cycle are better than posterior risk based on
SRS in two casesi{= 1) and (n= 2), respectively.

4.From Tables 4 and 5, we notice that the lengths of the piiedimtervals are increasing with increasisgnd decrease
with increasingn for SRS and RSS in two cases £ 1) and (n= 2).

5.1t is evident from Tables 4 and 5 that the predictive esfimare increasing with increasirggand decrease with
increasing for SRS and RSS in two cases & 1) and (= 2).

6.Itis clear that the lengths of the prediction intervalsdzhon two cycle RSS are better than the lengths of the piealict
intervals based on one cycle RSS and lengths of the predlictiervals based on SRS for= 1 are better than the
lengths of the prediction intervals based on SRS 2.

7.We obtain better results of lengths of the predictionrirdls based on RSS than the lengths of the prediction interva
based on SRS.
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