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Abstract: Inthis paper, we implement new approximate techniquesydotional lacunary interpolation by spline function fahang
differential equations of fractional order. Convergenoelgsis, existence and uniqueness are shown by severatthedn the classes

of C2 andC* depend on the degree of spline polynomials. The numerisalteedemonstrates the errors bounds is quite validity and
applicability of this method.
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1 Introduction interpolations in polynomial space which defined by
several works asl1[7,18] , the main part of this paper
constructed the fractional spline method. We then prove
éhat the fractional spline method have existence,
'uniqueness and convergence analysis, and there has been
significant interest in developing numerical schemes for
their derivation 11,20,21] . As applications, we represent

ghe several examples of fractional differential equations
gplved numerically by this method.

The applications of the fractional calculus that are
allowed the related problems to be more development, ar
extended in almost all fields of mathematics and the othe
sciences. Also the interpolation by spline function is more
the flexibility required for modern data analysis, curve
fitting and easily in some cases. For examples, derivative
and integrals are hard to compute. In recent years, sever
new spline methods have been proposed for solving initial

and boundary value problems, for instancg9[10,13, P .

20| introduce)s{ severalladegree spline methods[, which arc,2 Preliminaries of Method

solving the linear and nonlinear ordinary differential The fractional differential equations are solving by

equa’Fions. _ lacunary interpolation by spline fractional method on the
Fractional calculus have been the focus of many studiegteryal [a, b]. Since the interpolating polynomial

due to their frequent appearance in various applications ingefficients are dependent on the uniform nodes
engineering, biology, physics and fluid mechanics.3 — x; « %, < x3 < ... < X, = b such that
Consequently, considerable attention has been given Q. - X = hi — 1,2,..n — 1,

the solutions of fractional ordinary differential equat®d oy the real line axis and normal derivatives 44, 18].
fractional integral equations of physics interest. Relgent The  Riemann-Liouville derivatives has  certain
fractional differential equations has developed someyjsadvantages when trying to model real-world
applications in assorted fields, such as engineering pnenomena with fractional differential equations.
physics and bioengineering,B,16] etc. and there has Therefore, we shall use the fractional derivatives
been significant interest in developing numerical schemegefinition and Taylor’s series froni[3] has been written

for their solution 14,1519 _ _aformula of the Taylor series as:
In this paper we begin by considering the fractional spline
interpolations generated on the interval. Such splines f(x+h) = i hmr S(AMTHx) (1)
share most of the properties as those of the lacunary wlo F(myr4+1) VS
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whereJZ"" fis the Reimann-Liouville fractional integral Let

of orderm—r. Also from [3] the Caputo derivatives of A =

ordera > 0 of f € C*;, n€ N is defined as: (X —X¢)? D2y (x—x)3 DYy
k

Yier1 =Yk = (X=X DYk — —— k=5
e J-afM(x), x>s>0, n-l<a<n, wherez(x_ W2 axexg??. B(x— x5
Def=q d'fx A= Ty T e 0 g
O a=n. NI 3/ 151
) dD =D Mb _ D?
For more details on fractional derivatives definitions and@"d DSc(X) = Dy« + NG e+ (X = XDy +
lacuanry interpolations (seg,[L4,6,9] ). The main goal in A(x — x)3/2 (X — X¢)? .
this article is concerned with the applications of fractibn 3T Ck + > Doyk
spline function method to obtain the numerical solution OfAIso
fractional differential equations. 2(x— x)Y/2
D?S(x) = D2y + Tck + (x — x)D3% and
2
3 Contraction Fractional Lacunary Bk = DYi+1 — Dyk — (X— X)) DYk — (x 2X") D3k,
Int i v \1/2 v \3/2
erpolations whereB, — 2(x— %)Y bk+4(x X%/ y
VT 3vm

In this section, we will construct spline function and
theorems related with the fractional order. Looking at the
existence and uniqueness of this spline model, the new, =

Also C¢ = D?%i.1 — D% — (x — x)D3k , where
2(x—x)"2
K

results to the convergence and error bounds are presented. . VT . .
We follow the methods introduced by T. Fawzy dkdnd fgcl)llvm_g these three equatidi, B« andCy we obtain the
present a spline solution for the normal order derivatives ©'"'OWINg:
lacunary interpolation. We are going to construct T ,
fractional spline interpolat8, (x) for which = —————(45Ak— 30(X — X ) Bk + 8(x — X
p polats (x) %= G 72 458~ 300X~ X0Br -+ B(x— %0,
SYx) =¥ k=0,1,2,..n and ¢=0,1,2,3 (3) ()
. . VT
: by=—"—5(3Bx—2(x— 7
this construct has the following theorems: K 6(x—xk)1/2( k— 2(X—X)Cx), @)
Theorem 1.Let §X) be the spline interpolate function, JA
then there exist a unique,&) € S 5 such that: c=————C (8)
7 2(x — X )Y/2
2(x—x )12 Which is the prove of theorem 1.
810 = &) = i+ XX 4 (x— %0 Dy , |
VT Theorem 2.Let &(x) be the spline polynomial of degree
4(x — x)%/2 (x—x)2 5 three in case fractional lacunary, and=y f(x) € C3[a,b]
+ 3 B+ =DV 4) then for all x [a, b], we have
8(x—x)%2  (x— xk)3D3y |(DT)™S(x) — (D*)™f (X)] < Amah® ™ w(f, h)
5/7  ~ 6 « where m=0,1,2,...,6,a = 1/2, and
3
where x <X <x1, k=1,2,..,n-1, a,byand gare Qo = z Op/2 = M 1 = =,03/p =
: ; ) 9’ 1/2 180\/ﬁ ) 3’ 3/2
lacunary interpolation of fractional order.

4 3V/m Vo2
Proof SinceS, () € S 4[0,1], then it is easy to prove that m*‘ 4 ®2=2 Gspp=-+ N and ¢ = 1.
the formula (4) with satisfies the condition of (3) assures

that this spline polynomial exits and is unique, as the 10 proof this theorem we shall need the following lemma.

following Lemma 1 If the function f(x) in C™ [a, b], wherea = 1
2(x— )1/2 and m = 0,1,...,6. Then for k = 1,2,....n — 1the
D125 (x) = ay + %DykjL (X — X)) b following are hold
T
4(x—x)%/2 X— X )? d/2 VT 5/
S poiy s K, ©) a5t < Pt ()
8(X—Xk)5/2 5/ d3/2 \/7_T
S AR -7/ _ Vv 3/2
+ 150/ Yk I dxs/zf(xk)|§ 7} h*“w(f,h) (10)
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<
d5/2 Vi 2(x— %" 4(x— x>

C— —=— (x| < Xh'20(f,h). 1) 2%V e by — D3/2

o~ g2 fII < 5 (f.h) (11) Vi |a— DY Y|+ ———F—=— 3\/— |bx Ykl +

_ . - . —%.)%/2 h3

Proof: As we identified previously, we need only 8(X—X) o — D52y + —(fs h Where

discuss the case fractional ordea = 1/2,3/2 and 52. 15/m % Y 6 (fe -
In this situation, equation (6)become h = (x—x) and from equation (9), (10) and (11), we

dt/2 2h/2d
e S 0] = [ a8y — f— o Sl

VT dx
dfi h?d?f,  h3d3fy dfics dfe  d?fg
10 G S Rl S
dx 2 d¢ 6d dx1 dx  d¥
h? d3fy dsz+1 d? fi d3fy
— 3 )+ 8 )]l
2 A3 b2, & dd

After expanding the functiof(x)with derivatives by using
equations(1l)and (2),the above equation become:

d1/2 NG 15
_ vy /2 _ =
+8aw( fk3,h)|
< %Thwzw(f,h),where a<ky.k; and lg<h.

form equation (7), by the same manner using Taylor's

fractional expansion in equation (1) and (2), we obtain

d3/2

(o - Wf(xkﬂ =
\/ﬁ|3(dfk+1 o df 2h1/2 d3/21, B d?fy B
612 M dxey A VT g2 dxg
h? d3fk d?fyyy  d?f  dd fk
> (ot — o —h—3)|

o I I A

T h
< ez 2 w(fg,,h)  + hzw(fKS,h)| —
d3/2 \/ﬁ 3

= Y h3/2
|bk dxs/zf(xk)|§ ) h/<w(f h),
wherea < kg,ks < b.
Similarly can be find

d®/2 ﬁr d? fk 1 Ay d3fy

. f = M h1/2 2 — —
|Ck dx8/2 (Xk)| | dX% dxﬁ
d5/2f T

><§/2k| < ‘/z—hl/Zw(f,h).

Proof Theorem 2 For & € [X, X1 and
k=1,2,..n—1, ﬂ = Df(x), using Lemma 1 and Taylor

series in equation(1) , we obtained the following:

S L
v+ #aw (X—X) Dy + 37\/%bk+

- _2Xk)‘2 Dy + 8(X1;\);k7)15/20k L& _GXk)s D3y —
LV)%)MDM('F (X— xx)Dyk + 4()(;7\;(%)3/2
- _2)(k)2 D2y + 8(X1?3\)2 " psiy XK 5 by

Yk +

obtain
I%(X) - f(X)] <

h3 Al 3 h3
Oa)(fgl,h)—k—w(fgl,h)—FEw(fgl,h)—F Ew(ffl’h)’

3
500 i

< -
f(9] < -e(f.h)
i” {20 < |a, — DYy + hlb —
(3/2) (5/2) 8h%/2
D2y, |+ Yk|+15 nw(f,h),

substituting equations(9), (10) and (11), after some
simplifications, we obtain

—c—D

S — 102 < 9LV + 12007 o(f.h)

— 180\/7_T ) )
|3K1;<2 T (x| , <
2h 4n®/ h

—DG/2) = |c.—D®/2 —w(f.h
il Ykl + 3\/ﬁ|Ck Yl + = a(f,h)
2
< %w(f,h),
Slmllarly we can find the following:
3/2) (%) — £(3/2)(x)| < i+ 3\/7—Th3/2w f.h
S Ml< 375 (f.h),
S/(x) — £(x)| < 2ha(f,h), éf/z — t6/2(x)| <
yr. 2
2y
and|S/’(x) — f”(x)| < w(f,h).
Theorem 3.Let y= f(x) € C*a,b], S(x) be the spline
interpolate function, then there exist a unique
X) € St 4 such that:

2 1/2

Sa(X) = S(X) = Yk + NG a4 hDyj

4h3/2 h2

D(Z)

3\/— =0k + 5Dy

8h°/2 h3 16n7/? ht

- D® p(7/2) D 4)
MRV e 150\/7—1 Vit 52D %)

(12)

where x <X <x.1, k=1,2,..,n—1, a,b and gare

lacunary derivatives of fractional order.

Proof Now if S,(x) € §,4[0,1], then the existence
and uniqueness db, (x) is easy to proved, sincay, by
and ¢, are uniquely determined by using formula (12)
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with satisfies the condition of (3), as the following

LGP L
AkZYK+1_YI<_hDYk__D YK_ED Yk
16h7/2 h? (13)
— 2o =Dy~ 2Dy (x)
150\/77 24 ’
2nt/2  an¥2  ghd/?
whereA, = b C
Ax G ax+ NG K+ 15/
5/2
Bk = Dyk:1 — Dyk— hD®@y, — h* DOy — 1555h0\/ﬁD(7/2)yk ——D@y,,
14
N B 2hl/2b h3/2 g ( )
whereBy = —— Cx, an
K= kg
3/2 2
Cx = D@y 1 — D@y, — hDBly, — zzh—\/ﬁDWZ)yk— hZD(“)ym
15
/2 (15)
where Cy= —nck'

Solving these three equatidy, By andC, we obtain the
following:

VT 2
= 90hl/2(45Ak 30hB+ 8h°Cy), (16)
by = 2T (3B~ 20 (17)
VT

Theorem 4.Let &(x) be the spline polynomial of degree
four in case fractional lacunary from equation (12), and
y = f(x) € C*[a,b] then for all x< [a,b], we have
[(DT)MS(x) — (DU)™f (x)| < rmah* ™ ao(f,h)
where m=0,1,2,...,8,a0 = 1/2, and
3 1920+ 89251

— r = —.f
gy 12 18000/ ' *
16+ 157

30y/m
4 2

M52 = 3 rs=1r7p= N,

Proof From equations (13), (16),(17) and (18), we obtain

ro Lrgp =
r,=1,

andn = 1.

d¥/2 291
_ /29
A= <7 10| < o Pafh) - (29)
and from (14), (16),(17) and (18), we obtain
d3/2 VT
|bk—mf(xk)|§7h5/2w(fah) (20)
Also from (15), (16),(17) and (18), we obtain
i VT
_ VT 3/2
o= 3575 T 0] < Y 2a(fh). (21)

Now form equation (12) and using (19), (20) and (21),
can be written thus:

2nt/2 4h3/2
S(X)— f(X)| = |V + —=ak+ hDy+ ——=
|2() ()|5/2|YK [ Yk 1/[
h 8h h 2h
—D2 —D3 ~—— Dyx+hD
Yk+15\/—ck+ Yk — Yk + Vi Yk + hDyk +
4h3/
D3/2
3/ Y+
h? 8h°/2 h3 16n"/2
_D2 _D5/2 _D3 D(7/2)
5 Yk+15\/7—r Yt 5 Yk|+150\/7—r Y +
h4
—4D<4)Yk(x)
2h1/2 4h3/ 8ho/2
< D1/2 _D3/2 _
SN lak — DY “yi| + 3\/—|bk Vi + 5\/7—T|Ck
h?
D5/2yk| + ﬂw(fvh)
1800~ T(9] < ot )

and take half fraction derivative of equation (12) with
using equations (19), (20) and (21), can be obtain

SYP 0 — 1A% < Jax — DWy| + hlbe —
h2 16h7/2
D2y + Floc — DO + g w(fh)
1920+ 8925
18000,/7T
1/2) 1920+ 89257Th7/2 fh
— 187 %) “tsooam et

Similarly, it is easy to complete the proof of theorem 4 for
(DTS (x) — (D*)™f(x)| wherem=2,3,...,8.

<
h’/2e( f,h)

— 2| <

4 Numerical Results

In this section,we applied (theorems 2 and 4)on previous
sections to support our theoretical discussion by
difference problems to compare the maximum absolute
errors with the analytical solutions for the step sizes of h.
The absolute errors in the function value and all
derivatives can be find easily, especially the lacunary
fractional order were seen be small, the results of the
present work are compared with exact solution of all the
problems and with that lacunary spline method.

Example 1. Consider the fractional differential
equation asq]
D?%(t) — tDE2y(t) — VIDWAy(t) — t3y(t) =
6/t — —t3—t193,/m,
y(0)=y(0)=0, 0<t<1,

The exact solution is given by(t) = /73, the results of
maximum absolute errots( f, h) = max <y<n|s™ (%) —

Ym0 (x)|,a = 1/2 andm= 0,1, ...,6 such that (seelfl,

20Q]) , for this problem use theorem 2 and 4 are tabulated
in Table 1 and 2 respectively.
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Table 1: Comparison present method with exact solution Table 4: The maximum absolute errors of present method to

by absolute errors of lacunary fractional order derivatie#

lacunary fractional order derivatives in theorem 2 of exkn®p

example 1.
h values ‘S(l 2) _y(l 2)| |S(3 2) _y(3 2)‘ ‘3(5 2) _y(5 2)|
hvalues| [s7/2 —y1/2)| T |s372) —yB/2)| [ [s5/2) —y(5/2)] 0.1 17x10°3 2.18x 103 1.38x 10 2
0.1 4.0254% 103 7x10°7 6.7751x 101 0.05 87x10° 21x10°3 2.69x 10?2
0.05 3558x 10 % | 1.2375x10 % | 5.9884x 10 ! 0.01 | 6.4604x10°% | 81674x10°°® | 51755x10°%
0.01 | 1.2729x10°% | 22137x10°% | 2.1424x 102 0.001 | 2.075x10 ¥ | 2.6535x10 % | 1.6623x 10 °
0.001 | 4.0252x 1019 | 7.3003x10 7 | 6.551x 10 %
|s(7/2) —y(7/2))
_ _ _ 2.0634x 10°
Table 22 Comparison present method with exact solution —g5745 101
by absolute errors of lacunary fractional order derivatie 776 10 2
example 1. 25%103
h values ‘S<l/2) _y<1/2)| |S(3 2) _y<3/2)| |S(5 2) _y<5/2)|
0.1 31579x10°% | 4x10°3 2.531x 102
0.05 1.3956x 10 ° | 35287x10 % | 45x10° ;
0.01 0.9862x 107 | 1.2625x10°° | 8x10° 5 Conclusions
0.001 31579x 107 [ 3.9923x 1010 | 25298x 107 In the present paper, it has been described and
demonstrated the applicability and efficiency of the
8772 —y772)] lacunary spline polynomial method with fractional order
3.7951x 10" for solving fractional differential equations. For thearr
1342x10 " estimates have small accuracy than the errors bound
12x10°° obtained in §#,17,18,20]. The lacunary spline polynomial
3.7947x 10 * method is tested on different problems and the

approximate solution have been found, the errors bounds
from all the tables clearly indicate that our numerical
solution converges to the exact solution and its an

EX.ample 2. Consider the fractional differential app"cab|e technique depend on the degree of Sp”ne
equation: polynomial and the class of derivatives.
D3/2y(t) +y?(t) = f(t), y(0) =y(0) =0, 0<t<1,
3r(5)
andf(t) = ———~2—-t>9 - —_ = 4@
(t) F6—a FE—a) + References
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The exact solution is given by(t) =t°—3t* 4 2t3 for a =

1.5, for this problem use theorem 2 and 4 are tabulated in
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