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Abstract: In this article, we apply the local fractional variationgdriation algorithms for solving the parabolic Fokker-Rlarquation
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1 Introduction, Motivation and Preliminaries

Fractional calculus 1,2,3,4,5,6,7,8,9] has found successful applications in science and engmgesuch as
fractional-order signals, physics, bioengineering, agdaghics of particles. As an important fractional-order RDE
arising in mathematical physics, the space-and timeitmaat Fokker-Planck equation was first derived from the
generalised master equatiat] with the time-fractional derivative and after that it wsveéped in [L1]. Based on it,
Barkai [12] successfully found the solutions of the continuous timedan walk, whistle Odibat and Momani 3
suggested VIM and ADM to solve it. Meanwhile, Den presentedREM to obtain the numerical solutiob4]. A new
version of the time-fractional FP equation was suggestedsinyg dynamical systems of FBM.§| and the fractal time
evolution with a critical exponentp]. Another version of the space-fractional FP equation fthenfractional Liouville
equation via fractional-power system&7[18] and the fractional-order governing equation of Lévy rnt{19] was
reported. Based on this, the upwind difference method wasidered by Liu 20] to deal with it. Meanwhile, the finite
difference method was proposed by Chen et2d] {o solve it.

The various versions of local fractional calculus the®@%,23,24,25,26,27,28,29,30,31,32,33] were considered to
describe the non-differentiable problems from local fi@tl PDES in physics and science due to the surface andwsteuc
of materials, which are so-called fractaB]. Local fractional VIM [35,36] was one of usual methods for finding non-
differentiable solutions for the local fractional PDEs.€TRP equation defined on Cantor sets was presented as follows
(see B7,39)):
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The parabolic equation defined on Cantor sets can be prelsenfellows:

L 20

S () = X(Ea) o (@) () 7

¢(Z.n), )

wherex ({,n) andk ({,n) are parameters.

The goal of this article is to suggest the local fractionafiational iteration algorithms (LFVIAs)39,40] to the
parabolic equation defined above on Cantor set.

This article is organized as follows. In Section 2, we revibw local fractional calculus theory. In Section 3, the
local fractional variational iteration algorithms are bBrzad. In Section 4, the non-differentiable solution foe fharabolic
Fokker-Planck equation defined on Cantor sets is obtainedlly; the conclusions are provided in Section 5.

2 Local Fractional Calculus Theory

In this section, we first introduce the concepts and notatafrihe theory of the local fractional calculus. To beginhyit
we recall the result for the local fractional continuity.

LetJ be a subset of the real line and be a fractad.:If[J, p) — (=, p) is a bi-Lipschitz mapping, then (for constants
u,n > 0anddJ C R) we have

HeH®(O) = H(9(O)) = n°H3(0) 3)
such that, for all{y, (> € I,
HY8 =&l £19(8) —9(8)l £l — " (4)
Following (@), we have
19(81) —9(&2)| = N8 — ", (5)
which yields
9(41) —9(%)| < €7, (6)

where|(> — (1| < K, €,k > 0, andH? is ana-dimensional Hausdorff measure.
Using ), one leads to the following relation:

Jm g(0)=9(4), @)

which exhibits the fact thaj({) is a so-called local fractional continuous functior{at ;.
We write

g(Z) ECG (U,U), (8)

if g({)is only a local fractional continuous function on the intrio, v).

In order to make very fine distinction from the classical @mnbus function theory, we consider the new foBh &s
the local fractional continuous condition. We notice thrag tonstant is the special function because it belongshereit
Lipschitz or bi-Lipschitz.

The a-dimensional Hausdorff measure given by (sé§)[

HY (O N(o,v))=(v-0)7, 9)

shows thatr (0 < a < 1) is a fractal dimension value, and it is the graph of Cantocfiom presented ir42] from o =0
to v = 1. Namely, it is directly deduced from fractal geometry.
There also are several other useful functions as foll@Ak [

(o] ia
zol' 1+ia)’ (10)
a«_ ( 1) Z(2|+1)
Sal™ =) Fi+@+1d] (1)
and
a ) 2ai 1
cosi ¢ m (12)
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ForO< a <1landg({) € Cy(0,v), we define the local fractional derivative @f¢) of ordera as follows (seeq2,
23,35,36,37,38,39,40,41]):
g0 _ o A9 ~0(%)

(a) — —
O ="gza |, =M @

(13)

where
A%(9(2) —9(do)) =T (1+a)A(9(Z) —9(4o))-
Let0< a < 1,9({) € Cq(0,0), ASj = Sj41—Sj, As= max{As;,A,Asj,---} and [sj,sj1] (j=0,--- ,N—1)
(with sy = 0 andsy = v) be a partition of the intervdlo, v). Define the local fractional integral gf({) of a order P2,
23,35,36,37,38,39,40,41]

M90S = g [, 99 (@9
1 j=N-1

TFra Al 2, fE)@s)” "

In view of (14), we have the following relations:

Ji’g(®=0 (o=v) (15)

and
olyg(9=—ulg(e) (o <) (16)

Basic formulas for the local fractional derivatives (LF2s)d the local fractional integrals (LFIs) of the functioms a
listed in Table 1.

Table 1. List of local fractional derivatives and integralsof some functions

LFDs LFls

%g(Z) =0, olé“)g(Z) does not exist

whereg({) is a given differentiable function where g({) is a given differentiable
function

JEa ((9) =Eq (%) ol Ea ({9) = Ea (¢9) -1

d”[ I ]: = NG R

dZe | T (1+2a) r(1ta) 0'z Tl+a) ~ TA+2a)

% Co%y (%) = —sing ({7) Ié sing ({%) = 1—cos (%)

dd;a sing (£%) = cosy (¢9) ol< cogy (2%) = sing (2%)

In Table 1,g({) is a given differentiable function. For more details of thectional calculus and the local fractional
calculus theory, seep, 23,35,36,37,38,39,40,41,42,43,44,45].

3 The Local Fractional Variational Iteration Algorithms

Let ¢(?) (Z) take on the local fractional differential operator amd< x < v. In view of a local fractional variational
principle (see, for example2B,43)), the local fractional function reads as follows:

1(9)=oli"9(2,9(2),0 (). (17)
The stationary condition of EqL7) is given by
dg d“ o9 '\
39 g (a<p<a>) - (18)
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Let Lg andNgbe linear and nonlinear local fractional operators respelgt A correction local fractional functional can
be structured as follows (se&d,40]):

Bn11(0) = 6n(2) + o) {9 [Lan (1) + Na B ()]}, (19)
where a general local fractional differential equationrisgented as follows:
La¢ +Na¢p =0, (20)

with a restricted local fractional variatiah, and a fractal Lagrange multipli¢k, which is given by 18). After completing
the identification of the fractional Lagrange multiplier(@8), the LFVIAs of three types have the following forms: The

LFVIA-I:
0n1(0) = B0 (2) + gl 47 {9 [La b (1) + Na i ()]} (21)
The LFVIA-II:
Pni1(2) = 90(0) + gy {9Nan (1)} (22)
The LFVIA-III:
Bn11(0) = 6n () + g1 {9 [Nan (1) — Nan1 ()]} (23)
Making use of the LFVIAs, the non-differentiable solutioi(20) reads as follows:
¢ = r!mo ¢n~ (24)

The present method is also utilized to discuss the wave phena §4,45].

4 Non-Differentiable Solution

Let o7a a72
x(.n)= —ﬁ and  k({,n)= ﬁ
Then the parabolic FK equation defined on Cantor sets witdhl foactional derivative is given as follows:
T Cm =g b s S () 25)
and the initial condition is given by .
60.0)=Firar (26)

A correction local fractional functional can be structussdfollows:
¢n+1(57’7) = ¢n (Zvn)

(@) L 2{0{ L 3{20 020
ol {9 | a0t G o) e pa @] |- @)

The stationary conditions of ERT) are presented as follows:
9@ _q (28)

and
1+ |¢—; =0. (29)

Hence, clearly, the fractal Lagrange multiplier is simplgmtified as follows:

9 (1) =-1. (30)
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From 25) and @0), the three LFVIAs for parabolic FP equation defined on Caséts are structured as follows:

The LFVIA-I:
ni1(C,1) = ¢n(S,1)
R e L e Ry W) @)
The LFVIA-II:
$n+1(¢,n) = do(E,1)
R P L e e ) (32
The LFVIA-III:
R L P L I T (L)
ol b G~ s S a () . (@9)

4.1 LFVIA-1 for the FP Equation Defined on Cantor Sets

Following (26) and @31), the formulas with non-differentiable terms are preséi® follows:

$1(¢,n) .
= ¢o(5,f7)—o|§a {05{14’0(5 N+ ey 1+O, anad’O(Z n)— %%ﬁd’o(f ’7)}
__n% ){ LA LR GO L 3720 g2 pa } (34)
Tita) O 9% T(1+a) " T(1+a) dn? I (1+a) T (1+2a) on T (1+a)
na 2(2(1

= Flra)  F(Lrza)

$2(¢,n) L
= 92(¢.n) —ol; {0za¢l<z,n>+rl+a Hrr b1 (8) ~ Fobeggy o $1(4m) |
:L_i_w ( _n7 _L)}
FA+a)  T(+z2a)  0¢ azﬂ (1+a) I (1+2a)
_ ol 2¢a o ( n* 2% ) (35)
0z \T+a)on® \Td+a) ~ T(1+2a)
+ I(a) 3(2(1 aza ( na _ ZZZG }
0'z (l+201) on2@ \T(1+a) ~ T(1+2a)
n 2020

= Tra) ~ T(t2a)’

¢3(¢,n) . P
= 02(8,m) — ol { Fr2(0.0) + By e 02 (8) — 7 o 92(C00) |
n“ ZZ" (@) [ 99 n® 2% }

(36)

= fira) ~ Fira) 0'5 9% \T(A+a)  T(1+2a)

_glof _«2r g ( n* 2% )

0%z \F(+a)on® \Fi+a) ~ T (1+2a)

+ I(a) 3520 92a ( nY B 2(201 }
0'¢ \FT@+2a) anZ@ \T(l+a) ~ T(1+2a)

—_n® 202

= TA+a) ~ T(+2a)’
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¢4(¢,n) . e
= 93(Z.m) — ol { Zw 93 (8.n) + ey B 93 (8on) — Fimy e 93 (4o |
__ne e <a>{ﬂ(L_ﬂ)}
Fl+a) ~ T(+2a)  0'¢ 977 \T(Lra) ~ T(1+2a)
_ Zﬂ( n® g% )} (37)
07 on® \T(+a) ~ T(1+2a)
NG 3% 52 ( n 2™ )}
0'¢ \T(1+2a) 9n2@ \F(1+a) T (1+2a)
__n° 202
= TQta)  T@i2a)’
¢n (Zan) a 2 )
= 9n-2(8n) — ol { Fabn1.(81) + oy o b-1.(401) — iy g $-1(8o) |
B na _ 2(201 —I(G){i( na _ 2201 )}
T T(+a)  T(+z2a) ~ 0z 1977 \FTi+a) ~ T(1+2a)
_ ey f ¢ ﬁ( n* 2% ) (38)
0z \T@+a)on® \Fi+a) ~ T(1+2a)
4 I(a) 352(1 aza a ZZZG
o'z I'(12+201) on2@ \T(1+a) ~ T(1+2a)
. a 2{ a
- I'(L—a) T T(1+2a)°
Therefore, the non-differentiable solution @5 using @2) is reported to be as follows:
o B nor 2520{

The corresponding graph is illustrated in Figure 1 when :r’]—g

Figure 1. The non-differentiable solution of 5) whena = }2—%
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4.2 LFVIA-II for the FP Equation Defined on Cantor Sets

In view of (26) and @32), we have the following formulas with non-differentiabégimns:

¢1(Z;n) L
3% a
= 40(¢.n) — ol { B b0 (0on) — rinmy o b (4o | o
__n° (@ [ 22" g° _n° s g o
= I'(,17+or) —ol 2{F(1+a) Wr(rllw) T T(1+2a) Wr(rllw)}
a ZZ o
- r(r17+a>‘ T T(T+2a)’
$2(¢,n)
= 40(0.) — o\ { B B b1.(o0) — F L h1.(Co) |
__n° (o) [ _2¢% 9« n% 274
= Taro) _Olz {I‘(l+a) ana (r(1+a> - I'(l+a))} (41)
Jro|(or){ 3720 % ( n% 2 )}
¢ AT on2 \ Fi+a) — T(I+a)
_ a 2%
- I'(,17+or) r(1+2a)’
$3(¢,n) ) oo
:¢0(Z7’7)_0|§a>{ (2f+a yome $2(4,n) — 31+2or 0aqza $2(¢, ’7)}
__n“ (a) [ 2¢% pa n% 277
= raro) —olg {I’(1+a) ana (I’(1+a) - I'(1+a))} (42)
4 ,(a){ 3720 g ne 2 )}
07 r(12+2a)m rita)  T(ta)
o a ZZ a
- I'(r1]+or) ~ T(1+2a)’
$4(Z,n) o
= 90(Z.m) — ol { e A $3(001) — iy s $3(01) }
__n" (a) [ _2¢% 9% n® 277
= rare ~ole {I’(1+a) ana (I’(1+a) - I'(1+a))} (43)
+ |(a>{ 3% g% ( "« )}
0'z \F@+2a) 9n2@ \T(1ta) T(ira)
__n* e
rita) T (1+2a)°
¢n (Z7r’) OI o ,
= 0(2.n) — ol { By e b 1(01) — gy S o 1 (4o}
_ a (a) 279 99 a 209
= r(r1]+a> —ol, {I’(l+a) ana ( Fita) _F(l+a_))} (44)
T |(a>{ 3% % ( _n* )}
07 r(1+2a) onZ \T(1+a) T (1ta)
ne 272

T~ T(Fa)  T(+2a)"
Therefore, the non-differentiable solution @5j using @3) is reported to be as given below:
] na 2{20
= I = _
¢(Zvn) nmoqbn(Zvn) r(1+a) r(1+20)7
which matches with the result from the LFVIA-I in Subsectibi.

(45)
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4.3 LFVIA-lIl  for the FP Equation Defined on Cantor Sets

In connection with 26) and @33), we set up the following formulas in the non-differentefdrms:

¢1(¢,n) ) o
=¢0(Z7’7)—o|§a){ wa 5,,a¢o(z n)— % a,,za¢o( )}
__n® _|(a){ 2% 9% _n% Zz" 0% ¢ }
Ml+a) o¢ ) F(+a) on® FA+a) T (1+2a) ana T (1+a)
a ZZ o
- I'(La)_ T T(T+2a)’
$2(¢,n) Ny
=6:(Z,m)— o “”{rlﬂ, firdu(Cn)- o A 010}
2a
+o|< ){ FiiTa) ¢o(Z n)— W 0,720{¢0(Z ’7)}
250'
I'(l+cr) T T(1+a)
_ ol [ _2¢e i( n 2 )_ 3% ﬂ( [ 4 )}
0'z r(1+a) on® \ I (1+a) I (1+a) I (1+2a) gn2a \ I (1+a) r(1+a)
4 I(a) 279 ﬂ na _ 352(1 g2a na
o'z I'(12+cr) on% I(1+a) T (1+2a) 9n% T (1+a)
. a 2{ a
= r(r17+a) T T(+2a)’
$3(¢,n)

Z 2a 020

—62(&m)— ol { 77977 92(4.11) = gy b2 L)}
+ ol { B e (Z N) - Fie o 91(4om) }
na ZZG

= Fira)  T(1ta)

_ |(") 277 9@ n* 3%y e«
0z \F+a)an \T(l+a) ~ T(I+a) I(1+2a) 9n2@ \T(1+a)  T(i+a)
L@ f 2t g pt 2t | g% g [ o a0
0%z ria) on® \F(ira) ~ F(Lia) )~ F(Lr2a) 078 \Fe) ~ T(ara)

__n® 272

- r (,17+a) r(1+2a)’

¢4(¢,n) L

=¢3({,n)— o| ){,—( ,,a¢3(( n)— %%(Ps((,n)}

a a 2a 2a
+o'§“>{rff+a> 2 42 (Z N)— i e t2(40) )
a 2 a
= Fiva) I—(].ZJrG)

i |<a>} 224 aag n* o~ ;_ 3% ﬁg n* 2 ;{
0l7 r(1+a) on® \ I (1+a) I (1+a) I (1+2a) gn2a \ T (1+a) r(1+a)

|(0’) 27" 9 n 209 3720 % n® 2¢
— 0l F(I+a)on® \T(1+a) T (1+a)) T (I+2a) gn2@ \T(1+a) T (I+a)

—_n® 202

= TAta)  T(+z2a)

¢n(5a’7) a 20

=tn-1(0m) — ol {5 o181~ g e o2 (G
+ol{" >{ Fha B bn 2 (2.) — %%ﬁ%% 2(4, n)}
na Zza

~ Tta)  T(+a)
[l f 2% 5% (9 2 320 52 (o 22
+o 4 F(I+a)on® \T(1+a) T (1+a)) T (I+2a) gn2@ \T(1+a) T (I+a)

|(0’) 27" g¢ n 209 3% % n® 2¢
—0lz F(I+a)on® \T(1+a) T (1+a)) T(I+2a)dn2@ \T(1+a) T (I+a)
- na 2(2(1
= MAta) ~ T(+2a)°

(46)

(47)

(48)

(49)

(50)
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Therefore, the non-differentiable solution @3f using @8) is also reported to be as follows:

a 20
6@.n) = Jim @) = e~ T T 1)

which is in conformity with the results from the LFVIA-1 andHVIA-11 in Subsections 4.1 and 4.2, respectively.

5 Conclusions

In the present work, the linear FP equation defined on Cartengas solved by using the LFVIAs and its closed solution
is obtained. By comparing with the LFVIA-I and the LFVIA-JiWwe conclude that the case of the LFVIA-II is the best
way to obtain the non-differentiable solutions of lineazdbfractional partial differential equations.
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