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Abstract: We explore a new Hadamard type inequality for Hadamarditraat integrals and derive a new fractional integral idgnti
We use the new established fractional integral identity tt@io new Hadamard fractional version Hermite-Hadamagdulities for
once and twice convex functions. Then, we derive new inéiyu&sults by applying these identities.
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1 Introduction

The well-known Hermite-Hadamard integral inequality watablished by Hermite at the end of 19th century (48 [
There are many recent contributions to improve this inatyyglease refer to4,3,4,5,6] and references therein. It is
worth noting that there are some interesting results abetrmife-Hadamard inequalities via fractional integralsaading
to the corresponding integral equalities involving a gietass of differential convex functions. For more detailssach
new, important and interesting mathematical branch, oneefar to papersr,8,9,10,11,12,13,14].

For a well defined convex functianon [c,d], the left (right) Hadamard fractional integral of ordes O is defined by

(see 15) o
9@ = 7 [ (n5) " 08

d v-1
w90 = [ () a0

Throughout this paper, we denote
lt(z p,v,c,d)

— (1- WY@ [(d—2)"+ (2— )|+ H[g()(z— ¢)' +g(d) [d— 2] - (v+ 1>[HJ<Vez>+<goln><ed>+ 1% (goln)(€) .

whereu € [0,1] andp > 0.

In [10, Theorem 2.1], the authors obtained an interesting Had&type inequality for Hadamard fractional integrals
via nondecreasing and convex function. Here, we establisewvaHadamard type inequality for Hadamard fractional
integrals via convex function (see Theorem 2.1):

c+d r(v+1) g(c) +9(d)
f( 2 )Szm—c)v g

In [10, Lemma 3.1], the authors obtained an Hadamard fractionegjials identity involving once differentiable
mapping. Here, we give a new Hadamard fractional integdalstity involving once differentiable mapping as follows.

lg(z p,vic,d) = (z— C)V+1./O.1(s" —p)g(sz+ (1—s)c)ds— (d— z)v+1/01(sv g (sz+ (1—s)d)ds.

and

H e (goIn)(eh) + Hle)- (90 In)(ec)} <
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Moreover, we also establish new Hadamard fractional iadegidentity involving twice differentiable mapping (see
Theorem 3.6).

The next aim of this paper is to establish some new HermitedaHerd type inequalities for once and twice convex
functions via Hadamard fractional integrals (see Theorgr@s3.8) which improvesl0, Theorems 3.3]. These results
have some relationships with(], however, we point that our current results are differeof the previous results il (]
and generalizel[0] in some sense.

2 A new Hadamard typeinequalities

Theorem 2.1. Assume that > 0 and the functiom : [c,d] — Ris convex. Then we have

f<c—£d> = g(gvjc]g/[""]zlepﬁ(goln)( )+ HJV _(goln)(e%) gw. )

Proof. It follows from the convexity of the functiofi that

¢ <x+y> < f(x)+f(y).

For0<s<1,lety=sc+ (1-9)d, z=sd+ (1—s)cand multiply bys'~! in each side, then
21t (C;d> <tV f(sc+ (1-9)d) +g(sd+ (1 —9)0)]. 2

Integrating @) over|0, 1], we obtain:

gg(C—Fd) < /OlsV—lg(g;—f—(l—s)d)ds+ /1SV_1g(gj+(1—S)C)dS

_ 1 /e‘* d—Int\""* oyt 2 /e“ Int—c\** (inty &t
“d-cle \d—c ) MUT Tl \azc ) 9NYR

((;_(\2) [HJE/ (goln)(ed) + H‘leed)—(goln)(ec)],

which implies that

20( 57 = gl dley @@ + 1Tl (@I

Now using the convexity of again, fors € [0, 1], we have
g(sc+ (1—s)d) < sg(c) + (1 —s)g(d),
g(sd+ (1-sjc) < sg(d) + (1 —s)g(c),
which yields:
s Hg(sc+ (1-8)d) +g(sd+ (1 - 9)0)] < 8" *[g(c) +g(d)]. ®3)

Integrating 8) over|0, 1], we have

1 1 1
/ $7H(sv+ (1-9)d))ds+ / s Hf(sd+ (1-s)c))ds < / [9(c) +g(d)]s" 'ds.
0 0 0
So we can get the following result

v

(d—c) {HJV ~(goln)(e?) + HJE/eu)f(QOIn)(eC)} < M

\Y

Then the proof is well completed.
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3 New Hadamard fractional Her mite-Hadamard type inequalities

We begin to establish a new fractional integral identity etthivill be used in what follows.
Lemma 3.1. Assume thag : [c,d] — Randd’ € L[c,d], g is a convex function, then we have

lo(zuvie.d) = (z-0) [ (¢ (s (1-s)0ds— (d 2" JA (& w1 9d)ds (4)

forall ze [c,d],v> 0 andu € [0,1].
Proof. Forz+# c we have

1
=0 [ ('~ g+ (1-50)ds
1 1
—v/ s 1g(sz+ (1—9s)c)ds
0 0

&
(Int — c)"’lg(lnt)$

= (s'—pg(sz+(1-9)c)

= (1—IJ)9(Z)+IJQ(C)—W g
— (1 1)) + B~ T - (ol (). ©)

Forz+#d, we get

1
(@2 [ (&'~ wy(+(1-sd)ds
1

= (s'—p)g(sz+ (1—s)d) —v/ols"‘lg(ser (1—s)d)ds

0

et
— (1 1)) + Held) ~ g [ (@0 ain)
— (1= 19D+ ()~ T W (g0 ) (@) (6)

Then multiplying both sides 0B} and @) by (z—c¢)¥ and(d — 2)", respectively, we obtain the desired resultimmediately.
Concerning4), if we setz=d andz=c, one has

(0 vie.d) = (A0 [ (¢ - g/ (s + (1 spo)ds
and

1
lg(c, 4,v;c.d) = —(d— c)"“/O (s'— ) (sc+ (1—s)d)ds.

Using the right-sided inequality result of)( we have the following conclusion.
Remark 3.2. Assume thav > 0 and the functiow : [c,d] — Ris convex. Then

NI =

[lg(d,u,v;c,d) +lg(c,u,v;c,d)]

= g(C)"’Z_g(d) - g(gvj_;z’[ HJEIed),(go|n)(eC)+ H\]E/ec>+ (gom)(ed)]
_ )1
= %/Ol(s\’_u)[g’(S(H—(1—S)c)_g/(sc+(1—s)d)]ds. @)

Theorem 3.3. Assume thay : [c,d] — Randg’ € L[c,d]. Suppose thdg/|P is a convex function for some fixeol > 1,
then

1
p

(2 pvic.d)]| < A1%’<v,u>{<z—c>v+1 [Azw,u>|g’<z>|P+A3<v,u>|g’<c>|p]

(d-2t [Az<v,u>|g’<z>|p+A3<v,u>|g’<d>|p] ’ } @®)

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

106 %N S\ Y. Tian, J. Wang: On Some Hermite-Hadamard Type Inequalfte Convex...

forall ze [c,d], u € [0,1] andv > 0, where

vt 41
Aa(V, ) = —vr1 M
2 1 u
A S e L o
2(VLH) = M vio 2
_ 2 142 1 H
Aalvo ) = vt vttt (V+2)(v+1) 2°
Proof. Using Lemma 3.1, we obtain
||g(zau7V;Cad)| S |91(27“7V;C7d)+Igl(z7u7V;Cad)a (9)

where .
oz 1 vic,d) = (-6 [ [8'~ g (<2+ (- 9o)lds
0

1
(@ Hvied) = (@ =2 |~ pllg (2 + (1-9)d)[ds

Following Holder inequality, we derive

1__
lg (. 11,v: c, d) V+1</ & — |dt>

{/OIJ (U—S){S|g (Z)|p_|_(1—s)|g’(c)||0}ds

g(o)vas] |

[y -wsd@P+a-s

[

vutti 41 BV L2 1 u
_ AV e T _ v g I ! p
(z=0) ( v+l “) Kv+1“ M 2)'9(2”
1
IS T S v SN Y A T L
+<v+1“ v L ey i AL (10)

Similarly, we obtain

ovutti 11 =5 1 u
. < (d— 7V _ = '(7)|P
lg, (2,1, v;¢,d) < (d—2) ( T M V+1u tyi2 2 )I9@
1
r

2V 1 2
+<—H1+V—mﬂ m >|9( )

From above, one can submitting0j and (L1) to (9) to derive the result.
Remark 3.4.In Theorem 3.3, we set= #, u = 0. It follows the inequality ) that

|g(czd o.vic ,d)‘

< (20 (S T ()

Remark 3.5. Let p=1. Then for allze [c,d], 4 € [0,1] andv > 0,

v+1 (11)

p+i|g/<c>|ﬁ’]%'+ [

p 1 , %,
- p
v+1 +V—|—1|g(d)| ] }

,/c+d
9\ 2

< %(d —0)"" g’ ()] + I/ () ][A2(v. k) +As(v, )]

1
‘5['9(07“3\/; Cad) + Ig(dvua\/; Cad)]

In what follows, we give the corresponding results for twili#erential functions.
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Theorem 3.6. Assume thag” € L|c,d]. Then

wzuvicd = (35K )g@lz-0r - @-2"

v+1
1SV+1_ 1
_ _ ~\VH2 IJ(V"‘ )S Z _
{(z 0 /O—V+1 g'(2+(1—s)c)ds
1v+1
+(d—z)"+2/ wg”(szjt(l—s)d)ds .
0 v+1

Proof. Note that

e+l _pv+1s
/o ————————dd'(sz+ (1-s)c)

v+1
o [ T g s 1 g
e CANle ;— [ @50 wes
~ (1)@~ [ e+ a-gore - wes
and
[ E R g 4 (1 90)
= @g) [ R g (1 gajas

_ WQ/@H (1—9)d)

1 n
Vi1 ) s s - pas

1
(Wll B “)9’(2) —/0 g(sz+ (1-9)d)(s' — p)ds,

Multiplying both sides of {3) and (4) by (z— ¢)¥** and—(d — 2)"*%, respectively, we have

1
2=0)** | g+ (1-9)0)(s'~ uds

1l _
= (z—c)*?t (%—u) d(2)— (z—c)"“/0 ST RWVA LS Vli(\fr 1>sg”(sz+(1—s)c)ds.

and
1
~(d-2"" [g(s+ (1-9d)(e'~ s
0

1l _
~ (d-g (Wll - u) 9@~ (-2 [ T B yo 1 gaas

By adding the results ofl6) and (L6), we complete the proof.
Further, we have

Remark 3.7.
%[Ig(d,u,v;c,d)+Ig(c,u,v;c,d)]
_ ~\V+1
~ O (1)@ g
(d—c))*2

vl /01(5”1—A (V+1)a)[g"(sz+ (1-s)c) +g"(sc+ (1 —s)d)]ds| .

The conditions are just like Theorem 3.6.

(12)

(13)

(14)

(15)

(16)
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Theorem 3.8. Assume thag” € L|c,d] and the functionig”|P is convex for some fixeg > 1 on|c,d], then

oz nvied)| < | (g - )d@IE- 9 - @2

1

_1 _ A2 5
+a o { B2 (st g @ P+ Astu g @)

_ A2 Tl)
T astunlg P+ Al @)}, a7

where . .
Avpt) = ol e HOED L
As(v, i) = 3(072:_3)“1(\/4_ 1)]l+v3 + V—’_i:%_ U(V;- 1)7
v 2 3 1 ~ H(v+1)

As(V, i) = WZ[IJ(l—FV)]l+ 33 [(L+v)H Vi3 5

Proof. It follows from (12) that:

Iz pvic,d)] < (i —u)g( Dlz— " (d— 2"

v+1
z—C)Vt2 _Z)v+2
+%|ng(z,u,v;c,d)|+%|ng(z,u,v;c,d)|, (18)

where
1

Jy(zpvied) = [ 87— p(v+ 19g'(s+ (1- 9ods.
1

Iz pvied)| = 187 - p(v+ Dsg'(<+ (1-9d)ds

By using the Holder inequality we can get
9, (z, . vic,d)|

/ 91 (vt 1)|g (s2+

(/ |sHL — p(v+ 1)s|ds)l

[H(v+1)]
x{/ M v 1)s- 8 (89 @) P+ (1- 9)1g"(0) s

1-s)c)|ds

ol

<

1

[ 87 DS 1P+ (- 9la o))

v

-5 [(v+1)
< ([re-nurses) x{lg@r] [

<=

[u(v+1)s—st? ds+/ " L[S p(v+ 1)sz]ds}

<

1

(u(v+1)]
+|g"(c)|P {/O [U(V+1)s— p(v+1)s?— 8182 ds+/ 5 L8 =82 (V4 1)s+ p(v+ 1)sz]ds] } ’
(V+1)]V
1
1-4 P
=y P [Retuig @+ Astvplg ) (19)
Using the same method, we get
1
1-1 P
|It,(z u,v;c,d)| <A, p(V,H)[As(V,u)lg”(z)lp+A6(V,H)|9”(d)lp] : (20)
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On the other hand,

[H(v+1)]
/ |+t v+1)s|ds:/

0

1
v

[M(v+1)s—s'Y ds+/ i) L [8" 1 — u(v+1)gds

v

v 12 H(v+1) 1
= vt 2 vz (21)
By submitting (9), (20) and @1) into (18), the proof is completed.

Remark 3.9.1f g=1, then

_ A\
e kwed i@ pved)] < (- w )@ o)
d—oV+2 -
+ Sy 19 @1+ 1" @A) +As(w W)

forall ze [c,d], u € [0,1] andv > 0.
Remark 3.10. In Theorem 3.8, we set= #, u = 0. It follows the inequality 17) that

Ig<c+d 0,v;c d)

1/ 1\ V42 c+d\[P 1 o TF |, (c+d\[P. 1 6
< — (== -— — -— — .
_v+1<v+2> (v+3) ( ) {[ ( 2 ) T2 (C”] +[g< 2 ) T2 (dw }
Remark 3.11. Assume thatg”(z)| <M, z€ [c,d] andM > 0. Then
1 _ vM(d —c)V+2
‘E[Ig(d,u,v,c,d)—kl (c,u,v;c,d)]| < v+ D2

Proof. By using mean value theorem fgf, we have

_ ~A\VH+L
%/ol(sv_“)[g/@d*’(1—3)0)—9’(SC+(1—S)d)]ds

_ o)Vl
= % /01<sV—u>[g’<sd+(1—s>c>—g’<so+(1—s>d>1ds
_ (d—C)V+1
- 2
(d—C)V+1

e /Ol(sv_ 1) (25— 1)ds

~ WM(d—c)Vt?
O 2(v+1)(v+2)
The proofis ok.

/Ol(s" — )M [(sd+ (1—s)c) — (sc+ (1—s)d)]ds

4 Applications

Forv, w,v # w, we consider special means of real numbers as follows:

H(v,w) = j v, € R\ {0}

\% w
w
A(v,w):%,v,weR,
Ww—V
LVw)=—— @ w +# 0.

n+1_vn+1 r‘11
wi)} ,neZ\{-1,0},vwe RV+# w

La(v, ) = [(n+ 1)(w

Letc,d € R" andc < d.
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Proposition 1.
<

(d—c)2(e° +&°).

ol =

‘A(ec,ed) —L(e", &)

Proof. Chooseg(Inz) = z, u = 1 andv = 1. One can apply Remark 3.5 to complete the proof.

Proposition 2.

‘H‘l(ec,e )—L(e ¢ e )| < Z(d—c)?(e C+e9).

ol =

Proof. Choosec™ > d 2, f(Inz) = % ¢ =1andv=1, one can apply Remark 3.5 to obtain the results.

Proposition 3.

‘A(ec(n+1) ed(n+1)) _ e:; — icLﬂ(eC, ed) <

3

(d—c)?(n+1)[e"MY 4 gln+)),

ol -

Proof. Choosef (Inz) = 2", u = 1 andv = 1, one can apply Remark 3.5 to obtain the results.
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