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1 Introduction and Definitions It is well known (see, for details3[11,19)) that if the
functiong is univalent inU, then
Let # = s (U) be the linear space of all analytic

functions in theopen unit disk f(z) <9(2) (zeU) < f(0) =g(0) andf(U) c g(U).
We need the following definitions for our present
U:={z:zeC and |7 <1}. investigation: 9 P
Let Definition 1 (see [L1]). Let ¢ : C> — C and leth be

" univalent inU. If p is analytic inU and satisfies the
Ald,n={f e f(z)=d+dZ"+ 22"+ '(}1) following differential subordination:
(deC,neN={1,23-1}). ¥(p(2),2p'(2)) < h(2), (2)
thenp is called a solution of the differential subordination

Let o7 the subclass of the function#’[d, 1] with usual  (2). A univalent functionq is called a dominant of the
normalization given by f(0) = f/(0) — 1= 0. A function ~ solutions of the differential subordinatior2)(or more
f in <7 is said to baunivalent in Uif f isonetooneifU.  simply, a dominant ifp(z) < g(z) for all p satisfying @).
For two functionsf andg are in.7#, we say thatf is A dominantgthat satisfies|(z) < q(z) for all dominantsy

subordinateto gin U, write as of (2) is said to be the best dominant @) (
_ Definition 2 (see [12)). Let ¢ : C> — C and leth be
f<ginU or f(z)<9@ (ze), analytic inU. If p and@(p(2),zp/(2)) are univalent inU

if there exists a Schwarz functiom(z), which (by and satisfy the differential superordination:

definition) is analytic inU satisfying the condition of the h(z) < @(p(2),z0'(2)), (3)
Schwarz lemma such that . ) . )
then p is called a solution of the differential

f(z2) =g(w(z)) (zeU). superordination ). An analytic functionq is called a
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subordinant of the solutions of
superordination ) or more simply, a subordinant if
g(z) < p(z) for all p satisfying @). A univalent
subordinant q~ that satisfies q(z) < G(z) for all

subordinantg) of (3) is said to be the best subordinant of

@)
Definition 3 (see [L1], Definition 2.2b, p. 21). We denote

by 2 the class of function$ that are analytic and injective
onU\ E(f), where

E(f)={&:&<dU and lim f(z) =}

z—¢

and are such thdt (§) £ 0 for £ € 0U\ E(f).

Definition 4 (see [L2)). A function L(zt) defined on
U x [0,) is called a subordination (or aolwher) chain if
L(.,t) is analytic and univalent ifU for all t € [0, ),
L(z,.) is continuously differentiable oj®, «) for allze U
andL(zt;) < L(ztp) forall0<t; <ty andze U.

Let o7 denote the family ohormalized functions of
the form:

f(z2) =z+ i Oy 122 (4)
k=1

which are analytic inU. Let f,g € <7, where f(2) is
defined by 4) andg(z) is given by

9D =2+ ez,
k=1

then the Hadamard product (or convolution) fofand g
denoted byf x g is defined as

(F+0)(2) =2+ Y dhrrac12 = (g% F)(2).
k=1
Recently, Srivastava et all$] introduced and investigated

the following integral operator:

A e A+ Dk
Ji(ab,c)f(z) =z+ I(Zl(u

1
D) (@) o)y 2 )

(a,b,ceC\Zy :={0,-1,-2,---};A >—-1,u>0;z€ ),

where (a)i is the Pochhammer symbol (or the shifted

the differential and

2(.7 @+ 1,b,0)f (z))/ —as}(ab,0)f(2)

—(a—1).7) (a+1,b,c)f(2). (8)
Recently, Wang et al 2[1] investigated various properties
and characteristics of the Srivastava-Khairnar-More
integral operatorﬂlj‘ (a,b,c) defined by the equatior) (
for recent expository work on integral operator in analytic
function theory see?, 6,17,20)).

2 Preliminaries lemmas

To prove our main results, we need each of the following
lemmas.

Lemma 1 ([8], also see[11]). Suppose that the function
H : C? — C satisfies the condition:

O{H(ist)} <0,
for all realsandt < %ﬁz) wheren s a positive integer.

If the functionp(z) = 1+ pnz” + pny 121+ - - - is analytic
in U and

0{H(p(2),zp'(2))} >0 (ze),

thenO{p(2)} >0inT.

Lemma 2 (see [10]). Let B,y € C with B # 0, and let
h € 2#(U) with h(0) = c. If O{Bh(z) +y} >0 (ze U),
then the solution of the differential equation:
29 (2)
2)+ o
1 Ba(2) +y

is analytic inU and satisfie§1{q(z) +y} >0 (zeU).
Lemma 3 (see [11]). Let p € 2 with p(0) = d and let
q(2) = d+ dnZ" + dyy 12" + -+ be analytic inU with
q(z) # d andn > 1. If g is not subordinate tp, then there
exists the pointgy = ro€? € U and & e J0U\ E(f) for
whichq(Uy,) C p(U),

=h(z) (zeU;q(0)=c),

factorial) defined (in terms of the familiar Gamma d(Z0) = P(&o), and zoq'(z0) = méop'(éo) (M>n>1),

function) by

In particular, we have
I} @Ar+la)f(z)=f(z2 and .7i(al1,a)f(z)=zf(2).

Clearly, the integral operatoMo’\ (a,b,c) is the Noor
integral operator{]. It can be easily shown fronbj that

2(A)@bo)f(@) = (A +1)7 @b ot

—A 7} (a,b,c)f(2), 7)

whereU,, = {ze C: |z <ro}.
Lemma 4 (see[15]). The functionL(zt) : U x [0,00) —

~ Cofthe form

Lzt) = dy(t)z+ dp ()2 + -

with di(t) # 0 forallt > 0 and lim_« |di(t)| = is a
subordination chain if and only if

0 [zﬁL(z,t)/dz

W} >0 (ZEU,O§t<°°)

Lemma 5(see[12]). LetsZ[d,1] = {f € 2#: f(0) =,
f/(0) # 0} andq € #[d,1], ¢ :C? — C. Also set

(@© 2015 NSP
Natural Sciences Publishing Cor.



J. Ana. Num. Theoi3, No. 2, 89-96 (2015) www.naturalspublishing.com/Journals.asp NS = 91

Y(q(2),z9(2)) = h(z). If L(zt) = @(a(z),tzg(2)) is a  implies that
subordination chain ande s [d, 1] N 2, then . .
S (a+1b,c)f(z S} (a+1,b,c)g(z
h@) < W(p2.2P(@) (ze ) l a2 O )] < l i (et 2b Il )] ,
implies that (13)
a2 < p(z) (zeU). where.# (a,b,c) is the integral operator defined b§)(
Furthermore, if the differential equation s ar1bog@) | ”

Moreover, the function { >

w(q(2),29'(2)) = h(z) has a univalent solution € 2, } is the best

thenq s the best subordinant.
Using the principle of subordination between analytic

dominant.

functions, ~Miller et al. @] investigated some p.,qf et ys define the functiorts(z) andG(z) in U by
subordination theorems involving certain integral

operators for analytic (multivalent) functions i (see, Ma+1,b,0)f(2) a

also [1,4,13]). Very recently, Prajapatld] and Kwon and F(z):= l K

Cho [5] investigated subordination and superordination z

with the generalized multiplier transformation operatorand G(z) :=
and differintegral operator respectively.

ﬂl:/lotivated %3{ aforem?;]]tioned w%rk, din t?is paper thg respectively. Without loss of generality, we can assume
authors — obtain the subordination and ihat G is analytic and univalent onU and that
superord|nat|oq—preserV|ng_ properties ) of the G(§) £ 0 (€] = 1). Otherwise, we replace the
Srlyastava-Khalrnar—More mtegral operatof;; (a, b, c)_ functionsF (z) andG(z) by F (pz) andG(pz) respectively
deﬂned by §). Several sandwmh-type results involving o, o < p < 1. These new functions have the desired
this operator are also derived. properties onU, we can use them in the proof of our
result. Therefore, our result would follow by letting
p— 1.

(zeU) (14)

preserving properties for multivalent functions asseat [fﬁ (a+1,b C)g(z)l a
z

3 Main results

Unless otherwise mentioned, we assume throughout the

sequel that

ab,ceC\Zy,A>—-1 and u>0.

Theorem 1 contains subordination results for the integra

operatorf,(a, b,c) defined by §).
Theorem 1.Let f,g € & and Suppose that

Now, we show that, if the functioq(z) is defined by

ZG// (Z)

q(z):=1+ 0

(ze ), (15)

then
O0{a(2} >0 (ze). (16)

LI'aking logarithmic differentiation on both sides of the
second equation in1d) and using the identity8) for
g € o7 in the resulting equation, we get

29/(2) G
g {1+ PTE } >—-B (zel) 9 0(2) = G(2) + a;z) (17)
where where the functiom(z) is defined in 10).
7} (a,b,c)g(2) I} (a+1,b,c)g(2) a Differentiating both sides ofl(7) with respect ta gives
@)= lﬂ,ﬁ‘ (@arLb, c)g(z)] [ z

(10) ¥ (2= <1+ %) G(2)+ ZGa—;Z) (18)
andp is given by

1y a?ja2— |1— ae2| From (15) and (@8) after simplification yields

B 4a0(a) (a>0,0(@)>0). (11) 14 2¢' (2) 14 G’ (2) N q(2)
Then the subordination condition: ¢ (2 G(2 / q(2) +aa
l {ﬁ (a,b,c)f(2) ] [ﬂﬁ (a+ 1,b,C)f(z)r :q(z)+$f>aaz hz) (zeU). (19)
J}@+1,b,0)f(2) z

Therefore, it follows from9) and (L9) that

l 7} a,b,0)g(2) Hﬂ,ﬁ(aﬂ,b,c)g(z) “

S} (a+1,b,c)g(2) z ] (12) O{h(z)+aa} >0 (zel). (20)
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Hence by Lemma 2 we deduce that the differentialthat is, the functionG(z) defined by {4) is convex

equation 19) has a solution g € s2(U) with
h(0) =q(0) = 1.
Let us define the function
v
%(u,v)—u+u+aa+ﬁ, (21)

wheref is given by (1). From ©), (19) and 1), we have

O{# (a(2),z9(2))} >0 (z€U).

Now for all realsandt < —GLZSZ) we want to verify that

O{s#(ist)} <0. (22)
From 21), we have
O{#(is,t)} =00 {is+ is+t aa+B}
_ talO(a)
|aa+is? +P
Hg(s)
= 2laa+tisf (@3)
where
Hg(s) = (aO(a) —2B)s* — 4apO(a)s
—2a%Blal®+al(a). (24)

For B given by (L1), we observe that the coefficient sf
in the quadratic expressid (s) given by @4) is positive
or equal to zero. To check this, pati=r, so that

al(a)=r1 and al(a) =r».
Thus we have to verify that
M — ZB > 07
or
14(r2—|1—-r?
2rp '
This inequality will hold true if

rn>2B=

23+ 1—r? > 14r|?=1+r12+r3,

that is, if
[1-r? > 1-0(r%),

which is obviously true. Moreover,

for the assumed value @ given by (1). Therefore, it
follows from (23) that

0{2(ist)} <0,

forall realsandt < —
1, we conclude that

0{a(z)} >0

1462
2

(ze 1),

the quadratic
expression fosin Hg(s) given by @4) is a perfect square

. Thus by application of Lemma

(univalent) inU.
Next, we prove that the subordination conditiob2)
implies that

F(z) <G(z) (zel)

for the functiond= andG defined by 14).
To prove @5), let us define the functiob(z t) by

(25)

L(zt) == G(2) + %ze/(z) (zeU; 0<t < o). (26)

We note that

IL(zt) 1+t _
0z ‘Z:OZG/(O) {JﬁFH] #£0 (zeU; 0<t< ).

This shows that the function
L(zt) =di(t)z+---

satisfies the conditionsli(t) # 0 for all t € [0,c0).
Furthermore,

aL(zl)
ot

D{ gz }:D(ua+(1+t)q(z))>0 (ze 1),

sinceG is convex andl(a) > 0. Thus, by virtue of Lemma
4,L(zt) is a subordination chain. Hence, it follows from
Definition 4 that

=1L(z0)
and
L(z,0) < L(zt)
This implies that
L(&,1) ¢ L(U,0) = ¢(U)

Now suppose that the functidnis not subordinate t¢,
then by Lemma 3 there exists two poimgse U andég €
0U such that

F(z0) =G(&) and zF'(z0) = (1+1)&G' (&)

(0<t <o)

(zeU; 0<t < ).

(£ €dU;0<t < ). (27)

(28)

Hence, we have
&G/ (&
L(&ot) = G(&)+ (1+1)% L)
F/
= F(z) + 2 (2

B Fh@ar1botz) |
— Zuteribolla)

€ (),

) (ab,o)f(z0)
I (at+1b,c)f(z)

by virtue of the subordination conditionl?). This
contradicts 27). Thus, the subordination conditiod2)
must imply the subordination given b%). Considering
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F = G, we see that the functidB(z) is the best dominant. Then the subordination condition:

Thus, the prove of Theorem 1 is completed. , a . o
Next theorem gives subordination result with respect [Zf (Z)} [@] < {zg (Z)} [9(2)]
to the variation of parameter. f(2) z 9(2) ’

By employing the same technique as in the proof of
Theorem 1 and using the identity)(instead of §), we  implies that
obtain the following result in form of the theorem. {f(z)r . [g(z)]a

Theorem 2.Let f,g € & and suppose that

z

a
and the functior{izz)} is the best dominant.

Next theorem provides a solution to a dual problem of
Theorem 1 in the sense that the subordinations are replaced

")\ _
D{1+ v }> y (zeD) (29)

where by superordinations.
M ab,0)g(2)] [ 72 (ab,c)g(2) a Theorem 3.Let f,g € & and(a) > 0. Suppose that
w(z):[ U)\ y My ‘| [ [TRN e Rag) ‘| (30)
Jii (a,b,c)g(2) z 29" (z)
O<1+ >—-p
andy is given by v
14 a2(14A)2— [1— a2(1+A)? whereg(z) and are given by 10) and (1) respec(t;vely.
- 4a(1+A (31) If the function i} (b9 i (@+1.00)g(2) is
a(l+A) 7} (@+1b0)g(2) z
A a
(@>0,A>-1). univalent in U and w] € 2, then the
Then the subordination condition:

superordination condition;

[Jﬁ“(a,b,C)f(Z)] lﬂﬁ (a,b,c>f<z>r Ji(@bojg@ |[(@t+1bog@]”
s} (@b.o)f(2) z [yg (a+1, b,c>g<z>1 l 2 1

)+ (a,b, I (b, : i ] !

) l }A (aIO C)g(z)H ,,(aZC)g(Z)l | (32) sMabof@ ][} @+1b0f(@) )
J(@b,0g(2) | A@ribof 2 ’

implies that im|;lies that -

Aabot@]” [A@b ’ i ]

[M] = [w] , (33) i (a+1,b,09(2)|° Vﬁ (a+1bof@]"

=
z Z

where.# (a,b,c) is the integral operator defined b§)( _ _ 4D

Aariboga Y .
e is the best

ﬂ’\(a,b,c)g(z) a .
“f] is the best

Moreover. the function[ Moreover, the functlon{

dominant. subordinant.
TakingA = u =0, a=1andb=cin Theorem2,we Proof. The proof of the theorem follows the same lines as

get a result of Shenan (sef], Corollary 2) forp=1as that of Theorem 1. We will give only main steps.
follows: Let the functions=, G andq are defined byX4) and (L5)

Corollary 1. Let f, g ¢ o and suppose that respectively. As in the proof of Theorem 1, we have

" O 0 U),
D{1+z¢ (z)}>_y zeU), {a@@} >0 (ze )

V'(2) that isG is defined by 14) is convex (univalent) ifiJ.
Next, to arrive at our desired result, we show that

where
! a G<F (zel). (38)
Y(z) = [zg (Z)} [@] (a>0;zeU) (34)
92 z For this purpose, we defined the functiofz,t) as @6).
andy is given by Since G is convex andl(a) > 0, by applying a
similar method as in Theorem 1 we conclude thét t)
1+a?2—|1—a?| is a subordination chain. Therefore, by making using of
= (35)  Lemma 5, we deduce that the superordination condition
(@© 2015 NSP
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(36) must imply @38). Furthermore, since the differential and the functio izz)

equation

% — $(6(2.6(2)

aa

has a univalent solutiofs, it is the best subordinant of
the given differential superordination. This completes th

proof of Theorem 3]

The following theorem provides a solution to a dual

problem of Theorem 2.
Theorem 4.Let f,g € &/ and suppose that

(2|
D{1+ W(Z)}> y (zel),

wherey(z) andy are given by 80) and @31) respectively.

A Haboe@ ] [ @bog ] is
1 (ab.c)g(2) ‘

If the function {

2 a
univalent in U and M} c 2, then the
superordination condition:
A ab,0g@ ] [ 4 (ab.e@) ]’
1%(a,b,c)g(2) z
[t ebof@] [A@bot@]”
S (a,b,0)f(2) z ’
implies that
si@bog@|” [Zl@bof@]”
z z '
(aboy@ |”
Moreover, the function {%} is the best

subordinant.

PuttingA = u =0, a=1andb=cin Theorem 4, we
get a result of Shenan (setq], Corollary 4) forp=1 as
follows:

Corollary 2. Let f, g € « and suppose that
2" (2) }
Od1+ > —
{ TIC
wherey(z) andy are given by 84) and @35) respectively.
a

If the function {Zgéﬂ {&ZZ)

is univalent inTU and

a
is the best subordinant.

Combining Theorems 1, 3 and Theorems 2, 4, we
obtain Theorem 5 and Theorem 6 respectively, so called
"sandwich-type results”.

Theorem 5.Let f,g € & (i

(- 32)

= 1,2) and suppose that

where

[ A@boa@ [ @+1bog@]”
2= | T ar 15,990 z

and B is given by (@1). If the function

A A a
[; ;if;:c)(fz()z)] V“ (aﬂz’b’c)f(Z)] is univalent inU and

[ﬂ a+lbc)f(z)]

c 2, then the condition:

Jh(a+1,b,¢)01(2) z

@bt | [ @+r1bof@)]"
A S (a+1,b,c)f(2) z

[ fﬁ(a,b,c)gz(z) ] [
<

[ I} (a,b,c)01(2) Hﬂﬁ(au,b,c)gl(z)r

2 (a+1,b,0)ga( >r

S (a+1,b,0)g(2) z
implies that
lﬂ,ﬁ (a+1,b, c)gl(z)] “ lﬂ,ﬁ (a+1, b,c)f(z)] “
<
Z zZ

[f; (a+1, b,C)gz(z)] “
= Z

- 7} (atLb, a
Moreover, the function [M} and

a
I (a+1b,0)ga(2)
z

and the best dominant.

are respectively the best subordinant

Theorem 6.Let f,g; € & (i

D{1+Zw()}> -y (zeU)

=1,2) and suppose that

[izz)} ! € 2, then the superordination condition ¥(2)
sl
a(2) z | f(2) z |’ | @bog@ ] [ 24 (ab,0)gi(2) ‘
implies that e = 7 (a,b,c)gi(2) z ’
BRI
7 7 3 (A>-1 a>0,u>0;zeD)
(@© 2015 NSP
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