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Abstract: In this paper, the non-standard finite difference methodHDI®) is presented for solving numerically the two-dimemsib
space fractional diffusion equation (SFDE), where thetfomal derivative is defined in the sense of the right-stif@&unwald. The
stability and the error analysis for the proposed methodyaen. Two numerical test examples are presented. It isladed that the
NSFDM scheme preserves numerical stability in larger regtban the standard finite difference method (SFDM).
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1 Introduction

It is well known that fractional order differential equat®have been the focus of many studies due to their frequent
appearance in various applications especially in the fiefdfuid mechanics, viscoelasticity, biology, physics and
engineering, see 1], [2], [3], [4], [5], [6], [7] and the references cited therein). Analytic closed-foohtsons for such
models are in general difficult to evaluate. Difference mdthand, in particular, explicit finite difference methoai® a
simple and important class of numerical methods for sol¥iagtional differential equationsg], [9], [10], [11], [12],

[13], [14]). The usefulness of the explicit method and the reason ey &re widely employed is based on their
particularly attractive features1(p], [16]). The most attractive feature is that there is no need toestiie resultant
system of equations, especially for large scale problerhs.main disadvantage of these methods is that the stability
condition can only be proved in a small interval of space ameé {[17], [18]). The non-standard numerical method is
another numerical method, which can solve the difficultieSEDM ([19], [20], [7], [21]). In the following we used the
merits of NSFDM to study numerically the fractional ordeffeliential equations. Specifically, we apply the Mickens
non-standard discretization schen2][ with the right-shifted Grinwald discretization procefs the following
two-dimensional fractional diffusion equation:

u(x,y,t) Xy 2%u(x,y,t)

_ )
ot _d( g ) oxa +q(x,y,t), (1)

APu(x,y,t
Feey)

on a finite domairk. < X < x4 andy, <y < yu, with fractional orders k a < 2 and 1< 8 < 2, where the diffusion
coefficientsd(x,y) > 0 ande(x,y) > 0. The functiong(x,y,t) can be used to represent sources and sinks. let us consider
initial conditionu(x,y,t = 0) = f(X,y), XL < X< XH, YL <Y < Y4, and Dirichlet boundary conditiongx,y,t) = B(x,y,t)

on the boundary of the rectangular regian< x < Xy, YL < Y < yu, with B(x_,y,t) = B(x,y.,t) = 0. The classical
dispersion equation in two dimensions is givendoy= 3 = 2, for more details on the model problem, s28][
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2 NSFDM for SFDE

NSFDM as introduced by Mickens2®], [24], [25]), it has many advantages when compared to SFDM, for moeglslet
see (€], [27], [29], [29], [30]). General speaking, we can say that NSFDM is more efficiadtaccurate than other
explicit methods $1]-[32]).
In this work, the spatiatr —order fractional derivative is discretized using the rightfted Griinwald formula4], for
l<a<2:
%u(x,y,t) 1 1 N rk—a)

E N )Nx—wwh" Z r(k+1)

[X_(k_l)hayat]a (2)

whereNy is a positive integeth = (x—X_)/Nx and Tl (.) is the gamma function. The normalized Grinwald weights are

defined as follows: Fk )
_ —a _ k(O
Qo = F oy Y <k> 3

For more details on these normalized weights gBeHor the numerical approximation scheme, let us deflixe=
(X1 —XL)/Nx = hy > 0, as the grid size ir—direction, withx; = x_ +iAx, fori =0,1,...,Ny; Ay = (Yyn —yL)/Ny=hy >0,
as the grid size ity—direction, withy; =y, + jAy, for j = 0,1,...,Ny. t, = nAt, to be the integration time, Q t, < T,
Define u{jj as the numerical approximation tgx;,yj,t,). The initial conditions are set blyf’J = fi,j = f(x,y;). The
Dirichlet boundary condition on the boundary of this recalar region are at = X, ug’j = Bg’j = B(x_,Yj,th) = 0; at
X=X, Uy j = BR, j = B(Xu,Yj,ta); aty = yi, Ulo = Blg = B(Xi, yi,tn) = 0; and aty = yn, Uy, = Bfly, = B(Xi, Y1, tn).
Defined; ; = d(xi,y;), &,j = e(X,Yj), andqﬂj =q(X,Yj,th). Applying Micken’s scheme by replacing the step didsy a

functiony(h) and using the shifted Griinwald estimates, then substgutito (1) we can claim the following:
M:d--é u'i+a,iop i+ + T(Xyt) (4)
(0(4t) 1,120 XM ] JOB.yYij ij s Yot )

where@(At) == 1—e,
1 i+1
5a,inn,j = W kzoga,kuin—kJrl,ja
j+1
OB = Gatay)P 2, ek e
Y1 (AX) = sinh(AX), Yp(Ay) ;= sinh(Ay) andT (x,y,t) is the truncation termg]. Using @) we can claim:

u_n-.s-l un i+1 ) j+1

i, 8
= Ja kU g +q (5)
qo(At) %G Ik+1J Ay %ﬁkuk-s-l i
Or
L il i+
Ut =l + s z Yo kU k1) T2 ) GpkUj_ke1 + @AY, (6)
&0 &o
wheres; = sidh j, s1 = gizes %2 = %€, 2 = (255

3 Stability Analysis of NSFDM

In this section we will use a kind of von Neumann method to wttite stability analysis of the non-standard finite
difference schemesy.
Theorem 3.1. The non-standard finite-difference scheref¢r SFDE is conditionally stable and the stability conafiti

is:

P(At) <S,
where

_ —2A

- AZ4+B%
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) i1
di,j i+1 . ]+

— 8,
(W1 (AX)7 kgogmk[cosim(k— 1)yn(8x))] + W kZogB’k[COS(qZ(k_ 1)y (4y))].

) 1
di j i+1 . J+

— 7(w1(AX))a kgoga,k[sm(ql(k— 1)‘/—’1(AX))] + W kzogp,k[sin(qz(k— 1) (,UZ(AY))]

A=

Proof. Let us analyze the stability of6) by substituting in a separated solutiaf}; = {,e™1¥1(4)gmziv2(4y)
= @M unii(8X)+majda(4y) wherem = /—1, q1,qp are real spatial wave-number. Inserting this expressiogate

{1 €™ (A0+MR]Y(4Y) — 7 Mg (AX)+maz] ¢z (Ay)
i+1 ) , j+1 ) .
+§ Z Oa kM li—kt D (Ax)+mazjga(ay) | o z 9 kznen”'fhllIJl(A><)+fT1f12(J—|<+1)412(Ay)7 7)
K=0 K=0
divided (7) by eMi¥1(4X)+mMaz2[Y2(4Y) then we get:

i+1
li1=C+S1 z Oa k{n€™ maa (k—1)¢1(4%) +5 Z 9, Wlne” maz2(k—1)g2(4y) (8)
Using the known Euler’s formuld™ = cos8 +msin@, m= /—1, we have:
i+1

lir=0nts %ga,an[COS(ql(k— 1)¢n(4x)) —msin(qa(k — 1) ¢ (Ax))]
k=

j+1
+SEKZO9ﬁ,kfn[coS(Q2(k— 1)yn(Ay)) — msin(ga(k— 1)@ (Ay))]. (9)

Where {(x) means the Riemann zeta function. The stability will be deieed by the behaviour ofy. If we write
{n+1 = n¢n and assume thag = n(q) is independent of time, then we can obtain

i+1

Nén=2{n+S1 ) Gakdn[cosdr(k— )Y (Ax)) — msin(dy(k— 1)ya(Ax))]
K=0
1
+%2 ) gpkénlcoga(k—1)P2(Ay)) —msin(gz(k— 1) Y2 (Ay))], (10)
k=0
divided by{, to obtain the following formula ofy:

i+1
N =148 guklcos(k—1)ps(4x) — msin(ay(k— 1)y (Ax)]
k=0

5 ii:g,;,k[coqqu— Dn(ay)) - msinap(k— 1)U(By))]. (1)
— 1y 2000 zzg loosas(k— 1)¢a(4%)]
) zl 0o lSiN(Ga (k— 1)(4)

%igpkcoaw Dn(ay)] o
_m(zf% ’fgﬁ JSin(cp(k— 1)a(By))].
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. i+1
n=1+ 040 3 Gaxleos(k—1us(01)
o I
+W z g k[cos(az(k— 1)g(Ay))])
(13)
i+1
—mo(at) (b S Gexlsin(a(k— 1)
6 I
+W z g k[sin(az(k—1)(Ay))]).
Let
d | i+1 ) j+1

A=

%ga klcogqi(k— 1)y (Ax))] + Eogp,k[COS(qz(k— 1)yn(4y))].

8,
(Yn(4x)) (W2(4y))P &
di j i+1 . j+1

. e .
= W kgogmk[s'n(%(k— 1)yn(Ax))] + W k;)gﬁ’k[sm(qZ(k_ 1)yn(4y))].

n =1+ @(At)A—mgp(At)B. (14)
The mode will be stable as long gg < 1, i.e.,

|1+ @(At)A—me(At)B| < 1, (15)
this means that:
(1+ @(At)A)? + ((At)B)? < 1. (16)
1+ 20(At)A+ (@(At))*(A) + (@(At))*(B)* < 1. (17)
So,
2A+ @(At)(A)*+ @(At)(B)* < 0. (18)
P(At) < S (19)
where o
S= g A2+ B?> 0. O (20)

Theorem 3.2. The truncation error of SFDE is:

T(xyt) = O(@(At)) + O(Y1(Ax)) + O(¢2(4y)).
Proof. Evaluating () at the pointx;,y;,tn), gives

du 8% dPu

[E —da e~ EW =y tn) =0 (21)

by the difference equation
@A) — dr (AUl g | — ea(Ay)ul g =T (%Y, tn). (22)

Neglecting the truncation error teri(x;,y;,tn), we get the explicit difference schen®).(From (1)-(6) and @2), we get

% dPu

Jdu
[Ehxi,yj th) — (p(AI)UEj] - d[ﬁ“xi,yj tn) q—’l(Ax) i+1, ]] [ yﬁ | (%,Yj tn) — ‘I—’Z(AY)uin,jJrl] = T(Xianatn)a (23)
7
EU(Xian 7tn) = ¢(At)u(xi7YJ 7tn) + O(¢(At))7 (24)
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2%

Yr(BUY 1 = 5 |yt + OWa(8X))?, (25)
2% 0% do%u
I | Ois1¥itn) = G 00y ) T YD) G ar oy ) + O(y1(Ax))?, (26)
so that
Yr( DUl 1 j = Yr(B)Uf +O(Ya(AX)) + O(y (4X))%. (27)
And
dPu
l’U (Ay) ij+1 = 0 5 | (%,Yj tn) +O("IJ2(Ay)) (28)
dPu dPu daPu
ayﬁ | ,yj+1,tn) ayﬁ | Xi,Yj tn) + q—’Z( )dyayﬁ | Xi,Yj tn) + O(wz(Ay))27 (29)
so that
Wa(Dy)U; 41 = (AU + O(Ya(Ay)) + O(yi(Ay) ). (30)
From this results and fron24), we claim that
T(x.y,t) = O(p(At)) + O(yn(Ax)) + O(Y2(4y)). O (31)

4 Numerical Results

Example 4.1. Consider the following space fractional diffusion equatio

duxy,t) o1 Tu(x,y,t) o1 Tu(x,yt)
ot d(x, Y)W +e(X, Y)W +ax y,t), (32)

on a finite rectangular domain®x < 1, 0< y < 1, for 0< t < Teng. The diffusion coefficients are
d(xy) =T (22)x*7y/6,

and
=207/I (47),
the forcing function:
a0 y,t) = —(142xy)e Y7,

with the initial condition:

u(x,y,0) =x3y>7,
and Dirichlet boundary conditions:
u(0,y,t) = u(x,0,t) =0, u(Ly,t) = e 'y>" u(x, L,t) = e HS, vt >
The exact solution to this two-dimensional fractional aéfion equation is given by3B):
u(x,y,t) = e H3y>7 (33)

The numerical studies are given as follows: Table 1 showsrtagimum absolute numerical errors between the exact
solutions and the numerical solutions using SFDM and NSFDree Te,q = 5.

Table 1. The maximum errors obtained by SFDM and NSFDM whgp = 5, with different time step size.
Ax=Ay maximum error (SFDM) maximum error (NSFDM)
7.473346E —3(convergent) | 2.202173% —3(convergent)
1.2386004£& —2(convergent) | 2.647245@& —3(convergent)
1.832581€ —2(convergent) | 3.056731FE—3(convergent)
1.966532% —1(convergent) | 3.610398% —3(convergent)

2.956682FE0(divergent) 1.109588% —2(convergent )

ioyolots| ot ot o E

(O =0T T O O
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In order to test the numerical schemes, Figure 1 shows thegippate solution whermr = 3 = 1.7, atTeng = 5,
Ax = Ay = 0.2 andAt = 1. For this unstable solution behaviour, the stability gdod is not satisfied an& = 0.796,
where the value o\t is larger than the stability bourf] while Figure 2 shows the exact solutiort at 2.

ufey b
ufey b

Y axis

1 axis ¥ axis ¥ axis

Fig. 1: SFDM solution whemdx = Ay = 0.2, At = 1 andS= 0.796. Fig. 2: Exact solution at = 2.

Using the same process for NSFDM with (Ax) = @»(Ay) = 0.201. Figure 3 shows the approximate solution when
Ax= Ay = 0.2, At =1 andp(At) = 0.632. For this stable solution behaviour, the stability good is not satisfied and
S=0.805, where the value gp(At) is less than the stability bourl while Figure 4 shows the exact solutiontat 2,
for more details on the stability conditions see Theorem 1.

ufey b
ufey b

- ]
¥ axis . ¥ axis Y axis 0 0 « axis
Fig. 3: NSFDM solution whenp; (Ax) = @»(Ay) = 0.201, (At) = 0.632 andS= F )
0.805. Fig. 4: Exact solution at = 2.
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Example 4.2. Consider the following space fractional diffusion equatio

au(x,y,t)

ot

= d(va)

91%u(x,y,t)
oxL9

+exy)

9%0u(x,yt)

(34)

on a finite rectangular domaindx < 1, 0<y < 1, for 0< t < Teng. The diffusion coefficients are

the forcing function:

with the initial conditions:

d(x,

y) =xy4/r (3.9),

e(x.y) = x"1y*/T (36),

q(x, y,t) — _(1+ 2)(1.1y14)eftX249y2467

u(x,y,0) = x29325,

and Dirichlet boundary conditions(0,y,t) = u(x,0,t) = 0, u(1,y,t) = e 'y?6 u(x,1,t) = e 'x%9, vt > 0.
The exact solution to this two-dimensional fractional afion equation is given bysf:

u(x,y,t) = e 'x*%y2e.

The numerical studies are given as follows: Table 2 showsrtAagimum absolute numerical errors between the exact

solutions and the numerical solutions using SFDM and NSFDree Te,q = 5.

(35)

Table 2: The maximum errors obtained by SFDM and NSFDM whgp = 5, with different time step size.

At | Ax=Ay maximum error (SFDM) maximum error (NSFDM)
= i 1.111889E—2(convergent) | 1.838382% —3(convergent)
= z 1.576027E—1(convergent) | 2.209930% —3(convergent)
lio % 2.1694026&0(divergent) 4.360878F —3(convergent)
3 : 1.152479F 1(divergent) | 3.2262976 —2(convergent)
g % 2.337555&1(divergent) 8.521499 —2(convergent)

In order to test the numerical schemes, Figure 5 shows th@xippate solution wher = 1.9, 8 = 1.6 atTgyg = 5,
Ax = Ay = 0.2 andAt = 1. The unstable solution behaviour, the stability conditio this case is not satisfied and
S=0.451, where the value @t is larger than the stability bourfs] while Figure 6 shows the exact solutiort at 2.

iy )

Y oaxis

iy )

W axis

Fig. 5: SFDM solution whemi\x = Ay = 0.2, At = 1 andS= 0.451.

IE=P STES B

1R TR

Y oaxis i o

W axis

Fig. 6: Exact solution at = 2.

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

130 NS 2 N. H. Sweilam, T. F. Almajbri: Large Stability Regions Methfor the Two-dimensional...

Using the same process for NSFDM with (Ax) = @»(Ay) = 0.201. Figure 7 shows the approximate solution when
Ax=Ay=0.2,At =1 and@(At) = 0.632. The stable solution behaviour, the stability condifinthis case is satisfied
andS= 0.729, where the value gp(At) is less than the stability bour] while Figure 8 shows the exact solution at
t = 2, for more details on the stability conditions see Theorem 1

GEN IS o

0B 06

ufey b
uiy )

Y axis

¥ axis Y axis 0o

¥ axis

Fig. 7. NSFDM solution whenp; (Ax) = @(Ay) = 0.201, (At) = 0.632 andS=

0.729. Fig. 8: Exact solution at = 2.

Conclusions

In this paper, a two-dimensional space fractional ordeiusibn equation is numerically studied using SFDM and
NSFDM, where the fractional derivative is defined in the tighifted Griinwald sense. Stability analysis of the psgzb
method for SFDE is discussed by means of a fractional veigidhe von Neumann stability analysis. Two numerical
test examples are presented. We can conclude from the csopéetween SFDM and NSFDM that for some kind of
non-linear fractional differential equations, NSFDM lsdd faster convergence, more accurate results and laigétgta
regions than SFDM.
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