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Abstract: The problem of estimating the = P(Y > X) Vis-a-Vis point and interval estimation are consideradd class of lifetime
distributions. In order to obtain these estimators, theom@le is played by the transformation methods.
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1 Introduction

A lot of work has been done in the literature to deal with vasianferential problems related B= P(Y > X) ,
which represents the reliability of an item of random stittrig subject to a random stress X. For a brief review, one may
refer to Church and Harris (1970][ Enis and Geisser (197 8| Downton (1973)§], Tong (1974, 1975]2 13], Kelly,
Kelly and Schucany (1976))], Sathe and Shah (1981})], Chao (1982)], Awad and Gharraf (1986)], Chaturvedi
and Surinder (1999, Chaturvedi and Sharma (2003)[

The purpose of present paper is many-fold. We considerealss off lifetime distributions proposed by Chaturvedi
and Rani (1997%], which covers many lifetime distributions as specific case section 2, the MLE and UMVUE of 'R’
is derived. In section 3, we construct the confidence intéovaR’. In order to derive the MLE, UMVUE and confidence
interval for 'R’, the major role is played by the transformoatmethod.

2 MLE and UMVUE of R=P(Y > X) for a Class of lifetime distributions

Chaturvedi and Rani (1997Z)[has defined the following class of distributions

cxac-1 /g
fixc _ _ . 1
(X,e,a,b,C) eabl—aexp( /6 )! X,G,a,b,c>0, ( )
wheref is assumed to be unknown and a, b, ¢ are known constants. Gideang different values for a, b, c, the pdf’s
of different continuous distributions, such as one-patemexponential distribution, gamma distribution, getizeal
gamma distribution, Weibull distribution, Half-Normal atiiibution, Rayleigh distribution, Chi-distribution and
Maxwell’s failure distribution etc., can be obtained. Leetrandom variables X and Y follows the class of lifetime
distributions given at (1).

Theorem 1: The MLE of R=P(Y > X) is given by

~ ain \* 1 ( an )
R= — — Fila,1—aja3,——— |, 2
(a28+a1’7> Bla,a)? "\ T UV agEtaun @)
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—_ 1m o — _ 1 c —
where,e = — 5 X't =Tx(say) andn = — 3 Y2 = Ty (say).
Ny i=1 N2 j=1

Proof: Let us consider the transformatigh= ¢ in (1), we get

. ga_l C .
f(g;a,A) = mexp(—e /A); g,aA >0, 3
which follows gamma distribution, whepe= 6°.
Now, let us considee and n two independent random variables which follows gamma itistion with parameters
(a1,A1) and(az, A2) respectively, where = x°* andn = y*©2.
Thus, forR=P(n > ¢€), we have

_p(n
R—P(g >1),
or,
n/Az A1
P<5/A1+1>A2+1)’
or,

( 8/A1 - Az >
n/A24—£/A1 A+ A '
8/A1
n/A24-£/A1

f(z.a1,a2) = [B(ag,a)] 122 Y1 —2% L,

Here, random variable= , has a beta distribution with pdf

or,
R=1, ), \(au2), (4)
A1+ A2
On using the relationship between incomplete beta digtabwand hypergeometric series, we get
%) s (et (525
R= Fi|a1,1—as;as; . 5
()\1_”\2) Blana) 2+ \ 3 vas | 3o (5)

On replacingh; andA; by their respective MLE's i.e)~,\1 = ai and,5\2 = ai in (5), we get the MLE oR=P(n > ¢),

1 D
whereg andn are independent gamma distributions. The reliability far tandom strength Y and random stress X i.e.
R=P(Y > X) is given by (6) and MLE of R is given by (7) respectively.

o \" 1 oLz
R= Qfl+ 6;2 B(aj_,az) 2F1 a-lal_a-lv as, Qfl+ 6;2 9 (6)
~ a-lﬁ a 1 a-lﬁ
R— (1 Fila,1—agar | ———) ), 7
(aze+a1n) B(as,az) l( b <a28+a1r7)> o

n — n —
whereg = 1 21 X = Tx(say) andp) = 1 22 Y2 = Ty(say)
Nnyi=1 n2 =1

Hence, the theorem follows.

Corollary 1.

l.Fora=b=c=1,

pull
I

Tx+ Ty
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whereTy_— zY, ande_— EX.,
1i=1

which is the MLE of exponenual distribution.
2.Forb=c=1and’a’ as positive integer,

~ alY_ 4 1 arY
R= Filag,l—aja, ———— |,
<a2X+a1Y> Blag,ap)? *\ T g X tay

which is the MLE of gamma distribution.
3.Forb=c=a

~ al'ITY A 1 < al'Fy >
R= Fila,l—aja, ———— |,
(asz +a;Ty > B(al, az) 2r\ =t LeL aTx +ag Ty

where, Ty = n_ Z Y/ and Tx=— Z X7,
2 j=1
which is the MLE of generallsed gamma distribution.
4. Fora=1andb=c,
~ T
R=——,
Tx +Ty

where, Ty = n_ Z YCande =— Z XE,
2 j=1
which is the MLE of Weibul dlstnbutlon.

5.Fora=1/2,b=c=2
s (W \1_/111 T
T\t TPR\2222 %+ )

whereTy_— Z Yzande_— ZX12

which is the MLE of Half- Normal dlstnbutlon
6.Fora=b=1andc=2

Th
Il

)

Tx +Ty

WhereTy_ — Z YZand,Tx = — Z X2,
N2 j=1
which is the MLE of Rayleigh dlstnbutlon.
7.Fora=a/2,b=1andc=2

T\ T+ Ty B(E g)“ 27 22 T+ )
2'2

where, Ty = n_ Z YZand,Tx = — Z X2,
2 j=1
which is the MLE of Chi dlstr|but|on.

8.Fora=3/2,b=1andc=2
ao ()8 (318 T
T\ x+v) 7PN\ 222 T%+n )

whereTy_— Z Yzande_— ZX12

which is the MLE of Maxwell's fa|lure distribution.
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Theorem 2: The UMVUE of R= P(Y > X) is given by

Bl(np—1)ax+i+1,a1+ j] 2 (—1)i (azfl)
B[al,(nl—1)611]8[612,([‘12—1):1%]“:() (nz—l)a2+i !
><2( 1)l ((Mmoyas )G—I) if Ty < Tx

where0§|§a1—1<ooand0§jg(nl—l)a1—1<oo

R= | (8)
B[(m—1)ag, a1 + j] © (-1) (21
B[ala(nl_1)a1]B[a2a(n2_1J)a2] iZo (R —Dag+i* !
< 3 (DY) (%) i T < Ty

where0§|§a2—1<ooand0§jg(nz—l)a2+i<oo

n
where, Ty = zl X and,Ty = Z i
i=1 j=1

Proof: Let us consider the transformatigh= € in (1), we get

a—1

f(e;ab,c,6) = ;ar exp(—¢/2)

which is gamma distribution, where= 6°.
Now to obtainP(n > ), we have to obtain the UMVUE dff(g;a,A ) i.e. f(g;a,A) andf(n;a,A) i.e. f(n;a,A) which is

given by
1 g1 € (n—1)a3—1 . B
f(g;a1,A) = B(ay, (n— Day) { (nle_)"i‘} {1— ﬁt‘_} ;o f0<e<me (9)

Replacinge by n andny by ny in (9), we get the UMVUE off (n;a2,A ). Now, let us consideg andn be two independent
random variables follows gamma distribution with parameta;, A1) and(az, A2) respectively, where = x% andn =

.

P(n>¢) / / f (n;a2,A2) f e ap,A1)dnde

1 e rnpn naz n (n2—1ax—1
~ Blay, (m — 1)ai]Blay, (n2 — 1)ay] / / < _Kﬁ)
galfl € (m—-1)a;—1
—_—(1-—=
x () ( n2£> dnde
na2n

_ 1 /n1£/(1_r]2_”)z(n2—1)32—1(1_Z)aZ_J-
B[al, (n1 — 1)611]8[612, (n2 — 1)612] 0 £

galfl € (m-1)ay—-1

_ 1 2 —1)i (az—l)
~ Blag, (m —1)ay|Blag, (np — 1 IZ) n2— a2+| i

min(ny&,n2) g \(m—Da-1 ca-1 g\ (m-Da-1
X / 1-— — 1-— dzde
0 ne (ng)x nan
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Now, consider the case where > n,n, in this situation,

let, 1— i_ =z
na2n
_ 1 o - <az— 1)
~ Blag,(n; —1)ay]Blag, (np— 1 Z} (np — 1 a2+| i
1 n (n—1)ay—1 [(No/)(1— (-1
np—1)ap+i 211 - (n2n)( Z)]
«famo (a- () o) e
_ 1 d - <a2 — 1)
~ Blag, (n—1)ay]Blag, (np— 1 |Z) n2— a2+| i
+
% / %(_1)1 <(n1 - 1.)a1— 1) <n2’7>a1 J (1— Z)a1+j—1z(n2—1)a2+idz
0 = J nié
_ B[(nz—l)a2+|+1 a1+J © —1) <a2—1>
Blai, (N1 —1)ay)Blag, (np— 1 Izo n2— a2+| i

" i(_l)J((nl—;)al—1> (nzn)al+J 1o < mE (10)
pa

J ni€

Similarly, we can tackle the case whesn > n.&, we get

Bl(ng— 1)31781+J - ! (az— 1)

- B[al,(nl—l)al]B ap, (ny — I% nz— a2+|
hd - —lay+i ne
X —11((n2 ) >(—_) difnon >nme (11
3 -1 ; o ) e > meE (1)

Now, to obtain the UMVUE for the class of distribution,
n

substitutingn, & = zl X = Tx and,npn = Z Y] 2 — Ty in (10) and (11),
i=1

and the Theorem follows.

Corollary 2.

l.Fora=b=c=1

niny n—2 .(TY>1+j .
. - - = ifF Ty < T
| T =T= DM+ 7+ JZO( T« v X
R= _
rnnp -1 (TX>J .
. . - = if Ty > T
e ) 2 T v

where, Ty = Z Yj and,Tx = Z X,
which is the UMVUE of exponennal distribution.
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2.Forb=c=1 and’a’ as positive integer,

Bl(na—Dax+i+Lai+ azz’l (-1) (=Y
Bla1, (m — L)a] Blag, (N2 — 1)ag] i% (nz—L)ap+i* !
(nlfl)alfl C(m—1)as—1 TY a+] .
x 3y (<Di(mryany <T—> if Ty < Tx
R— - X
B[(M — 1)as, a1 + || 2l (-1 (@
B[al,(;h— 1)ay| Blag, (N2 — 1)ag] = (np—1)ag+i* !
(npg—1)ap+i . .
y 2 z 2 (_1)]((7"27-’?32“11) (;) ,|f TX < TY
where, Ty = Z Yj and,Tx = Z X,
which is the UMVUE of gamma distribution.
3.Forb=c=a
B(n—Vap+i+Lla+j] 21 (-1) (21
B[al,(nl—l)a]B[az, n2— ) 2 iZo0 n2—1)a2+i !
(nlfl)alfl at]
x ¥y (=1 nllal < > Ty < Tx
R= _
Bl(m—1)as, a1+ j] 2t (1) (2
B[al,(;h— 1)ay| Blag, (N2 — 1)ag] = (np—1)ag+i* !
(nzfl a2+i . . T
_1Vi ((m=Dag+iy [ X r
X 'Zo ( 1)( i )(TY> df Ty < Ty
no ny
where, Ty = 3 Y{ and,Tx = 3 X¢,
j=1 i=1
which is the UMVUE of generalised gamma distribution.
4.Fora=1landb=c,
nil ny n -2 i Ty ot L
P DRy B R TR
R= _
i n, np—1 i [ Tx J .
Fre-rm+n 2 Y\ e
no ny
where,Ty = 3 Yfand,Tx = 3 X,
=1 i=1
which is the UMVUE of Weibull distribution.
5.Fora=b=1andc=2
nil ny m-2 Ty 1+ .
. : - = Jif Ty < T
Ty S <Tx) e
R= _
i n, np—1 i [ Tx J .
Fo- o) %'\ =

where, Ty = Z Y7 and,Tx = Z X2,
which is the UMVUE of Raylelgh distribution.
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6.Fora=a/2,b=1andc=2

B[‘”z‘zl)“+i+1,%+j} §-1 (—1) s 1)

Pl
I

where, Ty = 2 Y7 and,Tx = 2 X2,
which is the UMVUE of Chi d|str|but|on

3 Interval estimation of R=P(Y > X)

Theorem 3: The Confidence interval fdR = P(Y > X) is given by

-1 . (m—-1a %+j
x Uy (i Y (T—Y> i Ty < T

n—1)a np-1la (np—1)

o[ elolg o] B gl

(n—Ya . ;

i  (m-la . T J )

< 3 (_1)1(7221_ ) (T_j) T < Ty
J:

P |< (1T /a2 Tx)Fi_y, )(al,az) < R<|< (arTy /TPy >(a1,a2) =1-y (12)
(

aTy/axTx)F1_y, +1 (a1 Ty/axTx)Fy, +1

where Ty = 2 X and, Ty = — Z Y.
2 j=1

Proof: Let us conS|der£ and n be two independent random variables follows gamma digtabuwith parameters

(a1,A1) andag, A2) respectively, where = x andn = y.

Denote - A _
A e
Now, it is well known that, 5
n1$
Sy Gamma(mnag, 2) = X22n1a1
Similarly, _
2non

~ Gamma(nzaz, 2) = X22n2a2

where,xZ is the p.d.f. of the Chi-Square distribution withdegree of freedom. Hence,

z _ 2mn/npAza;
A 2nle_/n1/\1a1

2
B X2n2a2 / 2npay

~F (2n1a1, 2n2, a2)
X22n1a1 / 2may

whereF (v1, v») denotes the Snedecor’s F-distribution withandv, degree of freedom.

Analogously,

~F (2n1a1, 2n2a2)

N

(13)

(14)
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For anyd denote byFs = Fs(2n1a1,2may) , the 1— 6 quantile (i.e. thed cut off points) off (2n;a;3, 2nzay) distribution.
Also, the 1— 4 quantile ofF (2npap, 2n1a;) distribution is related té5 as follows.

F5(2map, 2may) = [F1_s(2may, 2map)]

Let, y1 andy, be non-negative numbers such that-y» = y. Then,

PP\FHZ<A <5\Fy1}:1—y (15)
Recall now thaR=1 , (a1,a) . Since,l,(a,b) is an increasing function of z for any a, b. Sol is) (a1,a2) as a
A+1 A+1
function ofA. Hence (15) implies that,
Pl ;\Fl—yz (a1,a2) <R< ;\Fyl (ag,a2) | =1—vy (16)
AFiy,+1 AFy +1
The Confidence interval (16) has originally derived by Canshe et al (1986}].
Now, in (16) replacing~\ = ZL’; andA; = Gfl yAr = szz
2
Thus,R=1 Ay (ag,a2) = ob2 (a1,ap) and the confidence interval for R is given as,
2
) )
17)

)(al,az) =1l-vy

(alﬁ/azs_)Fyl +1

P I( (a1n/axe)F1_y,
(

ui /2 (a1,a2) <R< (alﬁ/azt‘_)Fyl
ain/axe)F_y, +1

_ 1 m . — _ 1 . —
where,e = — 5 X =Tx(say) andn = — 3 Y;? = Ty(say).
Nii=1 N2 j=1
and the Theorem follows.

Corollary 3.
1l.Fora=b=c=1in(17), we get confidence interval for one parameter expalalistribution.

AFL AF
Plot® cR<tf =1y,

~ Y 6
Where, A = —and,R= ———,
. T e - . .
which coincides with interval derived by Enis and Geiser.

2.Forb=c=1 and’a’ as positive integer,

(a1,a2) <R< (al/az);\ Fy (ag, @) | =1,

(a1/a2) AF1_y, 2
(al/az))\ FVl +1

(a1/@2)AF1_y,+1

Whered = Y v = L By x— L ¥y andro (a1, 22)
ereA =—, Y = — i, A= — i and,R= a,ap),
X anZlJ nligl 62 L2

01+ 6

which is the Confidence interval of gamma distribution.
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3.Forb=c=aqa,

3 aj,a) <R« 3 ag, &; =1-y,
(ar/az) ARy, (81, 82) (a1/a2)AFy (B1,22) Y

(al/az))\ Fl_y? +1 (al/az)/\ FVl +1

x Ty = 1M - 1m
WhereA = — Ty =— S Y9, Tx = — 2 and,R=1 ai,an),
IV n2j£1 X nlizlx1 97201(1 2)
o7 + 65

which is the Confidence interval of generalised gamma istion.
4Fora=1andb=c, B N
AR AF
Plect¥ cR<o M =1y,
1m

s Ty = c T 10
WhereAd = —, Ty=— 5 Y7, Tx=— 3 X‘andR=1 gc (a1, a),
Tx Mmisy 2

np <p !
or+ 65
which is the Confidence interval of Weibull distribution.
5.Fora=1/2,b=c=2,

11 11

AFLy,+1 AR, +1
~ -FY _ 1 m _ 1 m 11
WhereAd = —, Ty = — 3 Y2, Tx = — 5 X?and,R=1 (_,_>,
™ j; X nliglx' 62 2’2

02+ 62
which is the Confidence interval of Half-Normal distributio

6.Fora=b=1 andc= 2, B N
AF_ AF
Plect® cR<f =1y,
1 — 1

~ -FY _ np ny 6,
WhereAd = — Tv=—5 Y2, Tx = — 2andR= —=—,
™ ' n jzl X l’llizlx1 01+ 6
which is the Confidence interval of Rayleigh distribution.
7.Fora=a/2,b=1andc=2,

Pl

aa aa
iR, (3.3) <R<! i, (5:5)|=1-v
)\F:L*VZ—'_:I' )\Fy1+1
~ Ty = 1M - 1M a a
hered = — Tv=—5S Y2 Ty = — 2 R=I -, =
where, TN n2j§1 » Ix nlglx, and, 6 (2,2),
6>+ 61

which is the Confidence interval of Chi distribution.
8.Fora=3/2,b=1andc= 2,

33 33
P I( AFL, )<2,2)<R<I( AF, )(2,2> =1-y,

AF y,+1 AR, +1
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s v = 1% , - 1m_, B 33

where A = TX,TY ~ jle. ,Tx = nligl)g and,R=1 6, <2, 2),
L . . . 6+ 61

which is the Confidence interval of Maxwell’s failure dismwiion.
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