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Abstract: We give an analogue result gfbeta integral by applying thg Chu-Vandermonde formula and get several identities which
includeg-seriesz g andg-integral.
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1 Introduction and main result F. H. Jackson defined thgintegral as follows (seel])
Throughout this paper we suppdge< 1, N ={1,2,...}. d ®
Theg-shifted factorial are defined by /o f(t)dgt =d(1-q) zof(dq”)q”, (1.6)
n=
n-1
@qo=1, (@qn= rL(l—aqk), (1.1) and
. k= d d c
n- @ ftdt:/ftdt—/ftdt. 1.7
(a;q)w:r!i_rp rl(l—aqk):rl(l—aqk), n>1. /c (t)dq 0 (t)dq 0 (t)dq 1.7
“ k=0 K=
(1.2) He also defined}-integral on(0, ) by
Clearly, ® P
- | fodt=0-a 3 f@d. w8
a0)w n==o
adn=-——"-—. 1.3
(@ d)n aTq). 1.3)

on the interval(—o, ) the bilateralg-integral is defined

We also adopt the following compact notation for by
multiple g-shifted factorials:

[oe]

(a]_’a_z7 ...,am; q)n — (al;q)n(az;q)n - (am, q)n /;: f(t)dqt = (1_ q) z [f(qn) + f(_qn)]qn (19)

N=—o0
(a1,82,-.,8m Q) = (81;0)o0 (32} A)oo -+ (@m; A)oo
. . . ) Askey obtained an elegant formula of thgebeta
The basic hypergeometric series @, or g-series are integral (seeZ]):

defined by
® (2w bwg)w _ 2(1-q)(g%0?)3(deg/dea/e—a/d,b/e—b/d;a)e
a1,y 41 _ o (23,8, 11;Q)n S —dw.ew,q)m dgo = Qes (02,2, 02 /02,02 /2 P) o0 (D) DEC )0
r+1¢ ( by,bo......br q,z) = 2n=0 (Q.b1.b2,.....br ;)N Z" (eSS 2] e?f_)]_o)
. (1.4)  provided thatq| < 1,|ab/deq| < 1 and there are no zero
Theg-Chu-Vandermonde convolution formula is factors in the denominator of the integrals.
n N _ The g-beta integral is an important formula in basic
ol 9 Pgq) =2 (c/aq)n (1.5)  hypergeometric series. For instance, Wang gave some
c ' (C;d)n extensions of|-beta integral (se€7[8,9,10]).
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In this paper, we give an interesting analogue result We therefore obtain
of g-beta integral using thg-Chu-Vandermonde formula. / (bwia)e  (aw/CiQ)n,  2dg(1-0)(ePi6P)2(da.q/da ~a/d,b/aq).
Making use of the similar method of Wang, we derive the —dwig)e (AW c"(b+da)(d? a?,¢?/d?,¢? /a2, 6%
following main result of this paper. X{3 (q*”,c,—bédq;q.q> . (q’”,c,fbédq;q.’qz)] 28)
Theorem 1.1 If |g| < 1,]e/d| < 1 and there are no 42/ %8/
zero factors in the denominator of the integrals, then for Replacingc by a/e and interchanging ande in (2.8), we

any nonnegativeintegersn, we have obtain the formula®.11) at once. The proof is complete.
/“” (bw,Q)w(@w;a)n - 2dga"(1-q)(d* )5 (de g/de, —e/d,b/e;q)x
o (—dwQa(ewia)y *  €(b+dq)(d? e, /A%, /& )
y {3@<qf",:/$§/dq;qu> wz( qe/ae/ clj)/dq ﬂ w1y 3 Some applications

In this section, we give three identities using the formula
(1.11) which include a new identity fosg and two
2 The proof of Theorem identities ofg-integral.
One of the fundamental transformations in the theory
Recalling theg-Chu-Vandermonde convolution formula  of basic hypergeometric series is the following Seags’
transformation (seef]), which will be used to prové&.1

q".c c"(a/c;q)n below.
0,9 =————. 2.1
2(P1< a q Q> @aqn (2.1)
By the following relation 3@ (qc;‘:g,c; 9 deq”/bc) eécq?) e (d quc ?1//2 q q)
. (,0)e (3.1)
APk = 7~ 2.2 .
&= Gagniq). (22)

Theorem 3.1 If n € N, then we have

the formula 2.1) can be written as
q "abg . @hban  (ag""an a~" b La/a
3"’2< a.c ,q,q) & Caitaan 1 T (can 3(”2< gat 4

L (@"cakd (ad$9- _ o (a/cia)n
% : T =c.——=—. (23) (3.2)
S (A9 (3,0)oo (& q)n -
) ) L . Proof.Lettingb = ag" in (1.11), we obtain
Letting a— aw in (2.3) and multiplying the both sides
of equation2.3) b ®_ (aw9)e
quation .3 by ] e o, 4@
(bw; q)e _2da"(1-q)(c%6?)2(deq/de, —e/d.a/€;q).
(—dw—; oo’ e'(d+ag")(a/eq)n(d?, €,0?/d?,¢? /€%, 2.
q".e/a,—a/dg" " q".e/a-a/dg "
we obtain that h {3@< q.—e/d 'q’q> 73@( q.—e/d ’q"qzﬂ'
(3.3

n (@"cad  (ad‘wbwa _ i (aw/cohn  (bwg)w , , ,
2k= @Gk (—dwawg)e (awig)n  (—dwd)e On the other hand, settirg= eq" in (1.10 and noting
. _ (2.4)  that (.10, we obtain

To Calculate theg-integral on both sides of2(4) with

00 N, s
respect to variabley, we have N LT | Y R GO DL S
P [ o %= | Caneaq. & (3.4)
St chq e aqwbwmwdqw o [, e (@0/6Ung, g, _ 2dq(1-0)(a%0*);(de.g/dea/e —e/d;ia)e  (—a/dg;a)n
o (—dw,aw;q)e —° (—dwiQ)e  (aw;A)n 5 5) (a+ dq)(dz,ez,QZ/dZQZ/ez;qz)m (—e/d;q)n(q;q)nfl'

Applying the Askey’s result}.10 to the integral on the Comparing the equation8.Q) and @.4), we find that
left-hand side of2.5), we find that

q "e/a—a/dgt ", _ /e a/dqn q "e/a-a/dgt ", o 2
L (@ ciakd 21— a)(@e)3(daq/dack, ~ad/d b/a—b/diq)s 3"’2( e/ ’q’q> ~ TG 1+3"’2< woed 10 )
ENCT (0. 0)wo (2,82, 2 /d2, 6 /8%, 07 ) (— b0 /g O)r (3.5)
:Cn'/m (b (@0/CDny 6 Applying (3.1 in (3.5), we get
o (-dwg)e (@@ )
@<q*",e/a.,—a/dq " q> __&a/e—a/diah
which can be rewritten as ¢ g-e/d )T an(—e/d;a)n(c Q) 1 (3.6)
(eq™"/agp (a " —a/dg" "ag/e, '
i N cq b/dqqkq 2dq(1 - q)(e q2 (da,0/da. —a/d.b/aiq). (—e/d:q)n % q.a/e @d)
(—a/digk(gq1  c"(b+da)(d? a2, q?/d? 7 /a2 )
) (bw; Q) aw/cqn Replacing (e/a,—a/d,—e/d) by (a,b,c) in (3.6), we
‘/ “dwa. (awas @ @7 optain @.2) immediately.
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Theorem 3.2 we have

/w (bwi@)e (2w Q)2n
e (—dw; Q) (8202 G2)n

g =

2da™ (1 g)(c% 6?)% (~da, —q/da.a/d, ~b/a; ).
(—1)(b-+ da)(d2, 22, qZ/dz /)

. [s(h(qin q,a/d [ o q) 73@<q7n g, a/d 7, A )} @.7)

provided that no zero factors in the denominator of the
integrals.

Proof. Using the formula

(@ d)nk= @ Dn(@ Ak, (@%50%)n=(a;a)n(—a;q)n
we easily get

(aw;d)zan _ (aw;g)n(aq"w;dn _ (aq"w;q)n
2.2.-42\ . . - . : (3-8)
(@°w%g?)n  (aw;g)n(—aw;q)n  (—aw;d)n
Replacinga by aq" and settinge = —a in (1.11), noting
that (3.8), we obtain that
/“” (bwig)e  (awid)en
(—dw; Q) (2w P)n
,/ (bw; @) (aq"w; q)n
o (—dw; Q) (—aw;q)n
_ 2dg™ (1 q)(q :¢P)%(—da,—q/da,a/d, —b/a;q)«
B (=1)"(b-+dq)(d?,a2, qz/d2 o2/a2;0%)es

a " —q ™" —b/dg, B a " —-q " —b/dq _ -
X[Wz( qa/d 10,0 | —3@ a.8/d 10,07 |-

This proof is complete.

Theorem 3.3 we have
® (bw;0)e _
[m e g Ga@=0 (3.9)

provided that no zero factors in the denominator of the
integrals.

Proof. We recall the Ramanujan’s bilateral summation

formula (see’])

c (@Pn o _ (GY=(b/ag)s(@X0)s(d/aX )

2 B (0:0)e(@/a 0w (X Q)e(b/aX e
(3.10)

Rewritting the above formula as

¢ (bA% Qe n_ (69w (b/aG)o(X; G)o (/X oo
e (20" 0)eo (8 ) (0/ 85 )0 (X; U)o (b/2X U)o
(3.12)
Applying the formula 8.11) and noting that definition
(1.9, we get

© (bw; q)e bq™; q)w (=ba" Qe |
[ gt =9 5 [( daa)e (A7) ]q

—1-g (bo q)m ( b Qe o ]

{Z (—danq (dg"; e
{ dqq (~1/d; ) b/d Qe (d; eo(1/0: @)oo b/ G)er

-9 —0/d;Q)w(—b/dg; Q)0 (d; )0 (0/; A)x (—b/dIT; Ao

T 1+1/d 1-1/d
=19 T a i+ bjd9 T T-d)@d+ /a9
q

== q>[dq+b’dq+b}

=0.

This proof is complete.
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