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Abstract: The expected number of maxima of the curve representing the algebraic polynomial of the form given below

n—1%+ n_1%x+a n_1%x2+
B al 2| 5

n-1 2 n1
a, , X ,
n-1

Here a i { j= (1, 2 ,n —1)} are independent standard random variables. This paper is an attempt to provide an asymptotic

estimate for the expected number of maxima for non-zero mean #(n

_1\?
1) and variance o2 . The result shows a significant
0

difference in mathematical behavior between our polynomial and the one which was previously studied.
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1 Introduction

Let us consider the random algebraic polynomial as:

n—1

P(x)=> ax] 1)
j=0

Where &, (J =0,1,2,.ccer..... n) is a sequence of

independent normally distributed random variables with
mean O and variance 1. Let EN («, ) be the average

number of maxima of P (x ) in the interval («, ) . For
the above polynomial first of all Das [1] obtained that the

. . . (\@+1)
average number of maxima is asymptotic to  logn
2z
for n sufficiently large. Subsequently Farahmand [4]
obtained for non-zero mean, the expected number of
. ({34 |
maxima is asymptotic toX —Zjogn , when n is large.
viy/s
However little is known about random polynomials with
non-identical coefficients. Motivated by their close relation
with physics, reported by Edelman and Kostlan [2], we

assume that the coefficients aj have non-identical mean

ﬂ[n —1j2 and variance o2 . It is same as considering the
0

polynomial of the form

1
n-1 n-1\2 .
Q-3 ("1 @
=0 J
For the above coefficients as standard normal random
variables, Farahmand [3] has shown that the average
number of maxima is asymptotic to~/n —1. Again

Farahmand [5] has shown that for sufficiently large n, the
expected number of maxima which occurs below the x-axis

is asymptotic toO(l) . Therefore our paper emphasizes on
the average number of maxima for the above polynomial
Q (X ) , when the coefficients are independently normally

distributed with mean ﬂ[n _1J2 and variance g ,
0]

which is a mere generalization of the results of the above.

Hence we have the following theorem.

Theorem 1: If the coefficients of Q(X) in (2) are
independently normally distributed random variables with
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Y =o?(n-1)(1+nx2—x?)(1+x? ©)
mean /I(n- 1]2 and variance o', then for sufficiently ( )( )( )
J .
large n, the mathematical expectation of the number of B?= (Q (X ))
maxima of Q (X ) satisfies, 1
27 +1 -V S, (N1 i —1)x 2
EN [—00-—1)=(21T/——;[)0(n)=EN (1,0) N jzoa’ j (-1
1 -1 -1 n-5
EN [—1,0):50(n)[2tan (1-&)+tan(1)] =[o’(n-1)(n-2)x“+4(n-2)x*+2](1+x*) " (1)
(w2 +1) C =Cov (Q'(x).Q(x))
EN (0,1)=To(n) w1
2A Formula for the Expected Number of i=0 J
Maxima C
P=70F 9)
Let ot _[sz AB( 2 )
— 2 2 21 (Cmy—Am
D(t)=(27)2 .[Oexp dy p=8(1- ) 2:# (10)
Then by using the formula for the expected number of A*=A’B?-C? (11)
maxima given by Cramer &Leadbetter [P.242], the : t
polynomial Q (t) can be written From (3)and ®(t) =4+ (7) erf (Ej
Let: We have the following formula
EN ((Z, ) B A
4B m @) EN (a,ﬁ)zj.( 2}(
J(8 Jae oo 5 oty o) 2\ 27A
Where ( ) exp (_Bzm12+2C2nqulm2_A2m22)]dx
m, = E(Q'(x)
n-1 2 t 2 3\t -m,’
. aj(njflszX,-_l +[(cm, -A mz)(«/fyzA ) exp(ZAl2 jx
i=0 a
5 -1
(1L x) @) erf [(le—A m,)(v2A4) }dx
m, = E(Q(x) bl A (-B*m,’ +2Cm;m,-A’m,’)
1 <f| === | . dx
n-1 n_l 2 ) o 27ZA 2A
= E| D a, i i(j-1x! , ) 2
j=0 +I(Cm1—A2m2)(\/§A3) exp(_zr:\l2 jdx
= u(n—-1)n-2)1+x)"° ) “ 1
AZ =V (Q'(x ))”-3 As, erf {(le—AszX\/EAA) S\/ﬂ
_ V nila n _1 % X j-1 B B
asl ) EN (. 8) = [1,0)dx +[1,(x)dx  (12)

Where
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I, (x) :(ZﬂAAz)X

—B%m?+2Cmm, — A’m.?
eXp|:( 1 + 2A21 2 2 )] (13)

1 -m 2
,(x) :(le—AZmZXﬁnA3) exp( 2A12 ] (14)

3Proof of the Theorem

To find out the expected number of maxima, we divided the
real line into two parts i.e.

(0.1-¢),(1-&1),(L0) &
(—1+ €,0), (—1, —1+8),(—OO, —1), Where £) 0
ForO<X <1-¢

e )

- (1:() o(n)

L -2

_ M n2

“@eny )
(oot )

)

O-—zgs(n _1)(n ~2)x
(1+x )
[n-2)0-2)c a2+ 2 ')

“gey o)

m, =

(15)

m, =

(16)

A% =

(17)

B® =

(18)

m(n—l)(n—z)

<[n-1)x2 + 2fa+ x)

C=

_ ox .
= (1+X2)4 O(n ) (19)
A2 — A’B2 _C2
o =) o (o
Tl o(n’) (20)
1
A [-x2)
A7 [1+x? O(n) ey
And
1-¢ A
o 1,(0.0-2))=[ | 557 )
o (-B*m/ +2Cm;m, -A’m,) "
P 2A°
1
)
_Z;[ (1+x?) (n)~
- , _
(1+g)50(”4)<1flx)40<”2)
2
+2 <sz()4o(n3)(lf:)2O(n)(lfxl)go(nz)
2 2
(::2)3 (n*)swo(n?)
exp
264(1 X2)O(n6)
(1+x?)
_io( )1]'8(1_)( )% x
C2r 1+ x?

dx
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exp dx

2 2
(1+xljl)3(lcjx)4 O(n6)><

1 2X 1
(1+X2)Z N (1+x2)(1+x) + (1+x)2

dx

exp

1+ x?

exp{—ﬂ2(1+ xz)s(— 3x* - 2x° —3x4)}dx

2652 (1 X% J1+ x)°

1 E (- x?
<2_O(n)-£ 1+ x2)

as, (3x2+2x3+3x4)( 8

o (1+x2)3
—Lom) | 1
27 > (1+x7?)
=%O(n)[tan‘1x]é‘g
_1 g
_Zﬂo(n)tan 1-¢) (22)
And

|2 (0’ (1_‘9))
:12( (le —~A’m, )(x/EA 3 )1 exp ( _22122 jdx

o X O(n3)LO(n)—

(1+x)2
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£ . S>\iss

LOPX

(1+ x2)4(1+ x )

po?

- @+ x> f @+ x)

O(n“)
O(n“)

—
o'—,cL

exp{

3
O

s 0(n°)
(1+ xz)f

N

207 (1+x)*

_ﬂ3(1+ Xz)ﬂdx

-(HI|a
: 5 0(n°)
(1+ x2)2
[y
EXF{ 2ﬁ2(1+ x)* }dx

= [

Where

o (A+x ) slog(1+x? )1

20 (1+x )

3

(1+x2)E

S ( 12})(”) f_(1+x2)[|og(1+x2)]§

ﬂ\

(1—x)(1+x2); 1
(l+x)3 (l+x2);

(3Jowenlme
0 (1+x)(1+x )

(&)o' - {'jgf;x))} i

dx

S\

(1

[ jo(”)f [1+x )}‘X

Jo()-ntanx ]
Jo(n)(~tan(1-2))
[ jO(n)tanl(l £)
(01-¢)
5 oyera-s) e

Next for, 1- & <X <1, proceeding as in above for the case
0<X <1-¢&, we obtain:

As

S

(

So,EN (0,1-¢)=I

(23)
+1,(0,1-¢)

:ZO( Jtan (1-¢)+
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1, (1-5,1)= j(z;fAzJ m1=(1:;)2(n—1)(1+x)n
—B?mS?+2Cmm, — A’m,’? _ My’ N (1+y)
exp[< 22} )}dx (1+y)2( 1) Y
= %O(n){‘; (ﬁdx = (]ﬁyy )2 O(n) (28)
L omftan* x|, ; (1:; (n-1)(n-2)(1+x)
= 5 O @-o)] 9 B (12
w2 BT A
,(1-£1) :J (le_AZmz)(«/EAs)—lx :(ﬁYy )3o(n2) (29)
eXp(_ZAlz )dx | A2=(1+X2)3(n ~1)(1+nx* —x?)(1+x?)
(D \orm H_(# (1-x)(1+x?)2 ="—:3(n—1)(1—x2)(1+x2)“+
_[ﬁjo( )l{ (aj (1+x ) ] (L+x7)

20 (1+ X )4

el o o

plﬁ}d (Lex?)

y
=[Tjo(n)(—1)[tanlx]gg (1+y2)3 y?
Z[ Jo(n)[tanl(l_g)_tanl(l)] @) ofyt(y? —1)o(n)+ o'y’ o(n?)
0, EN (1-&1)=1,(1-&1)+1,(1-&1) (1+y?) (1+y?)
=zom>[tan-l<1>—tan-l<1—e>1+ ot
1 . . (1+y2)3 n
(Ejo(n)[tan (1-&)-tan*(1)] (@7 »
Next for, 1 <X <oo,letX=$S0,0<y <1 %(1+y2)30(n ) (30)
Therefore B2~ o’ 5(n—1)(n—2)><
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£ . S>\ss

[(n—l)(n—2)x“+4(n—2)x2+2](1+x2)n _(353;560(’14)/&3: o(n?)
2,6 24,5 2
02 2L o)
uy '’ 2
[(n —1)(n—2)+4(n—2)y2+2y4](1+yz)n O(M) s O(")
=9V o(n) e O G o) |
G B o 14
(1+y ) p 4G4y10 O( 6) yz y
78 n
C =( 02X2)4(n ~1)(n-2)[(n-1)x? +2](1+x?)’ (t+y7)
1+x
7Y (n-1)(n-2)
= n-1)(n—-2)x
(1+y?)
{(n—1)+2y2}(1+)/2)n
y2 y2n = . -
1 -1
2,,5 = O(n) x
e e R
2 2,10 6
A?-pp?_c?o 20V O(n®) (_ﬁ 02;/3(1O+(n)2
(1+y2)8 (33) y y
and A ﬁy 1 B 1 N 1
p—(“yz)o(”) (34) (1+y2)2 (1+y2)(1+y) (1+y)2
I 1 I O l 1 A eXp 40_4y100(an6)
Now 1 (12) =1, (0 )_'E(ZﬂAzjx )
exp[(_ B?m, + 2Crr}m2 - Azmzz)}dx
2A
1
:i ﬂO(n) X B -1 0 1 )
274 (1+y?) = _[ O(n) x
\/§7zly(1+y2)
B —yzazyloo(na)(y4—2y3+y2)(1+y2)8 T
exp 4a4y1°0(n6)(1+y 2 )5(1+y ) dy

o0

J

1Y

-1

-

1
(1+y?)

O(n) X
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oy 3\ MY
—uz(y4—2y3+y2)(1+y2)3 (l+y2)40(n )(1+y)20(”)
exp 407 (Lry ) dy -
o’ (+ _Gy O(nZ),uy O(ng)
1 1 (1+y2)3 (1+y)3
-1 1 :(EJJ. 03y6 . X
- 0 X 0 -0(n
el )
2(14+v?2 s oy3_y4_y?
exp - ( y ) ( y - y y ) dy L . _ i
402 (1+y) ey (nZ)
(1+y)4 __1
1 1 2(1+y2)3 exp 20—2y4 O(nZ) yz dy
—0 ————d 1+y
<2\/§7zj1.y (n)exp[ 202 (1+y )° ]y ( ) ]
Where 1
_ y7o 1+y2
2y3y457) (2 uoty’o(n) | ( 1)
And (1+y? ) (@+y)y -y
20 (3Ll
(1+y2)< 2 V2 ! oy o(n)
(1+y )
-—— O(n)Tixydy 2(1 3
2\/571- 1y exp{ﬂ ( +y ) ]dy
Where 26 (1+y)4
2’;23(11 y)BIogy
(L+y { 1 jf wy (1-y)(1+y?)20(n)
:2\7% O(n) V2 )5 o(l+y)
T
l 3
~2\/EEO(n) (35) e (1+y7) N
A 267 (L+y)’

1, (1,00) :T(le —Azmz)(\/iA3)_l

_m 2
exp[ 2A12 de

=1,(0,1)

(1+y )
(1+y)

(FzlemI(Z)

{ (1+y2)3

4 dy Where (1-y) <1
20 1+y
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1 O 2
S(ﬁjo(”)x : Ty o) )
j 2(uey)llogey)J (L7 vy B 1;2 (n-1(n-2)
0 (1+y2)§ (1+y) n
Wrere [(n-1)(n-2)x :4(n—2)x +2](1+x?)
2 4 - o(n*
[S—JZ%“’Q“*” oo SO
C= “ZXZ s(n=1)(n-2)[(n-1)x*+2](1+x?)
[Iog(1+y)] (1+X )
[ jo( )’c.: (1+y?) _ o O( 3)
) (1+x?) )
- 1 t—(1+y)2 2R 2 2
(Fomltgey  wewec -
As 1 _ — O( 6) (43)
_(1+y)5<__1<_1 (1+x )
(1+y2) \/E And ( )1
1 L A (1-x?)?
<(F)emomis o)
Now
-[Llo e A
(\/EJ (n) 1 l,(-1+¢&,0 L(ZﬂAzj
(EJO (n) (36) L (1_)(2);
So, EN (Lao)=1,(Loo)+1, (L) :ZLWO(”)X
:2x/§7ro(n)+$o(n) o [(—Bsz+2Cm1m2—A2m22)]
Now for, -1+& <X <0 exp A? dx Where
-m =M _ n_
M= (1+X )2 (n 1)(1+X) 0 (38) exponential part tends to be 1 as both m, and m,
U B _ n_ equal to zero. ;
mz——(1+x)3(n H(n-2)(1+x) =0 (39 Lo | L u
o i 27 1+£(1+X2)
A _(1+X2)3(n—1)(1+nx -x?)(1+x?) =i0(n)[tan‘lx]i+g

=%O(n)[—tanl(5—l)]
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1 a And 1
=~—0(n)| tan -1 (45) 1-x2)2
22 O(M)[an (e -] N Gl Py 54
And A (1+X2)
0 ) ) =
l,(-1+20)= (le—Azmz)(ﬁAS)lexp[%jzo (46) Now .
e ~1+e A
Asm, and m, both equals to zero Il(_l’ —1+ ‘9) = :[1 (27Z'A2 jx
So, _ R2m?2 A2 2
EN (<L+£,0)= 1, (L+ £, 0} 1, (~1+£,0) exp{( i+ 20 - )}dx
1 _
:zzo(n)[tan (e-1)] (47) - (1_X2);
Next for, -1 <X < -1+ &, proceeding as in above for the :2— _[ Tox? (n)
case -1+ £ < X < 0, we obtain ! ( +X )
yzi n
m, = n-1)(1+x) =0 ~lte
) (1+X)2( )(1+x) (48) Lowm) | Lo
P 27 % (1+x7)
m, = n-1)(n-2)(1+x)" =0 (49 1
=2 <0 I
0'2 n 1 _ “l+e
A? =(1+X2)3(n ~1)(L+nx*-x?)(1+x?) =Eo(n)[tan le
7o (<0) =%O(n)[tanl(g—1)—tan1(1)] (55)
(1—1—X2)3 And
—l+e _
8= (n-1)(n-2) (-1 -Lve)= [ (Cm,—Am, )(V2A?) "«
(1ex?) §
) exp(_m;]dx =0 (55)
[(n—1)(n—2)x4+4(n—2)x2+2](1+x2) (50) 2A
o O( 4) S0,EN (-1,-1+¢)=1,(-L-1+¢&)+1,(-L-1+¢)
= n
(1+x?) ——o(n)[n(e-)-tn*@®)] 6
Vs
C-= GZX2 5(n _1)(n_2)[(n —l)X2+2}(l+X2)n At the endlforthe interval —oo<X <—1,
(1+X ) (52) Let X =? so,-1<Yy <0.
= o’X 4O<n3) Now -1 <y <0 can be split into
(1+x?) 1y
4(1 x2) -1<y <? and?< <0.
2 2R 2 2 9 17 6
wowotet T dow) e

2 n
mlziz(n _1)(1+y) =0 (58)
(1+y) y
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m, =

(1:; )S(n—l)(n—z)(1+x)n
B AN (o
_(l+y)3( 1)(n-2) y

<

) _ 0 (59

n

o S(n-1)(1+mx2-x?)(1+x?) =
o))

A% =

T (n-1)(1-x?)(1+x?)'+

3

O(n’) (60
B?’=———(n-1)(n-2)x
(1+x?)
[(n-1)(n-2)x* +4(n —2)x2+2}(1+x2)n

o’y

= (1+y2)5 (n-1)(n—-2)x

[(n -1)(n-2)+4(n-2)y* +2y4](1+y z)n

= o(n‘) (61)

¢ =T n-gn-2(n-p+2](1ex?)
e [ J(ex]

e

=ﬁ(n -1)(n-2)x
_ o’y® n?
_(1+y2)40( )

(62)

4,,10

2
o)

And
’ A J2y
= = 0)
AT (1+y?) (n) ©9

(4

1
_f A o (-B?m,?+2Cm;m, ~A’m,’) N
IRAVI7S P

I

A*=A’B’-C?=

Now,

20
_i_;ﬂ -
B 2ﬂ_jl(1+y2)o(n)(y2jdy

Where exponential part tends to be 1 as both m, and m,
equal to zero.

= O(n) (65)

And
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|2(—1,—%j . exp{ﬂz(“yz)g(zys‘VA‘VZ)}(_}jdy

4c* (L+y ) y
fom-nm (B oo M- o fo L
e 2A 2r y (1+ y 2)
As both m, andm, is equal to zero. 2
2(14y 2 3 oy3_y4_y?2
so, EN (—1,—%:|1(—1,—1)+|2(—1,_3j exp w1y ) (2y Gy y?) dy
2 2 2 4% (1+y)
1
=-—7=-0(n) (67)
INEY 6
Finally for Where ﬂzz < (1:)/) log y
_?1<y<0 T (P 2y -y ey
1 ¢ -1
__uy” =——0(n) | —ydy
m, _(1+y)2 O(n) (68) o ( ),E y
/Jy3 2 -1 -1 0
m, = O(n A -1=——0 d
ey Y (n) (69) s[1+y2)< — (n)_jl y
2., 4
Azz&o n2 1 0
1+y2)3 ( ) (70) ZEO(n) [(_1)dy
2,,6 3
B’=_ 7Y _o(n* 1
(1+y2)5 ( ) (71) :Tﬁo(n)[_y]f%
oy’ 3 _i TP
C "L yT o(n*) a2 = oMy ]
1
4.,10 _
A2 = A’B? _C2 = 20"y i O(ne) 73) _2\/§7zo(n) (75)
(1+ yz) And
A__\/Ey -1 : 2 3\? -m,’
and-2 —(1+y2)0(n) (74) Iz(?ﬁj:_fl(le—A m, )(V2A%) "exp o |0

2
0f A (-B*m,’ +2Cmm,-A’m,’)
- I[ jeXp : dx
2 2A
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£ T
(o o) om) | (3 s Z(1ry) [log(L+y)]:
( 2)44 @)z (2\5)0( )_J'1 (1+y2)2
|- 220(n7) Yo (n7) 2
:(j_jj‘ e 3,6 x (1 2)1
2)% oy _o(n? +y°)? .\
1 ™ iy O
ere ’uz >(1+y)4 og(l+
- i . (202]_(1“/2)3' 9y
_y2y4 (nz) 3 o [Iog(1+y)]2
1+ -1 = =2 n
exp (2023;)4 o(r) (Fde [2]0( )_2 (1+y?) dy
| (+y?) ] 3 o _(1+y)z
%) “[3Jom] o)
N o
- _ﬂa"’y70(“4) s _(1+y2)2<_?4
i (1+y?) (@+y )y { L 1 } (?y )4 o
1 ooy ® gO(ng) (1+y2) (1+y)| < (EJ[%)O(n)Ldy
(1+y2)5 2
- - -6 0
[y, :(?Jo“‘)[y]—l
P 20-2(1+y)4 y &
=l — [O(n)x—=
y)a+y? )ZO(n) (5j .

{3

2

O'(l+ y)3

exp[_”z(“ yzf

20%(1+y)

(B2
exp{

1

1+y) 9
L+y)

oy

1+ y’®
25°(1+y)

Where (1-y) <1

(76)
SOEN( Exg:h(_lﬁj [_lpj
2 2 2
1 3
= 0] -0
2\/572_ (n)+5 (n) (77)
From (67) and (77) we obtain

EN (0,1
~EN (-L,0)+EN (—1,—%J+EN (—%,oj
Z%;OUU+Z%;OUU+§0W) 79)

Now using (24) and (27) we get,
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EN (0 1) —EN (0 1_8)+ EN (l—g 1) [4] K. Farahmand and P. Hannigan, The expected number
! ’ ' of local maxima of a random algebraic polynomial, J.

1 a1 1 4 Theoretical. Prob., Vol.10 (4), Page 991-1002, (1997).
- Zo(n )tan (1_ 8)+ ﬁ O(n )tan (1_6) [5] K. Farahmand, On algebraic polynomials with random,
1 coefficients, Proc. Amer.Math.Soc. Vol.129(9), Page
oo O(n )[tan “(1)-tan* (1— 8)] 2763-2769, (2001).
T
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(5 Jom[an a-e)-tan @)

1 _ _
zzo(n)[Ztan '(1-¢g)+tan l(1)]
Utkal University, M. Phil. and

¥ [%)o(n)[ztanl (1-2)+tan™ (1)]
PhD from Sambalpur University.

- [2tan‘1(1—5)+tan _+_ He has over 18 years of experience in teaching,
research and consulting. His teaching interest includes

\/_ quantitative  methods,  operation  management,
N2 +1 1 a operation research, research methodology and
:{ o ][Ztan (1_5)+tan (1)}O(n) (79) marketing research. His published research is in the
area of probability & statistics. He has published
papers in both national and international referred
journals.

Using (47) and (57) we obtain,
EN (—1,0):EN (—1+5,0)+EN (—1,—1+g)

:Zio )| —tan(e-1) ]

= S. Bagh is at present Professor
. and Head of the Department of
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University. He has been teaching

+i0 [tan g 1) tan~ (1)] P.G. classes since 1979 in

2 Sambalpur  University. He has
1 | been Postdoctoral fellow in the
:—O(n)[Ztan’l(g—l)—tan’l (1)] (80) e University of Ulster, UK. &
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Lastly using (37) we obtain, obtained his M. Scand PhD Degree in Statistics from

1 1 Sambalpur University. He has to his credit several

EN (1) :—O(n)+—0(n) research publications in Probability Theory & its
242 N2 inati ;

T Applications .He is a member of a number of
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27 number of journals. He is a member of the Editorial
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