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Abstract: The Gompertz constant appears in the evaluation of sevapabper integrals and infinite series. In the present pager w
give a new series representation of this constant.
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1 Introduction (which is just a slight modification of the integral on the
far right side of ()). A series representation & is also

Our goal is to prove the following identity: known: Pyt

o o G=¢e z
G ZOIn (n+1) B zoan{G n'}——
Herey =0.577215664901533. is theEuler constanf4]
. (sometimes called d@suler-Mascheroni constat
Here G = 0.596347362323194. is the Gompertz We also note tha® can be expressed by tieomplete

constantC, is the sequence of th@regory coefficients gamma function
and{x} denotes théractional partof x.

r(ax) — / -l tdt :
X

2 Preliminaries G = e-I(0,1), which follows from @). This latter
representation helps to find a continued fraction

The Gompertz constanb] appears as a value of several representation foB. Namely, it is known 1.3] that

improper integrals, like

efx
[e4] 0 efx F(O7X) = 1 9
G:/ In(1+x e*de=/ d 1 ~
0 ( ) o 1+Xx @) X+1 4
X+3— 9
and as a product of the Napier constamtand the X+5—
exponential integralEi(x) at x = —1. More precisely, XLT_
Ei(x) is defined as
from which the next expression comes:
—t
Ei(x) = — / € 1
—X t G:
oot
and therG = —eEi(—1), that is,G also equals to 4 4
0 eft - 6 — —9
el —dt 2 .
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(The nominators are the squares of the positive integers.)3 The proof
In the present paper we would like to increase the
number of the existing representations of the Gompertzl'he formula we begin with is an integral representation of
constant with the new identity in the Introduction. To thedigamma functiori7]
reach this aim, we need to introduce the Gregory
coefficients. These are the Taylor series coefficients of the =—y+ z (_ _ i)
functionﬁ:

n+l n+x

wherex € R\ {0,—1,—2,...}. Namely, forn=1,2,...

=y (X <1). 3)
= nn= [ (= 4+l 1)emix (@4
L[J(n)—nn_/o m+—— X (4

(If x=0 we can use the conventiof & 1 to match the
right hand side with the limit on the left.)

The coefficientsC, were first studied by James
Gregory, who calculated the first several terms in 1670.

At positive integers the digamma function can be
represented as a simple finite suri [

This sequence is important in the theory of numerical 1 1 1
integration (via Gregory’s formula, seg, [L0]). A table of Y =—y+ltstztto—g.
the first terms of the sequenCg is presented here:
nlol1l21]3]| 4 5 6 7 The sum excluding the termy is the(n— 1)-th harmonic
c I O R I T 863 | 275 numberdenoted byHn 1
n| =+ 121 121 241 720 | T60 | 50480 | 24192
For these coefficients an integral formula is known: Hy1=1+= 1 += 1 IS 1
2 3 n—-1’
/ tt—1)---(t—n+ 1)dt‘ (n=12...). With this we can rewrite4) as
There are various names of the sequeBgand of its Hh y In(n+1)
variants. For example, the Gregory coefficients are also n nl n!
called the logarithmic numbers— because of the - 1 1 1\ e
generating functiond). Moreover, the numbers, - n! are / (7 4= _ _> e_dx
called thenon-alternating Cauchy numbefg€] and the 0o \(1-e)er xe e/ nl
numbers(—1)™1C, - n! are theBernoulli numbers of the Summing oven=0,1,2,... we have
second kindor Cauchy numbers (of the first kinfl)1, p.
114]. For the Gregory coefficients some interesting 2 In( n+1
identities are known. For examplg] [ Zo &y Zb
-2 [(hr il L)erax
=1 1 0 \(1-e)e ' xe& e
See alsog] for some additional identities. The first sum on the left is well known and due to R. W.

Finally, we remark that the Gregory coefficients are Gosper §]:
strongly related to Ngrlund polynomials3][ These

polynomials are defined by the exponential generating Z Hn .
function . 2 i =ey—eEi(—1) =ey+G.
B — . ) .
20 A n| <e>< 1) For the second sum we could not find a simple closed
_ _ _ _ ) form expression neither in the literature nor by ourselves.
Since the diagonal generatlng functionBif’ reads as However, as the reviewer kindly noted to us, this sum was
X discussed on a private math forum. According to this
Zan A forum — as Wm. Cordwell noted —, this constant,
N (x+1)In(x+ 1)’ multiplied by an integen and divided by log?), is the
it immediately comes that ?;fpectﬁ? information loss from a random map on the set
g1 B(M We continue with the evaluation of the integral on the
Co= ()" < e L,) (n>1) right.
(n-1t  n The most simple case is the term
(The above generating function Bf" comes from a result
of H. W. Gould p, Section 3.] / —dx
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which equals to 1 e (since the primitive function of See [L2, p. 199] for other properties of these significant
ee’x/ex is _eE’X)_ Hence, at this point we have combinatorial numbers. What is important for us is that

N I

(5) (see (2.9) and (2.10) oflp, p. 198] for the general
Now, we deal with the remaining improper integral. formulas on binomial transformation.) Hence

The substitutions — —x and thenx — Inx leads to the N /n
equality > <k>(—1)“‘k((—1)k+1k!+(—1)k-e-Dk) —
K=0
o 1 1Y) o~ 1 1 n
S R Wl - = 4 n
| (aes 5e) @ o= ¢ (e 1) o s (e,
K=0
The two terms cannot be separated, becaue they are Moreover, we utilize the simple fact that
divergent. The reason of the divergence of the integrals n
n
z <k>k! =|e-n| (n>1).
/ g— and / e k=0
o Inx o 1-Xx By using these, we have for all> 1 that

can be seen if we consider the Laurent series-paround !
el by g TN [ e 1= (-1 Lot = (DY)

1 1 ) If n=0, however, we have thgg e‘dx=e— 1, andC; =

- %1t z Cora(—=1)"(x=1)", 1. SinceCy(e— 1) is half more tharC, {e- 0!}, we have to

add 2 to match this case to the general teBm1{e-n!}
which holds in the intervat €]0,2[. On this open interval ~ of the sum.
the series on the right is absolutely convergent, so Our main formula has been proved after a
integration term by term is possible. The only one straightforward substitution of the value of the integral.
problem arises when we try to integratgt— 1), but this
singularity is cancelled by the other termy (1 — x),
because of the trivial equality/ix— 1)+ x/(1—x) = —1.  References
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