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Abstract: The main purpose of this paper is study and investigate sesdts concerning a derivatibron aMA- semiringR , when
R admits to satisfy some conditions, whBracts as semiprimelA-semiring and primé1A-semiring.
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1 Introduction MA-semirings.By semiring we mean a non empty Ret
with two binary operatioris’ and’ " such that(R; +);
(R:) form  semigrougy’  commutative and
a(b+c) =ab+ac;(b+c)a=bha+ca hold for all
a,b,ce R Ifthere exists & Rsuchthae+0=0+a=a
and0 = O0a = 0 for alla € R; therR is said to be a
semiring with’0’(see B]. Anon empty subset of R is

The theory of commutators plays an important role in the
study of Lie algebras?], prime rings B], and[l4] and
Cx-algebras]]. It has tremendous applications in the
theory of derivations of rings and modules as
well.Dependent elements play an important role in>" . ) ) ;
solving the functional equations which exist in different said to be ld.eal i TG"’V.E ;i re R |mplyu+v < I and
disciplines e.g. Quantum Mechanics, Computer sciencd!:U € I. Anideall is said to be -ideal ifa+ be I’be |
(see L3. A mappingF : R Ris a free action if the only |mpl|§s that al (for more detall see6|]..FoIIO\{V|ng the
dependent element of F is zero.The notion of free actiofe’Minology of Pl an elementa € R is said to be
was introduced by Murray and Von Neumann on von additively regular if there exists unigiee= R such that
Neumann algebras and explored Irb] on commutative
von Neumann algebras. The concept was further
generalized by Kallman 9 in the context of .
automorphisms on von Neumann algebras where b+at+b=b (i
commutativity is dropped. Chod&][andH] studied the  (see p]; the elemenb is said to be pseudo inverse af
dependent elements {D«-algebras. Dependent elements which is, indeed, unique (s8] The uniqueness allows
are also studied by several authors in the context ofys to denote pseudo inverse afby 4 Note that the
operator algebras (se8][and reference there in). We can semirings satisfyingi are also referred as regular
find a brief account of dependent elements in Semirings by some authors (Sdg)][,and [19] . However,
W:-algebras in the book of Stratif]and [15]. Laradji  the class of semirings satisfyirigii is also referred as
and Thaheem 13 initiated the study of dependent inverse semiring introduced by Karvella]. In fact, the
elements of endomorphisms. Recently, Vukman andclass ofMA-semirings is same as the class of additively
Kosi-Ulble [23] have explore the study of dependent commutative inverse semirings with O(see Karvelts@,[
elements of certain mappings on prime and semiprimesatisfying the conditio2 of Bandlet, Petrich]. More

rings.Here we are able to introduce the concept ofexplicitly, Bandlet studied the semirings satisfyiriig
dependent element in the certain class of semirings. Asyhich further satisfy the conditions

semirings, ordered semirings have some application to the

theory of automata (seel]],[16land [21] and formal X(x+X) = x+ % for all x e R (A1)
languages (se€lp), therefore, we believe that this paper

has a lot of potential to solve functional equations in

computerscience. Vukma@3,and 23] in the setting of y(x+X) = (x+X)y, forall x,ye R (A2)

a+b+a=a ()

* Corresponding author e-marhehsinatteya@yahoo.com

(@© 2015 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.12785/msl/040304

244

M. J. Atteya: Derivations oiMA-Semirings

X+ (x+x)y = 1forallx,y € R (A3)

and proved some remarkable results in the theory o
regular semirings. The theory of semirings (satisfying the

conditiori, A1,A2,A3 is further enhanced by several
authors (seel9,and[]. In 1982, H.J Bandlet and Mario

Petrich [l] considered additively commutative semirings

In view of Lemma 2, from the last equation, we have
xD(x) = 0 for all x € R orD(x) = 0 for all x € R

ng(x) =0 for all x € R; then it easy to get thaD is

commuting olR. Now assume thakD(x) = O for all
x € RThe replacement of by x+y in this expression and
using it again, we get

xD(y) +yD(x) =0 forallx,yeR 3.3)

satisfyingi, such semirings have been used by several

authors (see V.N.Sallid[7]. Let R be aiMA-semiringR is
said to be prime iaBRb= 0 implies thata= 0 orb = 0.
And R is called be a semiprime &Ra= 0 implies that

Replacingy by y? in the last relation and using hypothesis,
we get

y’D(x) =0 forallx,yeR (3.4)

a= 0. A prime ring is semiprime but the converse is not | eft-multiplying (3.3) by y with using (3.4),we obtain

true in general .LeR be anMA-semiring, an element

a < R is said to be dependent element of a mapping

F:R—=R if Fx)a+ax=0 for all x € R An
MA-semiringR is 2-torsion free in casex2= o implies
thatx = o for anyx € R. An additive mappin® : R— R
is said to be derivation oR if D(xy) = D(X)y+ xD(y) for
allx,y € R LetR be armMA-semiring, :R — R is an
automorphism, an additive mappifly: R — R s said to
-derivation onR if D(xy) = D(x)(y) + xD(y) for all
X,y € R. Then :R— R, : R— R are two automorphism,
an additive mappingD, : R — R is said to
(a, B)-derivation omRif D, (xy) = D, (x)(y) + (X)D, (y)for
all x,y € R. A mapping D is called centralizing if
[D(x),x] € Z(R) for all x € R, in particular,if[D(x),X] = 0
for allx € R, then it is called commuting. L& be a prime
MA semiring. The derivatiom® and G ofR are called
orthogonal ifD(x)RG(y) = 0 = G(y)RD(x).In this paper

we study and investigate some results ConceminQerlacingz by D
derivationd onMA-semiring,we give some results about ¢

that. The following lemmas are necessary for the paper.
Lemma 1[18 Lemma 211 ] LetR be a
semipriméA-semiring, then there is no non-zero
nilpotent dependent elemenfn

Lemma 2[18 : Lemma 2.12] Let R be a 2-torsion free
semiprimeMA-semiring and lef,b € R.If axb+bxa=0
for all x € R; thenaxb= bxa= 0 for allx € R.

Lemma 3 [18:Lemma 23] Let R be a semiprime
MA-semiring and an elemeite R such thatlx,ala =0
orajx,a] =0forallx € R, thenae Z(R).

2 The Main Results

Theorem 3.1: LetR be a 2-torsion free prime
MA-semiring andD is derivation ofR .If D(x?) = Ofor all
X € R ,theD is commuting oR.

Proof: By hypothesisD(x?) = Ofor all x € R The
linearization gives
D(xy+yx)=0 forallxeR (3.1

Replacingyby yxin (3.1) (using (3.1) again) and replacing
y by D(x)y in the equation, so obtained, we have

xD(x)yD(x) + D(x)yxD(x) =0 forallxe R (3.2)

yxD(y) =0 forallx,yeR (3.5)

Putting (3.5) in (3.2),we getD(x)yD(x) = 0 forall x € R
SinceR is primeMA- semiring, therefor&(x) = 0 for all
X € R, This shows thd& = 0, This completes the proof.
Theorem3.2: Let R be a 2-torsion free semiprime
MA-semiring and D,p is derivation of R .If
Dg p(x?) = Ofor all x € R ,theD, g is commuting onR,
wherea, 8 € Aut(R).
Proof: By hypothesisDGYB(xz) =0 for all xe R ,on
linearizing , we haveD, g(xy+yx) = 0 for all x € R
.Replacingy by yxin the last equation and using it again,
we get (xy + yyD(x) = 0 implies
thatlB(X)B(Y) + B(Y)B(X)Dap(X) = 0.As B is an
automorphism,z is an arbitrary element, therefore,
y) = z for somey € R, (B(x)z+zB(x))Dq4 g(x) = 0.
p(X)y in the last relation, we have
B(X)Da g(X)yDqa (X) + Da g(X)yB(X)Dg g(x) = 0 for
allx € R In view of Lemma 2, the last relation implies
that B(X)Dq g(X) = 0 or Dg g(x) = 0 for all x € R If
Dq,g(x) = 0 for all x € R; then nothing is left to show so
assume thaB(x)Dq g(X) = O Linearizing last equation,
we have8(x)Dg g(y) + B(Y)Dq g(x) = 0 for all x,y € R
Replacingy by y? in the last relation and using
hypothesis, we havg(y)?D 5(x) =0 forallx,y € R As
B is an automorphism, therefofi{y) can be replaced by
an arbitrary elemere € R, we getDy g (x)zzDa’,;(x) =0
for all X,y € R. As Ris prime, so is semiprime, therefore,
by Lemmal, we havd®, g(x) = 0 for all x € R. This
shows thaD, g = 0. This completes the proof.
Theorem3.3: Let R be a 2-torsion free semiprime
MA-semiring and leD,G andH be derivation dR. Then
the mappink(D(G(x)) + H(x) is a free action.
Proof: IfD = 0 orG = 0O; then the result is trivial. Led is
a dependent element of the mappighen by

F(xa + ax R (3.6)

IfF(x) stands forD(G(x)) + H(x) ; then routine
calculation gives

0 forallx €

F(xy) = F(x)y+G(X)D(y) + D(X)G(y) + xF(y)
forallx,ye R (3.7)
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. Replacing« by xain (3.6) and using the relation (3.7), we
getF (x)aa+ G(x)D(a)a+ D(x)G(a)a+ xF(a)a+axa=0
for all x,y € R. In view of (3.6), the last equation can be
rewritten as

G(x)D(a)a+ D(x)G(a)a+ xF(a)a=0 (3.8)

Replacingx by yxin (3.8) and using (3.8) again, we get

G(y)xD(a)a+D(y)xG(a)a=0 (3.9)
Replacingy bya; x by axin (3.9) and applying Lemma 2,
we get

D(a)axG(a)a=0 forallxe R (3.10)

By post multiplication of (3.9) byG(a)a and then using
(3.10), we haveD(y)xG(a)azGa)a= 0 for all x e R. As

D # 0 ; therefore by primeness oR;, we have
G(a)azGa)a = 0 for all ze R and again applying
primeness d®; we getG(a)a = 0: Now the relation (3.9)
reduces toG(y)xD(a)a= 0 for all xy € R AsG #£0 ;
therefore we can conclude thab(a)a = 0: Now
G(a)a = D(a)a = 0O; therefore, the equation (3.8),
becomes«F(a)a = 0. By replacingx by a in (3.6) and
then by pre multiplication by, we getxF(a)a+ xaa= 0
By using (3.10) it reduces to 8 xaa+ = xa = a?xa® for
all x € R. Semiprimeness d® implies thata? = 0; then by
Lemma 1, we hava = 0 and hence the given mapping is
a free action. This completes the proof.

Theorem3.4: Let Rbe a non commutative semiprirviA-
semiring and leD be an(a, 3)-derivation oR such that
D([x,y]) =0 for allx,y € R; thenD is commuting orR.

Proof: By hypothesis

D([x,y]) =0 forallx,ye R (3.11)

Replacing y by yx in (11) and using it, we get
0 = D([xy]) = D(xyx+ yxx = D((xy + yx)x)
D([xy]x) = B([xY])D(x) B(xy + yx)x)D(x)
BX)B(y) + B(y)B(x))D(x) ;
(BX)B(Y) +B(Y)(B(X))D(x) = [B(x), B(y)]D(x) As B is
an automorphism, thereforg(y) can be replaced by an
arbitrary elementv,then

i a

~—~

[B(x),w]D(x) =0 forallx,yeR. (3.12)
Replacingk by x+ zin (12) and using (12) again, we get

[B(2),w]D(X) + [B(X),w]D(z) =0 forallx,y€R.

(3.13)
Replacingw byyw in (13), by [18:Theorenf\] and using
(13) again, we get

[B(2),ywD(x) + [B(x),ywD(z) = 0 forallx,y,.z € R
Replacingw by D(x)w[B(z),Yy] in the last equation and by
(12), we get [B(2).y]D(XW[B(2).yID(X) = O for all
X,¥,z € R By semiprimeness ofR from the last
expression, we gef3(z),y]D(x) = 0 for all x,y,z€ R.
[t,y]D(x) = 0 for allt,y,x € R: (since3 is automorphism)
By Lemma 3,we getD(x) € Z(R) for all x € RThis
completes the proof.

Proposition 3.5; Let R be a 2-torsion free semiprime
MA-semiring and leta,b € RIf axb+ bxa= 0 for all
X € Rthenab=ba=0.

Proof: By hypothesisaxb+ bxa= 0 for all x € R. For all
st € R; replacingx by sat and addingasbta+ asbtato
both sides of the last equation, we get
asatb+ bsata+ asbtat asbta= asbta+ asbta By using
hypothesis, we havasbta+ asbta= 0; that is Zasbta= 0
for all s;t € R. This implies that aRbRa= 0.SinceR is
2-torsion free semiprime , implies thaRbRa= 0. Pre
multiplying the last equation WR and using the
semiprimeness & we hav®Ra= 0. Left-multipying
bya and right multiplying by ,we getabRab= 0. By
using the semiprimeness & we getab = 0 = ba.This
completes the proof.

Proposition 3.6: Let R be a semipriméMA-semiring and
let there exists1 € Rsuch thax,yjJa=0 forallx,y € R,
then|[x,al,a] =0 forallxe R.

Proof: By suppositionalx,yjJa = 0 for all x,y € R .
Replacing by ya in the above relation, we get
alx,yala = alx,ylaa+ ayx,ala = ay[x,ala = 0 for all
Xy € R [18:Theoremd\].This implies that
[x,a]ay[x,ala = 0.By using the semiprimeness dR
implies that

[x,ala=0 forallxeR. (3.14)

. According to the Lemma3, we gatc Z(R), So by using
this result we obtain from the relation (14),

ax,aj=0 forallxeR (3.15)

. Subtracting (14) and(15),we completes the proof.
Theorem 3.7: Let R be a primeMA-semiring and leD
be an(a, 8)-derivation ofR such thaD([x,y]) = 0 for all
X,y € R; their Ris commutative oD =0 .

Proof: By our hypothesis we have the relation

D([x,y]) =0 forallx,ye R (3.16)

Replacingy by yx in (16) and using it, we get &
D([x,y]) = D(xyx+yx¥) = D((xy+yx)x) = D([x.y}x) =
(BOB(Y) +B(y)(B(X)D(X) = [B(X). B()ID(X) Since
acts as an automorphism &, therefore, theB(y) in
above relation can be replaced by an arbitrary element
then

[B(X),w]D(x) =0 forallx,weR. (3.17)
Replacingw by wr with usingR be a primeViA-semiring
and 3 is an automorphism, then relation (17) leads to
Either [B(x),w] = [x,w] = 0 for all xw € R Or

D = 0.This completes the proof.

Theorem 3.8 Let R be a 2-torsion free prime
MA-semiring and D,G are derivations such that
D(x)G(x) = G(x)d(x) for all x € R, thenD(x) and G(x)
orthogonal orR.

Proof: SinceD,G are derivations ariRlis MA-semiring.
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Then, we have References
DG(xy) = D(G(xy)) = D(G(Xy + xGly) =
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3 Conclusion
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