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Abstract: The aim of this paper is to present fixed point theorems irodatked metric space. We have proved some unique fixed point
results for expanding type of continuous self-mapping amjestive expanding self-map in dislocated metric spac@&oA-unique
fixed point theorem has been obtained for Hardy-Rogers tyg@ping using expanding mapping in dislocated metric sgaxamples

are given in the support of our constructed results.
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1 Introduction dp) d(x,y) = d(y,x) = 0 implies thax = y;
d3) d(X,y) = d(ya X),

The concept of dislocated metric space was introduced by  da) d(x,y) < d(x,2) +d(zy) forall x,y,z€ X.
Hitzler and Sedal], [2]. In dislocated metric space the If d satisfy the conditions frond; to ds then it is
self distance of a point need not to be zero necessarilycalled metric orX, if d satisfy conditionsl, to d, then it
They also generalized famous Banach contractionis called dislocated metricdimetric ) on X and if d
principle in dislocated metric space. Dislocated metricsatisfy conditionsd, and d4 only then it is called
space play a vital role in Topology, Logical Programming dislocated quasi-metricl¢-metric) onX.
and Electronic Engineering. Zeyada et &} fleveloped Clearly every metric is a dislocated metric but the
the notion of complete dislocated quasi-metric spaces andonverse is not necessarily true as clear form the
generalized the result of Hitzlerl] in dislocated following example:
quasi-metric space. Later on many papers have beekxample 2.2. Let X=R" define the distance function
published containing fixed point results for different type d: X x X — R* by
of contractions defined by[5] in dislocated quasi-metric
spaces (see[7,8,9,10]). d(x,y) = max{x,y}

In this article, we have proved some unique and non- . . .
unique fixed point results for expanding type mapping in ¢'€&rlyd is dislocated metric but nota metric.
dislocated metric space. A non-unique fixed point theorem Also every metric and dislocated metric is dislocated
have been obtained for Hardy-Rogers type mapping usim?uasrmetnc but the converse is not true as clear from the

expanding mapping in dislocated metric space. ollowing example:
p g mapping P Example 2.3.Let X = R™ we define the functiod : X x

X —=R" by
2 Preliminaries d(x,y) = |x—y|+|x forallxye X
Throughout this papeR™ will represent the set of non- evidentlyd is dg-metric but not a metric nor dislocated
negative real numbers. metric.
Definition 2.1.[3]. Let X be a non-empty set and Idt: In our main work we will use the following definitions
X x X — R* be a function satisfying the conditions which can be found in1].
dp) d(x,x) =0; Definition 2.4. A sequencex,} in d-metric spacéX,d)
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is called Cauchy sequence if for- 0 there exist a positive
integemg € N such that fom,n > ng, we haved (Xm, Xn) <
€.

Definition 2.5. A sequence x,} is calledd-convergentin
(X,d) if

rLiLnood(xn,x) = rLiLnood(x, Xn) = 0.
In this casex s called thed-limit of the sequencéx,}.
Definition 2.6. A d-metric space(X,d) is said to be
complete if every Cauchy sequenceXnconverge to a
point of X.

Definition 2.7. Let (X,d) be ad-metric space a mapping

T : X — X is called contraction if there exist9 o < 1
such that

d(Tx, Ty) < ad(x,y) forall x,y € X.

Theorem 2.8[12]. Let (X,d) be a complete metric space.

T : X — X be a self-mapping satisfying the condition,
d(Tx,Ty) <a-d(xy)+b-d(x, Tx)+c-d(y, Ty)+

e-d(x, Ty)+ f-d(y,Tx)

vV x,y € X anda,b,c,e,f >0witha+b+c+e+f < 1.
ThenT has a unique fixed point.

Theorem 2.9[6]. Let (X,d) be a complete dislocated

quasi-metric space.T : X — X be a continuous
self-mapping satisfying the condition

d(Tx, Ty) < a-d(xy)+b-d(x, Tx) +c-d(y,Ty)

vV x,y € X anda,b,c > 0witha+b+c< 1. ThenT has a
unique fixed point.

Lemma 2.10.[1]. Limit in d-metric space is unique.
Theorem 2.11.[1]. Let (X,d) be a completed-metric
spaceT : X — X be a contraction theil has a unique
fixed point.

3 Main Results

In this section, we first prove some unique fixed point
results satisfying expanding condition by taking the
then considering
surjective self-mapping in the context of dislocated neetri

continuity of self-mapping and

space.

Theorem 3.1.Let (X,d) be a complete dislocated metric
space letT : X — X be a continuous self-mapping

satisfying the condition
d(Tx,Ty) > a-d(xy)+b-d(x, Tx)+c-d(y, Ty) (1)

vV xyeXanda>1lbeRandc<1witha+b+c> 1.
ThenT has a unique fixed point.

Proof. Let X be arbitrary inX, we define a sequende, }
in X by the rule

Xo=TX1,X1 =TXo, evvvnnnnn. 2 Xn = TXpt1-

Now to show that{xn} is a Cauchy sequence X,
Consider
d(Xn,Xn_l) - d(TXn+1,TXn)

Now by (1) and definition of the sequence
d(Xn, Xn—1) = d(TXn11, TXn) > a-d(Xn1,Xn)
+b-d(Xpt1, TXnp1) + C-d(Xn, TXn)
d(Xn, Xn—1) > a-d(Xn+1,%n) +b-d(Xns1,%0) +€-d(Xn, Xn—1)-

By use of symmetric property we have

d(Xn—1,X%n) > a-d(Xn,Xn1) +b-d(Xn, Xnr1) +C-d(Xn—1,%n)

(1-c)d(Xh—1,%) > (a+ b) d(Xn, %n+1)
d(Xn, Xnt1) < 1- d(Xn—1,%n).
n, n+1 = + n—1,4An
Let 1
—C
k=—+-<1
a+b <

So the above inequality become
d(xnaxn+1) S k d(xnfl,Xn).

Also
d(Xn—1,%n) < K-d(Xn—2,Xn—1)-

So
d(Xn,%n+1) < k2. d(Xn—2,%1-1)-

Proceeding in similar way we can get
d(Xn,Xn1) < K" d(Xg,%1).
Taking limitn — o, ask < 1 sok" — 0 so
d(Xn, Xnt1) — O.

Hence{x,} is a Cauchy sequence in completenetric
space. So there must existg X such that

lim x, = u.
n—o0

Now to show thatu is a fixed point ofT, sinceT is
continuous So,

imTxp,=Tu =

n—o0

IMmx,_1=Tu = Tu=u.
n—oo

Henceu is the fixed point ofT .

UniquenessLetu, v are two distinct fixed points ofF .
Now to show thatu,u) = d(v,v) = 0, puttingx=y=uin
(1), We have

d(Tu,Tu) > a-d(u,u) +b-d(u, Tu) +c-d(u,Tu)

d(u,u) > (a+b+c)-d(u,u).
Sincea+ b+ c> 1, so the above inequality is possible if

d(u,u) =0.
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Similarly we can show that
d(v,v) =0.
Now consider
d(u,v) =d(Tu,Tv) >a-d(u,v)+b-d(u, Tu)+c-d(v,Tv)

d(u,v) >a-d(u,v)+b-d(u,u)+c-d(v,v)
d(u,v) > a-d(u,v).

Sincea > 1 so the above inequality is possiblelifu,v) =

0 similarly we can show that(v, u) = 0 which implies that

u = V. Hence fixed point oT is unique.

Corollary 3.2. Let (X,d) be a complete dislocated metric
spaceT : X — X be a continuous self-mapping satisfying
the condition

d(Tx, Ty) >a-d(x,y) +-d(x,Tx)

vV x,y € X anda> 1,b € R with a+b> 1. ThenT has a
unique fixed point.

Proof. By puttingc = 0 in Theorem 3.1 we can get the
required result easily.

Corollary 3.3. Let (X,d) be a complete dislocated metric
spaceT : X — X be a continuous self-mapping satisfying
the condition

d(TX, Ty) 2 a- d(X,y)

vV X,y € X anda> 1. ThenT has a unique fixed point.
Proof. Puttingb = ¢ = 0 in Theorem 3.1 one can get the
required result without any difficulty.

Example 3.4.Let X =R the dislocated distance function
defined onX is

d(xy) = max{x,y}

forall x,y € X and the continuous function otis given by
Tx=2xsofora=2b=—-1andc= % all the conditions
of Theorem 3.1 are satisfied. Therefare 0 is the unique
fixed point of T.

Example 3.5.Let X = R* the dislocated distance function
defined onX is

d(x,y) = max{x,y}

for all x,y € X and the continuous function oXis given
by Tx = 2x so fora > 2 all the conditions of Corollary 3.2
are satisfied. Therefore= 0 is the unique fixed point of
T.
Theorem 3.6.Let (X,d) be a complete dislocated metric
spaceT : X — X be a surjective self-mapping satisfying
the condition

d(Tx,Ty) > a-d(x,y) +b-d(x, Tx) +c-d(y, Ty) (2)
vV xyeXanda>1lbeRandc<1witha+b+c> 1.
ThenT has a unique fixed point.

Proof. Let X be arbitrary inX, we define a sequende,}
in X by the rule

Xo = TXy, X1 = Txo,

Proceeding like Theorer??, we obtain that{x,} is a
Cauchy sequence in complete dislocated metric space. So
there must exista € X such that lim_. X, = u. Now to
show thatu is the fixed point ofT sinceT is surjective
(onto) mapping so for ang € X T p = u. Consider

d(Xn, U) - d(TXn+1,T p) 2 a'd(Xn+1, p)+b'd(Xn+1,TXn+1)

+c-d(p,Tp)
d(xn,u) > a-d(Xn+1, P) +b-d(Xn41,%) + - d(p, u).
Taking limit n — c we get

0> (a+c)-d(p,u) = d(p,uy=0 = p=u.

SoT p=ubecome§u=u. Thusuis the fixed point ofT .
UniquenessFollows from Theorem 3.1.

Example 3.7.LetX =R the dislocated distance function

defined onX is

d(x,y) = max{x,y}

for all x,y € X and the surjective continuous function ¥n
is given byTx = 3x so fora=4,b= —2 andc= £ all the
conditions of Theorem 3.6 are satisfied. Therefore0 is
the unique fixed point of .

Our next theorem is about a non-unique fixed point
for Hardy-Rogers type mapping satisfying the expanding
condition in the context of dislocated metric space.
Theorem 3.8.Let (X,d) be a complete dislocated metric
spaceT : X — X be a continuous self-mapping satisfying
the condition

d(Tx, Ty) > a-d(x,y) +b-d(x,Tx) +c-d(y, Ty)+

e-dxTy)+ f-d(y,Tx) (3)

v xye Xwitha+b+c>1andc<1+e+ f.ThenT has
a fixed point.

Proof. Let X be arbitrary inX, we define a sequende, }
in X by the rule

Xo = TXy, X1 = Txo,

Now to show that{x,} is a Cauchy sequence iX
Consider,

d(Xn, Xn-1) = d(TXns1, TXn).
Now by (3) and definition of the sequence we have
d(%n, Xn—1) = d(TXn+1, TXn) > @-d(Xn+1, %)+

b-d(Xnr1, TXni1) +C-d(Xn, TXn) +€- d(Xnr1, TXn)+
f-d(Xn, TXn11)
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d(Xn, Xn—1) > @-d(Xnt1,%n) + b d(Xnr1,X%0)+ required result easily.
Theorem 3.10.Let (X,d) be a complete dislocated metric

C-d(Xn, Xn-1) + € d(Xn41, Xn-1) + T - A (X0, Xn). spaceT : X — X be a surjective self-mapping satisfying

By using symmetric property we have the condition,
d(Xn—1,%) = @-d(Xn, Xns1) + D d(Xn, Xny2) + d(Tx, Ty) > a-d(x,y) +b-d(x, Tx)+c-d(y, Ty)
C-d(Xn-1,%) + € d(Xn1, X1 1) + T - d(Xn, Xn). +e-dxTy)+f-dy.Tx) (4)
Since vVxyeXwitha+b+c>1,c<1+e+ fandac,f>0.
ThenT has a fixed point.
d(Xn,Xn+1) < d(Xn-1,Xn+1) + d(Xn-1,%n) Proof. Let xo be arbitrary inX we define a sequende,}

in X by the rule
d(Xn—1,%n+1) > d(Xn,Xn+1) +d(Xn_1,%n)-

Using the above technique in 4th and 5th term of above
We have

Xo=TX1,X1 =TX0, evvrennnn. Xn = TXpy1-

Proceeding like Theoren3 we obtain that{x,} is a
Cauchy sequence in complete dislocated metric space. So
there must exista € X such that lim_c Xn = U. Now to
show thatu is the fixed point ofT. SinceT is surjective
>d(Xn1,Xn)- (onto) mapping so for ang € X T p = u. Consider

1—cte+f
< [Z_—_=T=T .
d(X”’X””')(a+b+e+f

Now using the restrictions on the constants in the theorentl(X, u) = d(TXn+1, TP) > @-d(Xp+1, P) +b-d(Xnt+1, TXns1)

We have let
_l-ctetf +c-d(p,Tp)

=—<1
' a+b+e+f —|—e'd(Xn+1,Tp)+f'd(p7TXn+1)

So the above inequality become d(Xn,U) > a-d(Xns 1, p) +0-d(Xne1,%n) +c-d(p,u)
d(Xn; Xn+1) < K-d(Xn-1,%n). +e-d(Xnt1,u) + f-d(p, Xn.

Also Taking limit n — o we get

d(Xn—1,%n) < k-d(Xn—2,Xn—1)-

. bo-2%) < k- dba-2,%-1) 0> (a+c+f)-d(u,p).
0

d(Xn, Xn+1) < k2. d(Xn—2,%n—1)- Sincea, ¢, f > 0 so the above inequality is possible only if

Proceeding in similar way we get du,p)=0= u=p = Tu=u.

d0n,Xn+1) < K'-d(x0,%0)- Thusu is the fixed point ofT.
Taking limitn — o, ask < 1 sok" — 0 so

d(Xn,Xn+1) — O. Acknowledgement

Hence{x,} is a Cauchy sequence in completenetric = Authors are grateful to the editor in chief and anonymous
space. So there must exists € X such that referees for their careful review and valuable comments
limp_0 Xn = U. Now to show thau is a fixed point ofT to improve this manuscript mathematically as well
sinceT is continuous so grammatically.

IMmTX,=Tu = limX,_.1=Tu = Tu=u.
n—oo n—oo
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