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Abstract: In this paper, the concomitants of case-Il of generalizedeorstatistics from Farlie-Gumbel-Morgenstern (FGM)
distributions and recurrence relations between their nmisnare studied. Further, we provide the minimum varianoesli unbiased
estimator of the location and scale parameters of the coitaots of ordinary order statistics from some distribusion
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1 Introduction

Kamps p] has introduced case-I of generalized order statisticg,@& Ahsanullahl]] have studied the concomitants of
case-| of generalized order statistics from Farlie-GurNdetgenstern (FGM) distributions. Kamps and Cram@rave
introduced case-l of generalized order statistics. Thearaan of this paper is to study the concomitants of case-Il of
generalized order statistics from Farlie-Gumbel-Morgems(FGM) distributions and obtain recurrence relatiogtsueen
moments.

LetneN,k>1,m,...mM_1€R, M, = zrj‘;rlmj, 1<r <n-1, be parameters such that=k+n—r-+M; > 1 for all
re{1,2,..,n—1},andlemi= (my,....m,_1) € O"1, Let F be a distribution function, the random variab¥gs, n, k),
r=12...n, are called generalized order statistics (based on F). diné glensity function of the generalized order
statisticsX (1,n,m k), ..., X(n,n,m, k) is given by (see Kamp$)):

n-1 n—-1
Pt X (K- %0) = KT v ([ (1= F060))™ £06)) (1= F (%)) (%),
X nmk) - Xnnmky 11 Dll ﬂ

X1 <X < ... < Xp.
Kamps and Cramei7] have introduced some lemmas about the one and two dimeisimarginal density functions of
XsandX;, 1 <r < s<n, of case-1l of generalized order statistics as follow:

fx(r,n,m,k) (x) = Cf—lliiai (- F(X))y'_lf(x)a Q)

s o Vi r
s Xenm (0) = G5 1 (i; A9 (%Eg%) ) (i;ai(r)(l— F(X))v.) (%)

(rew)
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(2)
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where
1

r
ai(r) = ,yj;éyl,1<|<r<n
jll_ll;é Yi—
(f)() > 1
a'(s) = _ Y #FYr+1<i<s<n,
j r-Ii-_lli;éij_y"

r
ai(s) :ai(o)(s),cr,lz [Tvi-1<r<n
=1

Remark 1.1. Case-l of generalized order statistics can be consideredspgcial case of case-ll of generalized order
statistics as follow: Fomy = m; = m, we have:

ai(r) = Wl:L)H(—l)r_i - !

(N (a) — 1 s 1
&= sV e oien
Thus, case-ll reduces to case-1 of generalized orderttatis
Morgenstern10Q] has introduced FGM distributions, Gumbég] has studied FGM for exponential distribution. Farlie
[4] has considered this family in the general form. [Egt(x) and Fy(y) be the distribution functions of the random
variablesX andY, respectively, then the probability density functiquu ¢) of the bivariate FGM distributions is given by:

fxy(xy) = Ix()fv () [1+a(@Fx(x) 1) (2R (y) = 1)], —1<a<1l ®3)

Here, fx(x) and fy(y) are the marginapdf’s of X andY respectively. The parameteris known as the dependence
parameter of the random variablEsandY. If a is zero, thenX andY are independent. The conditional probability
density function pdf) of Y givenX is given by:

frx (Y [X) = v (Y)[1+a(2Fx(x) - 1)(2~(y) - 1), —-1<a<l (4)

The general theory of concomitants of order statistics higgally studied by David, O’Connell and Yang][ Let (X, Y;),
i=1,2,...,n, be n pairs of independent random variables from some hiwapiopulation with distribution functio(rldf)

F (X, y) LetX<r nmk) b€ ther —th generalized order statistics of case-Il, thenYhelue associated witk, , m ) is called
the concomitant of the—th generalized order statistics of case-Il and is denoted,fy, - Thepdf of Y[r nmK IS given
BY:

I ) = N ) = | By [ X0 ()0 )

wheref hmi (X) is thepdf of X nmk) defined in (). Moreover, the joinpd f of the concomitanty; , s andY(snm
of ther —th ands—th generalized order statistics of case-Il has the form:

X2
Ir.snmk (Y1:Y2) :/40 P D) fpx (Y2 [ %2) Frsnmig (1, Xe) dxadx, (6)
wheref( snmk) (X1,%2) is the jointpd f of X , mi andXisnmig defined in @),
1<r<s<n.

2 Concomitants of Case-ll of Generalized Order Statistics

For the FGM distributions with pdf given b), utilizing (1) and @) in (5), we obtain thepd f of Y|, , ;g as follow:
g[r,n,ﬁlk](y):[w fy (Y)[1+ a(2Fx(x) = 1) (2R (y) = )] x cr - 1216" )(1—F(x))%Hf (x)dx

= fvly) - ac 1 ()R ) -1) [ (1-2Rx(x Zla (L= F(9)* (0 -

= fY(Y)_acr—lfY(Y)(ZFY(Y)_l)/_w( (1-Fx(x) - )-Zia‘( )(L—F ()1 (x)dx
=Ry + )R (Y) = 1Dpnmk

(@© 2015 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro3, No. 3, 345-353 (2015)www.naturalspublishing.com/Journals.asp NS = 347

_1

whereDy sy = a[1— 26153 ;‘Lﬁ], S, %r) -

2.1 Recurrence Relation between Moments of Concomitants

We will study the recurrence relation between moments otomitants of case-Il of generalized order statistics aed th
ordinary order statistics as follows:
Equation ) can be written as:

9ir,nmK () = fyq(y) + Dir ik [Ty (Y) — Fyea (V)] (8)

wherefy,., (y) = fy(y) is thepdf of Y1.1, the first ordinary order statistic of a random sample of size of Y variate, and
fy,.,(Y) = 2R (y) fy (y) is thepdf of Y., the second ordinary order statistic of a random samplezeftsio of Y variate.
Using this result, we derive the moments and the moment géngrfunction ofY; , s,y as follows: From §), thep —th
moment ofY|; , s IS

“[ﬁnmk] = EW[E,n,m,k]] = /_mypg[r,n,mk] (y)dy

(9)
= i1+ DMz — Hil:
whereul, = E[Y,] anduf, = E[YL,]. Also, the moment generating function¥f, » is given by:
Minmk () = Mr:a(t) + Dy pmi [M2:2(t) — Mpaa(t)], (10)

whereMy.1(t) = E[exp(tYi.1)] andMz.a(t) = E[exp(tYa:2)].

Theorem 2.1.Let1<i; <ip <n-—rand 1< j; < j, <r —1. For a bivariate random variab(¥,Y) havingpdf in (3),
the following recurrence relations between moments of oomntants are valid:

“[?—jl,n—il,rﬁ,k] - “[[r)sz,nfiz,r'ﬁ,k] = Dir—jyn-inmk — Dirjpn-ipmi] (K22 — HEal, (11)

and the relation between the moment generating functionsrmfomitants are:

Mir—i1n—inmk () = M — o nminmid (1) = [Dpr—jyn—izmk — Dir—join—inmig] M2:2(t) — Ma:a(t)]. (12)

3 Joint Distribution of Two Concomitants of Case-ll of Generalized Order Statistics

In this section, we derive the joint distribution of concdanits of two generalized order statistics of case-Il. Fréyme
have:

Iir.snmk (Y1,Y2) :/,m [w fyix (Y1 | X) fyjx (Y2 | X2) fr.snmi) (X1, X2)dXadXe
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- [ m X°° fy (y1) [+ @ (2Fx (x1) — 1) (2Fv(ys) — 1))
x fy (Y2)[14 a(2Fx(X2) — 1) (2Fv(y2)

o] 5 40 ()] |
X (1?(':()( ())(2)) dxqdxo

B /«, / fr (yn)[1+ a (2Fx(xa) — 1) (2Fv(ya) — 1)]
x fy (y2)[1+ a(2Fx(x2) — 1) (2Fy (y2) — 1)]

2a(r>(1—a<xl>>”] (ﬁxp(xxﬁil))

r

S (e (L Fx()\¥ _ _ ¥
‘G L:rzj o () ] L;amrm Fx<xl>>]
fx (x1) fx (X2) 1-Fx(x)\ "
X(l Fx<xl>>(1 Fx<xl>>(1—Fx<xl>> bade
_cslj fy (ya)[1+ a(2Fx (x1) — 1)

X[Za J(1—Fx(x1)) y_lfx(Xl)]
(

{ fo (y2) [ 1+ @ (2R (0) — 1)(2Fv (y2) — 1]
(13)
s )\ (%)
l Z+ X1)> (1—F><(X1)>1dx2}dx1

- / e (ya)[1+ a(2Fx (1) — 1) (2Fy (ya) — 1)]

X liaq (1—Fx(x0))"™ 1fX(X1)1

{ [y 2(1— Fx(%)) — 1)(2F (y2) — 1)]

i=rt 1a1 < 21; > " (1_fX|:(:§))(l) ﬂ de} dxy

s 4N s 4
lfy P53 3 4 atyty @R 1S 2 @)]

i=r+1 )

X Cs—lfY(yl)(_ily)+UCS_1fy(y1)(2Fy(yl)_1){( r m)_z(i a(r) )}

s (r)
- |zanvier - y 20
L i=r+1 1

r

X CslfY(yl)(_zi%) +acs 1fy(y1) (2R (y1) — 1) {(2&) _ 2(2ﬂ)} ’

since

ca(r) 1
1’;—' S C1 (14)
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From (13) in (14) we have:

Irsnmk (Y1, Y2) = fr(yr) fr(y2)[1+ (2R (Y1) — 1)D1+ (2Fv(y2) — 1)D2

+ (2R (y1) = 1)(2Rv(y2) — 1)Ds, (15)

where

s 4 Moo
Dz—a<1—2cs_1( _Zlet,mfsl))(_ ;‘E:b) (16)
_ - oan) > & L oai(r)
D3 az <1—2Cr_1izlm— Z\V-i-l 2 V|+2)>.

3.1 Recurrence Relation and Product Moments of Y|, m1g and Yis n

With the joint densitygj; s mk (yl,yz) of Yjr nmy @andYjsnmk . the product moments
E[YP _ Yd k]] denoted bw[ o P a> 0, are given by:

[r,n,mk "[s,n,m, r.s,n,m,

Uy = [ 3 [ _YY3Gsnmig (v, Y2)dyadyz

= Pt + [ S — s D + [ M5y — MD 1 py D2
+ M2~ Uil (K — Hi4]D3,

(17)

where pufy = [“, V) fyy (yOdys, ey = [70Yafv, (Y2)dyz, pEy = [SaYh fu,(yr)dyr and pgy = [, y3fy,,(v2)dya.
Furthermore, usingd) and (L7), the covariance ofj , my andYjsn mk IS given by:

COV(Y[nnmk]aY[s,n,mk]) = “[r,snmk] - “[r,n,m,k]“[snmk]a r 7& S. (18)

The joint moment generating functionf , ) andYjs my is given by:

Mirsnmy (t,t2) = L . [ . exp{tayr + Y2} gp.snmk (Y1, Y2)dy1dy2

= Mzp:1(t1)M1:a(t2) + [M1:a(t2)M2:2(t1) — My:a(ta)Ma:a(t2)]| D1 (19)
+ [M1:1(t1)M2:2(t2) — My:a(t1)Mya(t2)] D2
+ [M2:2(t1) — My:a(ts)][M2:2(t2) — M1:1(t2)|Ds.

Differentiating (L9) with respect td; andty, p times andj times, respectively, and putting=t, = 0, we get 7).

4 Moments of Case-ll of Generalized Order Statistics from sme Well known Distributions

In this section, we will use thedf gj., my (Y) given in (7) and the jointpd f g[r’snmkl(yl,yz) given in (15) to study the
moments of some distributions such as Weibull, exponerReeto and power function distributions.

4.1 Weibull Distribution

Thepdf andcdf for Weibull distribution are given by, respectively:

f(y) = yay et o<y <, (20)
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F(y)zl—e*%;,a,)\>0, (21)
from (7) the pdf of the concomitant oK , m is
ir.nmk (Y )Z—Ya +Drnmk]/\a yafle_%a&[l—ze_%]- (22)
Theorem 4.1.Let “[?,n,rﬁk] be thep —th moment ofYj; , ), then:
HP e = APT (E +1) [1+ Dyt -27]). (23)

From (15) the jointpdf of Y| mig andY(snm is given by:

y2 vt
g[rsnmk](Yla)’Z al)\azyal ‘e yaz le %7 |: +[1-2e 11]D1

(24)
t[1-2e 2° ]D2+[1 2e M ][1-2e "22]D3] .
Theorem 4.2.Let u[(r'f;f‘rimk] be thep —th andq — th joint moments oY, , g andY[snmy, then:
(p.0) Prdr (P q e = e %
u[rsnmk] =A1A I'( +1)I’(a—2+1) 1+D3[1-2%]+Dy[1—2%2]+Dg[l—22|[1-2%2]|. (25)

Remark 4.1. From Weibull distribution we can get the moments of otheated distributions like exponential and
Rayleigh distributions by changing the parameters.

4.2 Pareto Distribution

The pdf andcdf for Pareto distribution are given by, respectively:

f(y)=ay @ y>1, (26)
F (y) =1- y7a7 a> 07 (27)
from (7) the pdf of the concomitant o, s is
g[r,n,rﬁ,k] (Y) = ay—(a+1) + D[nnmk] ay—(a+1) [1 - 2y—a]' (28)
Theorem 4.3.Let u[r MK be thep —th moment ofY}; , ), then:
a p
H[Enmk] “a-p {1+ Dirnmk pr— p} : (29)

From (15) the jointpd f of Y|, i @andYsnmy is given by:

Osnm (v, ¥2) = andoy; Uy, 1Y (14 D120, 4 D[1- 2957

(30)
+Ds[1- 2y, *][1 -2y,
Theorem 4.4 Let u[( i be thep —th andq — th joint moments ot , sy @andYjsnmi, then:
(o) _ a2y [1 p q Pq
a=—"T———— 14D +D +D . 31
Hirsnmid = (@, — p)(ap—q) "2ai-p ' %20-q (21— p)(2a2— Q) 59
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4.3 Power Distribution Function
Thepdf andcdf for Power distribution function are given by, respectively

flyy=ay* 1 0<y<1, (32)

F(y)=y* a>0, (33)
from (7) the pdf of the concomitant oK n my is

g[r,n,mk] (Y) = ayail + D[r,n,rﬁ,k] ayafl[zya - 1]- (34)

Theorem 4.5.Let u[p be thep —th moment ofY}, , m ), then:

r,n,mk|

P

M i = %) L+ Do 33 175 (35)
From (15) the jointpd f of Y}, mK @ndYjsnmk IS given by:
Oirsnimk (Y1,Y2) = aranyt Y52t [14 Daf2y}t — 1]+ Da[2y5 — 1] (36)
+Dal2 — U2y - 1]
Theorem 4.6.Let ufrf;’?])mk] be thep —th andq —th joint moments ot , 7,1 @andYjsn mig, then:
s = (A + 3?22 g M D12a1p+ p P2 2azq+ a P art D??Zaz +a) ]’ ¢D

5 Applications

An interesting application of this work is to obtain the nmmim variance linear unbiased estimates (MVLUE) of the
location and scale parameters. The method of Liy@ldiay be used, however due to the difficulty in obtaining the
inverse of the variance-covariance matrix in closed foramarical methods were used instead to obtain these estimate
We have used Mathematica program to calculate the estim&ttes location and scale parameters of the concomitants
of order statistics = n—i+ 1) when the marginal distributions are Weibull, Pareto amdgr function (see Tables (5.1),
(5.2) and (5.3)).
Suppose the random variables have the location parampeterd scale parameter. Using Lloyd’s method, the
MVLUE of 6 asf = (AV~1A)~}(AV~1y), whereV = (Vi j) is the variance of the—th andj — th concomitantsy ~1 is
the inverse of the matri¥, y’ is the observed value of the vectéf = [Y[l,n,rh,k]aY[Z,n,m,k]v ...,Y[n,n’m,k]], u=0ando =1.
A and@ are defined as: L 1 L

/ J—
Hinmik Hznmk -~ Hnnmk- |’ 6'=[u ol
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Table 5.1: Coefficients of MVLUE oft ando for Weibull distribution based on order statistics with=-5,a=4,a; =4 ,a, =6,

A =3,A1 =3 andA, =5.

a Estimates Coefficients

-0.9 o 1.46353 | 0.799855 | 0.0826532 | -0.714274| -1.63176
o -3.7743 | -1.97731 | -0.0303169| 2.13907 | 4.64286

-0.5 o 2.68766 | 1.42007 | 0.0919568 | -1.32628 | -2.87341
o -7.10467| -3.66316 | -0.0537653| 3.80441 | 8.01718

-0.1 o 13.773 6.9724 0.101797 | -6.87021 | -13.9769
o -37.2507| -18.7598 | -0.0776814| 18.8811 | 38.2071

0.1 o -13.9692| -6.8931 0.106959 6.99965 | 13.7557
o 38.1841 | 18.9442 | -0.0899027| -18.833 | -37.2054

0.5 o -2.88577| -1.33844 | 0.117856 1.45423 | 2.65213
o 8.04145 | 3.84251 | -0.115065 | -3.75192 | -7.01698

0.9 o -1.66628 | -0.712543| 0.129666 0.83872 | 1.41044
o 471921 | 2.14434 | -0.141485 | -2.07618 | -3.64589

Table 5.2: Coefficients of MVLUE oft ando for Pareto distribution based on order statistics with 5,a= 4, a; = 4 anday, = 6.

o Estimates Coefficients

-0.9 [ 2.71376 | 1.99605 | 0.851726 | -1.04666 | -4.51488
o -3.42756 | -2.45888| -0.925477| 1.60449 | 6.20742
-0.5 0] 5.52065 | 3.47708 | 0.815618 | -2.64507 | -7.16828
o -7.1667 | -4.43389 | -0.881249| 3.73096 | 9.75087

-0.1 o] 30.7135 | 16.1573 | 0.777886 | -15.3817| -32.267
o -40.7527 | -21.3424| -0.835822| 20.7097 | 43.2213

0.1 o] -32.2941| -15.3016| 0.758368 | 16.0646 | 30.7728
o 43.2603 | 20.6014 | -0.812568| -21.2202| -40.829

0.5 o -7.1163 | -2.61602| 0.718009 | 3.37723 | 5.63708
o 9.69665 | 3.68298 | -0.764873| -4.30581 | -7.30895

0.9 o -4.34698 | -1.12419| 0.675898 | 1.90871 | 2.88657
o 6.01311 | 1.68702 | -0.715483| -2.34923| -3.63543

6 Conclusion

We derived an analytical expression of one and two concarsitaf case-ll of generalized order statistics in FGM

family. We also provided the recurrence relation betweemerats. Some application for well known distributions such
as Weibull, Pareto and power function distributions to obthe moments. We use this moments to get the minimum
variance linear unbiased estimates of the location anck qeatameters of concomitants of order statistics. A good
application of this setup is the use of concomitants to iafavut the population parameters when the original vargable

are not observable. Finally, for = m; = mcase-Il reduces to case-l of generalized order statistics.
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Table 5.3: Coefficients of MVLUE oft ando for power function distribution based on order statistidgw =5,a=4,a; =4 and

ap, =6.
a Estimates Coefficients

-0.9 [ 8.76695 | 2.6828 | -0.925244| -3.76573| -6.75878
o -6.76128| -1.97885| 0.89342 | 3.19481 | 5.65189
-0.5 0 145378 | 5.84291 | -0.756931 | -6.66594 | -12.9578
o -11.3971| -4.49274| 0.774058 | 5.51861 | 10.5972
-0.1 o 68.3431 | 32.9249 | -0.570715| -33.5055| -67.1918
o -54.4666 | -26.1439| 0.648814 | 27.0005 | 53.9612

0.1 o -66.7509 | -34.5547 | -0.464951| 34.0977 | 67.6729
o 53.5921 | 27.848 | 0.580657 | -27.0738| -53.947

0.5 o -12.9499 | -7.54418| -0.207585| 7.34739 | 13.3543
o 10.5055 | 6.26126 | 0.422298 | -5.65021 | -10.5388

0.9 [ -7.19962 | -4.55642| 0.161742 | 4.64426 | 6.95004
o 5.82696 | 3.90964 | 0.209273 | -3.4553 | -5.49057
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