J. Ana. Num. Theoi2, No. 2, 45-49 (2014)

£\

Journal of Analysis & Number Theory
An International Journal

http://dx.doi.org/10.12785/jant/020203

Some New ldentities on the (h,q)-Genocchi Numbers and

Polynomials with Weight a

S Aracit*, M. Acikgoz-* and I. N. Cangul®*

1 Department of Mathematics, Faculty of Arts and Scienceyélsity of Gaziantep, 27310 Gaziantep, Turkey
2 Department of Mathematics, Faculty of Arts and SciencedaiuUniversity, Bursa, Turkey

Received: 18 Jan. 2014, Revised: 22 Mar. 2014, Accepted: 32014

Published online: 1 Jul. 2014
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1 Introduction and Notations

Let C([0,1]) be the space of continuous functions on
[0,1]. ForC(][0,1]), the weighted)-Bernstein operator for

Let p be a fixed odd prime number. Throughout this paperf is defined by

we use the following notations. B§, we denote the ring
of p-adic rational integers denotes the field of rational
numbers@Q, denotes the field gp-adic rational numbers,
andC, denotes the completion of algebraic closur&gf
LetN be the set of natural numbers atl= NU{0}. The
normalizedp-adic absolute value is defined by

plp= 1
PT
In this paper, we will assume thag— 1|, <1 as an

indeterminate. LeJD(Zp) be the space of uniformly
differentiable functions oriZ,. For f € UD(Zp), the
fermionic p-adicg-integral onZp is defined by T. Kim:

() = fz, T () dhiq (&) = limnoe 585" o £ (&) (-1

1)
(for more information, see?B], [29] and [30)).
From (1), we easily see that
dlq(f1)+1-q(f) =124 f(0) (2)

wherefs (X) := f (x+ 1) (for details, see[2-40]).

I (1.0 = 5ot (£)BIS) (x| a) = 5io (&) () bde [1 - X5
wheren, k € N*. Hererg) (x] q) are called the weighted
g-Bernstein polynomials and defined by

Bl?) (x| q) = (E) Ma [1-X7¢,x€[0,1]  (3)

(for more information, se€g], [32], [38] and [39)).
As itis well known, the familiar Genocchi polynomials
are defined by means of the following generating function:

2t

— ef—+1eﬂ' (4)

m t" G(x)t

> Gn(x) ; =¢€ e

n=0 .
whereG" (x) := Gy (x), symbolically. Forx = 0 in (4), we
have toGy, (0) := G, which are called Genocchi numbers
and given by

e R (5)
B nZO nl T e+1
In [4], the g-Genocchi numbers are given by
B n _[[2ifn=1
Goq=0andq(qGq+1)"+ Gng = { 0 ifntl
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with the usual convention about replacif@)" by G g.
For any n € N*, the (,qg)-Genocchi numbers are
introduced by

n 2,ifn=1
ng& =0andq"? (qG&h) + 1) +Giy = { | gq if 01

n
with the usual convention about repIacié@éh)) by Gﬁ{g

(for details, see]).
Recently, Arackt al. have defined théh, g)-Genocchi
numbers with weightr as

~(ah
Ggg-l,)q (X)

n+1 (©)

_ /Z A" D% x4 €] dpq (&).
p
By (6), we have the following identity:

~, ~i n
GHE" (9 = TR0 (DA™ GHE" ¥ = 4 (4G + e
()
. H H ~(C{,h>
with the usual convention about replacnﬁgaq ) by

Gr('|q " is used (for details ).
In this paper,
(h,g)-Genocchi numbers and polynomials with weight
arising from the fermionigp-adic g-integral onZp and
weightedg-Bernstein polynomials.

2 On the (h,q)-Genocchi numbersand
polynomialswith weight a

In this section, we consider thé,)-Genocchi numbers
and polynomials with weightr by using fermionigp-adic
g-integral on Zp and the weighted g-Bernstein

polynomials. We now start with the following expression.

In [5], we have the If,g)-Genocchi numbers with
weighta as follows: fora € N* andn,h € N,

= 0 andq"G\%"

~ ~ 2, ifn=1,
Gl w+ar - { %

0 ifn#l

(8)
By (7) and @), we obtain the following corollary.

Coroallary 1.For a € N* and n,h € N, then we have

=(ah _ =(ah h 2|, ifn=1,
Gl = 0and - (oG4 +1) "+ Gl = {[gq ifn£1.
9)

By (6), we get symmetric property by the following
basic applications:

~(a.h)
Gpirg: (1%

h)¢
n+i [1- X+E]q—ad“q 1(€)

=/ q<
_ (_1)nqh+an—l/qu(h—l)E [X+£]3a dﬂfq (E)

Thus, we obtain the following theorem.

we derive some new properties

Theorem 1.The following identity

Gl (=X = (-1 "G () (10)
istrue.
By using (7), (8) and @), we compute
65" () = (6" + [21qn)” GE
= Z}( ) (o6 >+1)

n
_ h ~ N\ ol &(ah
— ng@ h<[2}q e )) o hI; (|)qalel(fi)

2a—2hé§€dh)

= ng?* "2, +q ifn>1

After the above applications, we procure the following
theorem.

Theorem 2.For n > 1, then we have
G (2) = ng "2+ GG

We need the following equality for sequel of this paper:
n
) = (=1)"g" [x— 1ga

1— qfa(lfx)
[1-— X]gfa = <1_7qa
(12)

Now also, by usingX2), we consider the following

thl ; q(hfl)f [1_ E]g—a dufq (E)
p
= 0 e - 1 dya(6)
~(C{vh>
= (_1)nqh+na—1L(_1)
n+1 '

By considering last identity and1(), we get the
following theorem.

Theorem 3.The following identity holdstrue:

~(ash)

(2
(h—1)(E+1)[q _ 21N _ n+l-,q1(
2o [1—-¢]gadp—q(&) 1 19
From (13), we have the following
~(ah)
qu [1—¢&lgaduq(§)=1[24+q Nl
Thus, we obtain the following theorem.
Theorem 4.The following identity
~(a.h)
h+1_n+lg?t
qu Vo1 ¢lgaduq(§) =[2q+a ]
(14)

istrue.
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3 Some new identities on the (h,q) -Genocchi
numberswith weight a

In this section, we introduce the new identities of thagyj-

Genocchi numbers with weiglat, that is, we derive some

interesting relations.
For x € [0,1], we recall the definition of weighteg
Bernstein polynomials as follows:

Bl x10) = () b 12~

x]g,t',‘, wheren, k€ Z, .

(15)
By expression15), we have the symmetry property of

weightedg-Bernstein polynomials, as follows:

B (x| 9) = B{) (1 X| ),(fordetails,see:{Z]).
(16)
Thus, (4), (15) and (L6), we see that
= [ B (x| @) dg (0
- (E) [ a2l [ (0
n k
(3
-~ k (K ke h 5(n‘1’31,q—1
();O—*{%wﬂan

Glah)

0 3 (1) 0 [ o gl du g

n

RNE

if k=0,

(a,h)
(0 =fo () (-1 [2}q+qh+l%“’—}lfk7éo

On the other hand, fon, k € Z; with n > k, we
compute

2= /. A"V ) duq (9
= () [ ™ bl -k dm-q 0
(e [

Equatingl; andl,, we have the following theorem.

XXyt dp_q (%)

Theorem 5.The following identity holds true:

é(a-hJ7
Ié(u.h)‘ [ ] +qh+1 n+iq1 )
sio(f) (! {[21 +qh+1%} ik £ 0.

ifk=0,

Letny,ny,k € Z with ng +ny > 2k. Then, we derive
the followings

o= [ oS, (K| DBE, (| ko (X
DR e
(BIEHGERIEEE===)

gl@h)
G

hel NptN +1q1
[2] +q+ 1 nz

(@ 2% (3 (-1

if k=0,

ng+np—1+1

glash
2, +qh+1w} if k0.

In other words, by using the binomial theorem, we can
derive the following equation.

o= [ d" VB, (x| BE, (x| gk q

AL )

)
B B (1) Gl(zzkﬂ,q
rl Zj | I 4+2k+1"

Combiningls andly, we state the following theorem.

V' [ o™ g (0
p

Theorem 6.For ny,np, k € Z.; with ny +ny > 2k, we have

~(ah
Mtz =2k <n1 +ny— Zk) (—1) G|<2'2k>+1,q

£ I I +2k+1
Gl .
h+1 “ni+no+1q-
[z}q +q n]i+$12+l
= é(a-h)

5% (29 (-1 [2}q+qh+lg;+;'+fﬁ;} k20,

ifk=0,

Forxe Zpandse Nwiths> 2 letny,ny,...,ns, ke Z,
with 37_,n > sk. Then we take the fermionip-adic g-
integral onZjp, for the weightedy-Bernstein polynomials
of degreen as follows:

/ q““*{]‘lB X\q}duq
N s« Ny+No+...4+Ns—sK _(h—
- rl(k)/ B

- I'[ (D .i (T) e A A TR

~(a h)

hi1l n1+n2+ Anstlgl
2y +d" = et

g ing o nstl if k=0,

gla.h)
S my ok (s skt ny gt insli1gl |
iDl (1) 220 (7) (2% g+ PR if k# 0.

On the other hand, from the definition of weighted
g-Bernstein polynomials and the binomial theorem, we
easily get

lg = quh 1)x{l-lB< x| ) }du .
_ u(‘;) Hé; *(zdzalnd—k ) -
- Jj('l) nﬁ”lg?i <Z§:1(Ind *k)> (—1) Fiii)ii

Equatingls andlg, we discover the following theorem.

[ g (9
Zp
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Theorem 7.For s€ N with s> 2, let ny,ny,...,ng,k € Z, with
Si_1 N > sk. Then, we have

Ng+...+Ns—sk 23:1 (ng —K) (_1)| Gl+sl<+1,q
|; | | +sk+1

~(a.h)
h+1 nytnpt..tnstlg !
[Z]Q +q n1+nz+...+(ns$1
~(a

n n Ans—l41.g-1 .
3o () (1% m+q—h} e

ifk=0,
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