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Abstract: In this study, we derive the general expression for theesiof theg " integer powers for one type of complex skew circulant
matrices scirm(0,a,0,...,-b).
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1 Introduction matricesS, wheren € N andS, having the form
Sy = scircy(0,a,0,...0,—b), Q)
0 a0:.-—-b
b 0a™ 0
|

Pentadiagonal and skew circulant matrices as well as -

o - . . 0O . .0 a
tridiagonal and circulant matrices have a wide number of 0 b 0
applications in various fields of science such as —a b
mechanics, image processing, mathematical chemistry, any complex numbersandb.
etc.. In [l], there is an example about how we use 4 the solution of this problem, we will use eigenvalue
pentadiagonal and tridiagonal matrices in fluid decomposition;
mechanics. The author says, "For example, in fluid ' S, = GD,G"
mechanics which is a commonly used subject, the number - et
of meshes necessary to obtain reasonably good results {ghere * denotes conjugate transposd, are n x n
at times expressible in millions. Powerful techniques werematrices which have entries
developed to solve such systems. In the most common of
these methods, inverses of tridiagonal and pentadiagonal 1 nei-nk-y; .

. e - [Gnlyj=—=€ " ', 1<k j<n,

matrices are encountered”. Circulant and skew circulant I yn
matrices also arise in applications involving the discrete
Fourier transform and the study of cyclic codes for errorand D, are n x n matrices that can be written iy, =
correction P]. Solving some difference, differential and diag(us o ... Un) where
delay differential equations, authors need to compute the

arbitrary positive integer powers of some special square n m2j-1)(k-1),

matrix. In [4-8], some authors have studied positive Hi=>ae m Lj=12..n

integer powers for some types of circulant and skew k=1

circulant matrices. In this formula, the constantg, (k=1, .., n) are

elements of skew circulant matric&s [1]. Also, in [3]
In this study, we derive the general expression8f  theh" degree Chebyshev polynomials of the second kind
(g€ Z*) power for one type of complex skew circulant and the first kind{Un(x) },>_; and{Th(X)}~( are given
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as follows, respectively:

U sin((h+1)arccox)
n() = sin(arccox)
Th(x) = cogh(arccox)).

; )
®3)

2 General expression for the entries o

In this part we give the general expression for entrieSiof

and we say that it is based on the eigenvalue decomposition

of S, for all n € N. Theorem 2.1 and Theorem 2.2 provide
the general expression gf' power(q € Z*) for one type
of even and odd orderx nthe skew circulant matrices in
(2), in terms of the Chebyshev polynomials. Finally, two

numerical examples are given in section 3 for odd and even

n.

Theorem 2.1.Let S, be ann x n complex skew circulant
matrix having the fornscirc,(0,a,0,...,0,—b),n> 4 (n=
2t,t e N). Fixge Nand 1< j,k <n, then

(LH(-1)%k)

Sk i (@+b)Am+i(a—b)B)*
x ( \k—j\()‘m)"‘S'gr‘(k_J)'Bu\kfj\—l()‘m))}7

where)\mzcos m2m-1) =4/1-231<m<3
sign(x) denotes the S|gnum function

sign(x) = {

Proof. By using theeigenvalue decomposition of,,She
entries of § are written by

5 and

1 ifx>0,
0 ifx=0,
—1if x<0,

n
[Slkj = [GaDAGH)j = D [GnlimHm [G”]jm
m=1
120 rr<2m D),
m=1
with
Hm = (a+b) cos™™L 4 (3 p)isin@Z-L  (5)

Also, it is seen that the eigenvalues of the skew circulant

matrix S, provide pm = —HUgim, M = 1,2,3,...,5
equations. Therefore, the diagonal matribgsare

).

Dn = dlag (IJLIJZa "'7“%7_u17_“27"'7

2 (2+m) )(k*i)i m(2m—

. K—i) -
Furthermore e — (—1)k-ie™ T for
alll<m<} Consequently[ﬂ] «; can be expressed as
132
m(2m-1)(k—j) :
(Sl = n Z Hme
m=1
n
12 m2(5+m)-1)(k-j) .
- q — |
+nmzlu%me n
n
12 m(2m-1)(k—j)
== Hie
nnZl
n
12 m(2m-1) (k)
23 () (D e
r]m=1
n
1 (—1)atk-i) 2 .
= ((7,1)) > ((a+ b) cos™2m-1) ¢
m=1
(a— b)isin M2 1))qe7n(2m73)(k7”i.
If Am = cos <2m_1), S0
n — —
Mim = cosPZH M- __goglm b )

substituting these formulas at the last equation, theesntri
of S are given as follows

[Skj (Liln)q%j)

q
<(a+ b)Am+i(a—b), /1—Ar%)
x (cos"<2m‘n1><"‘” +isin "<2m—n1><k—”) . (6)

Taking into A, account from the equationg)(and @),
following equations are obtained

X
iM -

Tik_jj(Am) = Ti_jj (cos™2m-1))
m(2m—1)|k— 2m—1)(k—j
— cos™2MLk-il _ gogm@m-Dikei)
m(2m—1)[k—j|
smi
Uk-j-1(Am) = ——mmp
Sin n
sin m(2m-1)(k—j)
= signk— ) ———"——
sin (2m—1)

If we sayBm = +/1— A2 for convenience and replace these
last values into), we devise

Sl = YD S (@t by i(a— b))

m=1
(T (Am)+sign(k — )iBmUj_j—1(Am))] -
This is desired.]

Theorem 2.2.Let S, = scircy(0,a,0, ...,0,—b) be ann x
n (n=2t+1,t € N) the complex skew circulant matrix,
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As —cos(Zs UT and 1<s< % Then, forallge N, and  where
1< J k< n n-1
12z m2m-1)(k-j)
n-1 Ly = = Je A i
k— 2 1 IJ 9
(S8 = S @b Z (a+b)A +iB(a— b)) PR
n—1
2 m1) (k—
X Ti—j| (A )+|BS|gn(k—J)U‘k,H,1()\) Ly — % z H%e_mz 1) (k)
+((a+b)A —iB(a—b))4 m=1
X ('I"k_”()\)—iBsign(k— j)U\k—H—l()‘))} Since As cosZ-Um that is
whereA = Ap 1 mandB = v/1— A2, sign(x) denotesthe Ant1-m = cosEML M-I _ pog@m U _ ) by

signum function

1 ifx>0,
0 ifx=

sign(X)={ 1jf —8,
—1I1T X<O.

Proof. It is performed similarly to proof of Theorem 2.1

by using the eigenvalue decompositiorSf

n n(2m ik,
Z (7)
m:
with Hm = (a + b) cos™®em—2) (Zm 1) + (a _ b)iSinn(2?71>,

m=212,..,
eigenvalues of the skew circulant matrices ). (They
can be noted that

Hm=HMnt1—m, M= 1,2,...,n%1
and Mo = —(a+b) for all odd numbers. Thus, the
diagonal matrice®, can be defined by
Dn = diag(ps; -, Moot Host s oo ).
Furthermoreeﬂ2<n+1 L efn(2m - forallm=

1,2,..., 051 Consequently[sﬂ]k can be expressed as

m2m-1)(k—j) :

Zum”+

n<2<h21>—1><k—1>i
ﬁ“mle "
n1

n .
m2m-1)(k—j) :

1 —— i
+ﬁ E [que n

= O™ | Li+L2 (8)

n. But, we have used a different symmetry for

m - n
substituting these formulas at the last two equations

O
L==Y (@+bA+i@-bp)
n m=1
X (cosi"(zm’?(k*j> +i sinin(zmﬁ)(kfj)) ;
n-1
12 . .
Lo =+ ng (a+b)A—i(a—b)B)

/N

cos2m-1)(k—j) m(2m— 1 (k=) isin"(zm_r})(k_”)

where A is used instead ofA\m, and 3 = v1— A2 for
simplicity. Taking intoA,, account from the equationg)(
and @), they are as follows

Thj) (Am) = cos™Zm-LJ0L),

sinM2m=1(-)

m) = Signk— ) ———z1—5—
n

U jj-1(A <in

Taking these expressions into account, they

>
[N

Ly — %;z;((m b)A-+i(a— b)B)°

X (Tieej) (M) +iBsignk— )Up_ji-1(A)) ,
Ly = %:gll((ew b)A —i(a—b)B)d

X (Tjeej)(A)—=iBsignk— Uy j-1(A)) ,

where = Ans1_m=cosZ=UT andp = vI— A2 If they
are written in equatiorsy), the result which we are looking
for are obtainedl

3 Numerical example

Let S, be annx ncomplex skew circulant matrix and Se)

is also skew circulant witly € N (see P]). As an example,

we can find ang" positive integer power &, with ne N.
In Theorem 2.1, if we taka = 4 then we attain
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S = (scircs(0,8,0, —b))*
= scircy(ya, 2, V3, V4) s

i Y2 Vs Va
_| Va1 V2 ¥

—Yas—Va 1 V2

i 72 < el 7 41

with
h= W
ygziq[%( — VA (— )q+1§(1+i)vq],
T [—i.VI+ (—=1)9.v],
1 .

m-—[Tﬁmu + (-2,

wherev = ‘f ((a+b)+i(a—h)).

In Theorem 2.2, if we taka = 3 then we obtain
S3 = (scircs(0,a, —b))?

= scircz(a. 2, ¥3),

nove v
=l nr
—¥s-en
with
yi=3[(—1)%@+b)+wi+w],
k=3 (-1 @t+b)+ ;(mmm_@(m_m},
=3 |(~1)%(a+b) — § (WA +w) — 2 (Wi -]

_ (&
wherew = 5 + >
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