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Abstract: A new specification for weighted averages of two independent and coniirandom variable§, andX, with beta random
weights is provided. Furthermore, it can be concluded that the randegifyhted averages with beta random proportions which is
defined by Homei [H. Homei, Randomly weighted averages with betaraquoportions82, 15151520 (2012)] is a special case of the
achievements of Soltani and Roozegar[A.R. Soltani, R. Roozegatjgdibution of randomly ordered uniform incremental weighted
averages: Divided difference appro&2) 10121020 (2012)]. A family including several specific examplesadviged.

Keywords. Randomly weighted average, Stieltjes transform, generalized Stieltjefomangeta distribution

1 Introduction

The research of finding the distribution of random mixturaagsvadays a hot challenge which has been object of several
investigations. Applications of mixture distributionssaciology and biology are described ij hnd [2]; Tukey [3] used
mixtures in creating models of "contaminated” distributp and, generally, mixtures provide models that lead tarcle
interpretation in the teaching of notions such as total abilliy, Bayes’s theorem and posterior distributions. &anly
weighted averages have been naturally appeared in mamyetiffareas; for example in sampling, density estimators,
Bayesian and distribution characterization, among otHarghe theory of general regression and neural networks the
multivariate kernel density estimations and multivarieéenel regressions are randomly weighted averaggsMore
applications can be found iB][and [6] and in some references of them.

A random variableX is said to have a beta distribution ¢ra, a) with parameterg > 0 andq > 0, beta(p, q), if its
probability density function is given by

f(x) = W(x+a) P~la—x)a-1, @

whereB(p,q) = [3 xP (1 —x)% tdx = rr((pgig)‘) is beta function and™ (m) = [s™ e Sds is gamma function. If we
0

considery = % anda =1, thenY is said to have an ordinary beta distribution(@1). A random variable is said to
have a power semicircle distribution with shape param@tend range parameter, PS8, 0), if its density function is
given by

f() =Ca,o(0?~x)"2, x€(~0.0), @

3
%W. Indeed, &@S(0, o) distribution is a special case of beta distribution wipeaq = 06 + % and
_ -1

a= 0. We recall that fol = —1, (2) is Arcsine density o0—0, g), for 8 = =, it is the uniform density ori—0o, o) and
for 8 = 0, is the semicircle or Wigner density function.

Suppose thaX; and X, are continuous random variables of independent distohatiwith distribution functions
F1 andF,, respectively. Recently, Homer] proposed a randomly weighted averages (RWA) of two inddpehand

whereCq ¢ =
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continuous random variablég andX; with random proportions which have beta distributions. &precisely, given two
independent random variabl¥g and Xy, this author considers

Z =WXg + (1- W)X, 3)

where the random proportidlY is beta (a1, a2) distributed and is independent ¥f andX,. By using two lemmas that
will be stated in Section 2 and the following formula takeonfrthe Schwartz distribution theory, he found that

da1+a2—1 dal—l daz—l
B(al,az)WY[Fj}(z) = —Wy[Fﬂ(Z)Wy[FZ](Z), 4)

for which z € CN(SuppF1)°N (SuppF,)¢, whereF; is distribution function ofZ. This result was the main theorem of
Homei’s [7] work.
Also .#[H](z) denotes the Stieltjes transform (ST) of a distributiband it is defined as

1

FHI@ = [ S=5H(@), & TN (supH)”,

whereC is the set of complex numbers and shipptands for the support dfi. Similarly, the generalized ST of a
distributionH (x) is defined as

FSH:n(2) = /R (Z_lx)nH(dx), ze CA(supH)S, n> 0.

The mentioned formula taken from the Schwartz distributiwory is given by

00

[ #0ami@g = S35 [ g0,

—o00

whereA is a distribution function and [ is then-th distributional derivative of\.
Soltani and Roozega6] consider a general form of RWA of independent and contisutandom variableXy, - - - , Xm,
namely

m
S"I; kl-m-,km—l = 2 VJ XJ? (5)
=1
where the random weight4 are defined by
VJ :U(kj) _U(kj71)7 j =12,....m m<n,

Ua),---,U(n-1) are order statistics of a random samigle. . .,U, from a uniform distribution o0, 1], U = 0,U;) =1
andkg =0< k; < ... < ky-1 < km=npointsin{1,...,n}. In particular, they use certain techniques in dividededéhces
and show that

m m
7 Py (D) = I'LY [Fj;ril(2), zeC()(suppFi)°, 6)
= i=1
whererj =kj —kj-1, j =1,2,---,m, 31 rj = nand eaclX; have distribution functiof; for j =1,2,...,m.
In this paper, we present a simple specification for intraumche randomly weighted averages with beta random
weights to find its distribution. The present paper is orgedias follows: After this introduction, in Section 2 we

investigate the main result. In Section 3 by applying themidieorem in Section 2, we characterize a new family of
RWA distributions for beta distribution and more specifigalve present several examples of this family.

2 Main Result

As already mentioned in the introduction, in this sectionpwesent a simple specification for RWA with beta random
weights. First we state the following two lemmas BY. [
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Lemma 2.1. AssumeZ is a randomly weighted average given in (3). Then the camuti distribution ofZ, for given
distinct values<; = x; andX,; = xp atz, —o < z < +oo, will be equal to

1 1 0z i-1 ( 027|L7 1) (_1)k(z_ )(Z—i)a”ﬁkU (z—x%2-i)
m iZO k=0 (i1 +K)[C(Xo_i; Xq, Xp)| G2tk ’

for whichze [min{xq, X2}, max{xy, X2}, whereC(Xa—i; X1, %2) = [T2_ *(%—Xo—i) [12_p_i1(X—X2—i) @andU (x) = 0,x <
0,= 1,x > 0 is the Heaviside function.
Lemma 2.2. For given distinct reaky, x,zand integers; > 1, j = 1,2, we have the following formula:

2 (—pn | dvt o1 1 A1
i; (=D [dt (z—%) rlj27éi 5 —x)N | iIJ (x—z)n

The following theorem indicates how the Stieltjes transfenfZ andX;, X, are related.

Theorem 2.1. Let Z be the randomly weighted averages given in (3). Assume ran@oiablesK; andX; are independent
and continuous with distribution functiofig andF,, respectively. Then

N

dal+a2—1 dal—l da2—1 c
dzaito—1 Fzl(2) = —Wf[ﬁ](z)my[ﬁ](z) ZG(Ci 1(suppFi) . (7)

B(01,02)

Proof. Letm= 2 in (5), then we have
Sk = Vi X1+ V2 Xo, (8)
where the random weight4 andV, are defined by
V1 =Ugq) = Vo) = Uiy aNnd Va2 =Ujg) —Ugiy) =1-V1.

Therefore (8) is equivalent to (3) withhy = k; andaz = ko — k.
In accordance with (6), we leh= 2, a1 = k; anda, = ky — kg. Therefore,

2
a1+ a)(2) = #[Fi a1](2)7 [Foi a2l () 2€ C () (SUPPF;)°, ©)
i=1
which is (7), because 1 oane1
g =

n-nr a7 M@
This completes the proaf]

3 A characterization for beta distribution

The Stieltjes transform can be applied in many circumstatwénd the distribution of RWA. Here we apply this method.
The following theorem characterizes the distribution efd@mly weighted averages on beta distribution.

Theorem 3.1. Let independent random variablésandX, havebeta(m, n;) andbeta(mp, np) distributions, respectively.
The RWAZ given by (3) hadeta(m + mp,n; + ny) distribution when the random weighif hasbeta(my + ng, mp 4 ny)
distribution.

Proof. Since this result is achieved for both suppdrtd, 1) and(0, 1), without loss of generality we assume the support
of beta distributions are—1,1). Considera; = my + ny, 02 = My + Ny, M= My + My andn = ny + np. The generalized
ST of beta distribution is

alg [FAEO 11
FRal@ = [ e = G e o

whereX; ~ F, i = 1,2. Thus, from(9) we have

1 1

S Fzon+0e)@) = o o
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implying thatZ has abeta(m,n) distribution, which completes the pro@fl

The following two examples by7] and [8] are immediate results of Theorem 3.1. In addition to shegldiew light on
some characterizations in Section 3 @f,[Roozegar and SoltanB] characterize large family of RWA distributions.
Some other examples are provided Thand [6].

Example 3.1. For independent random variabl®s and X, with standard uniform(0,1) distributions, and/V with
beta(2,2) distribution, the RWAZ hasbeta(2, 2) distribution.

Proof Putmy =n; = 1fori =1,2in Theorem 3.1.

Example 3.2. Let X; andX; are independent random variables with common Arcsineiloligton on (0, 1). Also assume
the random weigh®vV has uniform(0, 1) distribution. The RWAZ has a power semicircle distribution with parameters
6 = 3 ando = 1 that isU (0, 1) distribution.

Proof Putm, =n; = %l fori=1,2in Theorem 3.1.

Acknowledgement

The author acknowledges with thanks to Professor Ahmad Beltani, Kuwait University, for valuable comments. The
author is grateful to the anonymous referee and the Editaa frareful checking of the details that improved this paper.
The author is also thankful to the Yazd University for supimor this research.

References

[1] B.S Everitt, and D.J Hand, Finite Mixture Distributions, London: Chaprand Hall, (1981).

[2] D.M Titterington, A.F.M Smith, and U.E Makov, Statisical Analysis of E&Mixture Distributions, New York: John Wiley, (1985).

[3] J.W Tukey, A Survey of Sampling From Contaminated Populations,dntibutions to Probability and Statistics, ed. I. Olkin,
Stanford, CA: Stanford University Press, 445-485 (1960).

[4] E.A Nadaraya, On estimating regression. Theory Probab. Apd41142 (1964).

[5] N.L Johnson, S. Kotz, Randomly weighted averages: Some &sped extensions. Amer. Statigi4, 245249 (1990).

[6] A.R Soltani, R. Roozegar, On distribution of randomly ordered unifoancremental weighted averages: Divided difference
approach. Statist. Probab. Le&2, 10121020 (2012).

[7] H. Homei, Randomly weighted averages with beta random proportftasist. Probab. Lett82, 15151520 (2012).

[8] W. Van Assche, A random variable uniformly distributed between tvdependent random variables. Sankhya Sed9A207-211
(1987).

[9] R. Roozegar, A.R Soltani, Classes of power semicircle laws thatasm@omly weighted average distributions. J. Stat. Comput.
Simul., to appear (2013).

Rasool Roozegar received the PhD degree in Statistics at Shiraz Universligyis now
Assistant Professor of Statistics at Yazd University. Hisearch interests are in the areas
of stochastic processes, applied Probability, inferé&tatistics and distribution theory. He
™ has published research articles in some journals of prbtyadand statistics. He is referee of
- statistical journals.

© 2014 NSP
Natural Sciences Publishing Cor.



	Introduction
	Main Result
	A characterization for beta distribution

