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Abstract: In this paper, we prove a common tripled fixed point theorem for mapping having mixed monotone property and satisfying

a contractive condition in partially ordered metric spaces.
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1 Introduction and Preliminaries

The Banach contraction principle is the most celebrated
fixed point theorem. Many authors extended the Banach
contraction principle to the case of nonlinear contraction
mappings. Very first in 2004, Ran and Recuring [1]
proved some fixed point Theorems for contraction type
mappings in partially ordered metric spaces. Partial
ordered metric spaces play an important role in
constructing models in the field of computational and
domain theory. Recently, Luong and Thuan [2] presented
some coupled fixed point theorems for a mixed monotone
mapping in a partially ordered metric space, which are
generalizations of the results of Bhaskar and
Lakshmikantham [3]. Berinde and Borcut [4] introduced
the concept of tripled fixed points and proved a fixed
point result in partial metric spaces. Some other results in
partially ordered metric spaces are mentioned in [5]-[10].
Here, our aim is to prove a common tripled fixed point
theorem in partially ordered metric spaces.

Definition 1 Let (X, <) be a partially ordered set. The
mapping F : X3 + X is said to have the mixed monotone
property if for any x,y,z € X and

X1,T2 eXa‘rl S.’Eg - F(xlvywz) é F(x27ya )7
Y1,92 € Xyt <y = F(x,y1,2) > F(w,92, 2),
215 22 €X7zl S Zg = F(iﬂ,y,Zj) S F( ayvz2)‘

Definition 2 An element (x,y,2) € X?° is called a
tripled fixed point of F, if F(x,y,2) = ¢, F(y,z,2) =y
and F(z,y,z) = z.

2 Main Result

Theorem 1 Let (X, <) be a partially ordered set and
(X,d) is a complete metric  space. Let
F: X xX x X — X be amapping having the mixed
monotone property on X such that 3 x9,yp,20 € X
with xo < F(xo,40,20), Yo = F(yo.20,%0) and
20 < F(20, Y0, 20)-

Suppose there exist non-negative real numbers
ay, a9, asz and ay with ay + as + az < 1 such that

d(F(z,y,2), F (u,v,w))

< ard(z,u)
+ agd (y,v) + asd (z,w)
d(F (2,y,2),u),d(F (u,0,w), ),
o 4P (63,20 o)),
d(F (z,y,2),w),d(F (u,0,w),2)
ey

forall x,y,z,u,v,w € X withx > u,y <vand z > w.
Also suppose:

(i) F' is continuous; or
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(ii) X has the following properties:

(a) If a non- decreasing sequence {x,} — ,
then x,, < x for all n;

(b) If a non-increasing sequence {y,} — y,
then y,, > y for all n;

(c) If a non-decreasing sequence {z,} — z,
then z, < z for all n.
Then there exist x,y,z € X such that

F(z,y,2) =x,F(y,z,y) =y, F(z,y,2) =
Proof. Let xq,yo, 20 € X such that

zo < F(x0,%0,20), Y0 > F(y0,%0,%0)
and zp < F(20, Yo, 7o) 2)

We can choose z, y1, 21 € X such that

x1 = F(0,%0,20), Y1 = F (Y0, %0, Yo)

and zZ1 = F(Zo,yo,l‘o). (3)

In this way, we can construct sequences {z}, {y,} and
{zn} in X such that

Tn+l = F(xn7ynazn)ayn+1 = F(ynaxruyn)
and z,11 = F(2n, Yn, Tn). (@)

By induction, we shall show that

T S Tn+1sYn+1 S Yn and Zn S Zn+1- (5)
For n = 0, using (1) and (2), we get zo < 21,y > y1 and
2o < z1. Thus (5) holds for n = 0.

Again consider, (5) holds for some fixed n > 0. Then
since T, < Tp+1,Yn+1 < Yn and z, < 2,41 and by
mixed monotone property of F', we have,

Hence (5) is true for any n € N. Therefore,

o K T1 L T2eeo. < Ty £ Tpt1,
Yo Z Y1 2 Y2+ 2 Yn 2 Yntl,
20 € 21 € 22 < 2n < Zpt1- (6)

Since T, 2 Tn_1,Yn < Yn—1 and z, = zp_1,
therefore from (1), we get,

d<xn+1»$n)
= d(F (Tns Yns Zn) 7F(xn*1;yn71;2n71))
< ald(xnaxnfl) + a2d(ymyn71) + a3d(zna anl)
Ty Yny Zn)  Tn—1) 5
LTn—1,Yn—1;2n—-1
T Yny Zn) s Yn—1

d(F(

d(F( ),z
d(F( )
d(F (Tn-1,Yn—1,2n—1) +Yn) »
d(F( )
d(F( )

+ a4 min
xnaynazn)v —1)>
Tn—1Yn—1,2n—-1 ;Zn)
or
d(xn+17xn) < ald(xnuxnfl) + CL2d (ynvynfl)

+ asd (zn, 2n-1) - N

Tpto = F (Tnt1, Ynt1,s Znt1)
> F (Tnt1,Yns Zns1) . .
> F (Tns1s U, 2n) Slr;ularly, smce< .
Yn1 = Yn>Tn—1 < Ty and z, > 2,1,
> F (T, Yn, 2n) again using (1), we obtain
= Tn+1,
Yn+2 = F(yn+1amn+layn+1) d(yn’ynJrl)
< F (Yn+1, Ty Ynt1) =d(F (Yn—1,"n-1,2n-1) » F (Yn, Tn, 2n))
< F (Yns Try Ynt1) < a1rd (Yn—1,Yn) + a2d (xy—1,7n) + azd (zn—1, 2n)
<F(ynv$nayn) ( (yn 1, Tn—1,2n— 1) yn),
= Yn+1 d(F (Yn> Tns 2n) »Yn—1)
and + a4 min A(F (Yn-1,Tn-1,2n-1), Tn)
d(F (YnyTn, 2n) , Tn-1)
Znt2 = F (Zn11, Ynt 1, Tny1) d(F(yn 1, Tn—1,2n— 1),zn)
> F (241, Ynt1, Tn) d(F(ymxn,zn) Zn— 1)
> F (2n41,Yn, Tn) or
2 F (20, Yn, Tn) d (Yns Ynt1) < a1d (Yn—1,Yn) + a2d (Tn_1,7n)
= Zni1- + asd (zn—1,2n) - )
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Again, as z, = Zp—1,Yn < Yn—1 and x, > x,_1, using

(1), we have

d(szrlazn)
:d(F(Znayn;xn)aF(Zn—lvyn—hfL'n—l))
< a1d (zn, 2n-1) + a2d (Yn, Yn—1) + asd (Tpn, Tp_1)

d(F(Zn,yn,xn) Zn— 1)
d(F (2n—1,Yn—1,Tn-1) , 2n) »
+ ay min d(F (2nsYns Tn) s Yn—1) s
d(F(Zn 1,Yn—1,Tn— l)ayn)
d(F (2nsYns Tn) s Tn-1)
d(F (Zn—1,Yn—-1,Tn—1) , Tn)

or
d (Zn+17 Zn) <aid (Zru Zn—l) + aqd (ynv yn—l)

+ 0'3d (xnaxn—l) . (9)
By adding (7), (8) and (9), we deduce,

d (xn-i-lv xn) +d (yn+17 yn) +d (Zn+17 Zn)
< (a1 +az +a3)
[d (l’n, xnfl) + d (yn7 ynfl) + d (Zn7 anl)] .
(10)
On setting,
d,=d (xn-i-lv xn) +d (yn-‘rla yn) +d (Zn-l-la Zn)
and
d=a1+as+az <]l

From (10), we have,

dp, < 0dp_q < 6%dyy_s--- < 6"dy. (11)

Now, for each m > n, we have,

d(Tm, 2n) < d(Tm, Tm-1)
+d(Tm—1,Tm—2) + -

d (YmsYn) < d(Ym> Ym—1)
+d(Ym—1,Ym—2) + -

+ d (xn+1a xn)

+ d (yn—‘rla yn)
and
d (Zma Zn) <d (Zm7 Zm—l)

+ d(zm—h Zm—Q) +--+d (Zn+1a Zn)

Therefore, by using (11), we obtain,

<dm71+dm72+"'+dn
(™M 024 46" do
§m

. (12)

Implies

lim  [d(m,xn) + d (Ym, Yn) + d (2m, 2,)] = 0.

n,m— oo

Therefore, {x,}, {y,} and {z,} are Cauchy sequences in
X. Since X is a complete metric space. Therefore there
exists x,y, z € X such that

lim z, =z, hm yn =y and
n— oo

lim z, =2z (13)

n— o0

Suppose (i) hold, then F' is continuous mapping, we have,
r= lim z,

n—oo

= lim F(Zn-1,Yn—1,2n—-1)
n—oo

:F(hm Tpn_1, hm Yn—1, hm Zp— 1,)

n— oo
:F(x,y, )7
y= lim y,
n—oo
= lim F (yn—1,%Tn—1,Yn—1)

n—oo

=F ( lim y,—1, lim z,_1, lim yn_l)
o0 n—oo n—oo

n—
=F(y,z,y)
and

z= lim z,
n—oo

= lim F(Zn—lyyn—lazn—l)
n—oo

:F(hm Zn—1, hm Yn— L hm Ty 1)

n—oo

=F(zy,2).

Hence, F' has a tripled fixed point in X.

Now, suppose (ii) holds.

Using (6) and (13), {x,} is non-decreasing sequence
and {z,} — =z, {y,} is non-increasing sequence and
{yn} — y and {z,} is a non-decreasing sequence and
{zn} — zasn — oco.

Hence, by assumption (ii) we have for all n > 0,

Tp ST, Yyn 2y and  z, < 2. (14)

Now, we have

d(F(xn,yn,zn),F(m,y,z))
< a1d (wp, v) + a2d (Yn,y) + azd (2n, 2)
d(F (T, Yn, 2n),T),
T,Y,2),Tn),
Ty Yns Zn) » Y)

(

( 15)
(gjvy? Z) 7y71) ’

(

(

+ a4 min

Tn, Yn, Zn) ,Z) )

T,Y,2) 5 Zn)

Take n — oo in (15), we get

which implies F'(z,y, z) = x.
Using the same process, we get F(y,z,y) = y and
F(z,y,z) = 2.
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