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1 Introduction non-decreasing angl(t) — o ast — oo,

A sequence# = (M) of Orlicz functions is called a
An Orlicz functionM : [0,00) — [0,0) is a continuous, Musielak-Orlicz function see ([18],[20]). A sequence
non-decreasing and convex function such #&0) = 0, .4 = (Ny) of Orlicz functions defined by
M(x) > 0 for x > 0 and M(Xx) — o as x —» oo,
Lindenstrauss and Tzafriri [17] used the idea of Orlicz Ni (V) = sup{|vlu—M(u) :u> 0}, k=1,2,...
function to define the following sequence space.\Wéte

is called the complementary function of the
the space of all real or complex sequences(x), then

Musielak-Orlicz ~ function .#. For a given
Musielak-Orlicz function .#, the Musielak-Orlicz

Im = {xew: z M(M) < oo} sequence spade, and its subspach , are defined as
K NP follows
which is called a Orlicz sequence space. Algpis a t, = {xe W: 1y (cX) < w, for somec > 0},

Banach space with the norm

h, = {xe w:l 4(cx) < oo, forall c> 0},

. (X
I1X] _mf{p >o.k;|v|(7") gl}.

Also, it was shown in [17] that every Orlicz sequence
spacely contains a subspace isomorphicligp > 1). Lo (%) = 1Mk(xk),x= (%) €tz

The A,— condition is equivalent td/(Lx) < LM(x), for

all L with 0 < L < 1. An Orlicz functionM can always be We considet , equipped with the Luxemburg norm
represented in the following integral form

wherel , is a convex modular defined by

8

=
[l

I :inf{k>o:|,/,()_|i) <1}

or equipped with the Orlicz norm

MO = [t

where n is known as the kernel ofM, is right o 1
differentiable for t > 0,n(0) = 0,n(t) > 0, n is [IX] :mf{E(l‘f"///(kx)) :k>0}-
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Let X be a linear metric space. A functign: X — R is
called paranorm, if

1.p(x) >0, forallx € X,

2.p(—x) = p(x), forall x € X,

3.p(x+y) < p(x) + p(y), forall x,y € X,

4.if (An) is a sequence of scalars witlh — A asn —
o and(xn) is a sequence of vectors wig{xn — X) —
0 asn — oo, thenp(ApXn — AX) — 0 asn — oo,

A paranormp for which p(x) = 0 impliesx = 0 is
called total paranorm and the pdk, p) is called a total

paranormed space. It is well known that the metric of any

|| 1/K o
that(sLJp(Mk( p ))) < oo for some arbitrarily fixed
p > 0is denoted by\ , and is known as Musielak-Orlicz
space of analytic sequences.
A sequence spack is said to be solid or normal if
(akxx) € E whenever(xc) € E and for all sequences of
scalars (ax) with |ax|] < 1 (see [20]). The following
inequality will be used throughout the paper. Ipet (pk)
be a sequence of positive real numbers with
0 < px < suppk = G, K = max(1,2671) then

|ak + by P < K{|ak| P« + |bx|P<} forall k and ay, by € C.
(1.1)

linear metric space is given by some total paranorm (see\lso |a|Px < max(1,|a|®) for all a € C.

[28], Theorem 10.4.2, P-183). For more details aboutLet.# = (M) be a Musielak-Orlicz functiorX be locally
sequence spaces see( [1], [3], [5], [15], [16], [21], [22], convex Hausdorff topological linear space whose topology
[23], [24], [25], [26], [27]). is determined by a set of continuous seminonmg he

A complex sequence, who$& term isx, is denoted by symbolA(X), I"(X) denotes the space of all analytic and
(%). Let ¢ be the set of all finite sequences. A sequenceentire sequences recpectively defined ovein this paper

X = (Xk) is said to be ana|ytic if SU||X|(|% < o0, The vector we define the f0||OWing classes of sequences:
k

space of all analytic sequences will be denoted\byA
. . - 1
sequence is called entire sequencek|f limg|k = 0. The
—»00

vector space of all entire sequences will be denotefi by

Let o be a one-one mapping of the set of positive integers

into itself such that™(n) = o(6™ %(n)),m=1,2,3,---.
A continuous linear functionap on A is said to be an
invariant mean or @—mean if and only if

1.p(x) > 0 when the sequence= (x,) hasx, > 0 for all
n,

2.9(e) = 1 wheree= (1,1,1,---) and

3.0({Xs(n) }) = @({xn}) forall x e A.

For certain kinds of mappings, every invariant
meang extends the limit functional on the spageof all
convergent sequences in the sense ¢itat = lim x for all
X € ¥. Consequentlys C Vy, whereVy is the set of
analytic sequences all of thoge—means are equal. If

X= (Xn), SetTx= (Tx)r‘lm = (Xg(n))- It can be shown that

1
i

Vo = {x: (%) : iMoo tmn(%) & = L uniformly in n, L = & — liMp_seo(%n) }

where )
n

Xn+TX+---+TMXn)

m+1 '
Given a sequence= {x} its n'" section is the sequence
XM = {xq,X2,- - %,0,0,---}, (W = (0,0,---,1,0,0,---),
in thent" place and zeros elsewhere.
The space consisting of all those sequenc@sw such

k
that M % — 0 as k — o for some arbitrary fixed
p > 0 is denoted by , and is known as Musielak-Orlicz
space of entire sequences. The spgagas a metric space
X — M ")
p

tmn(X) =

with the metricd(x,y) = supMk( for all
k

X= {x} andy = {yk} in I 4.
The space consisting of all those sequenc@sw such

Ay (p,0,q,5 = {x eN(X) :sukpk‘S[Ml< (q(@))] P < oo uniformly in
n>0, s> 0 and for someo > 0},

rx(p,0.q9,9 = {xe rx: kikﬂqu(W))] e —0 ask— o

uniformly in n> 0, s> 0 and for somep > O}.

If we takep = (px) = 1, we get

1
Xk () | ¥

Ay (0,q,9) = {x eNX): sr‘gkpk*S[Mk(q< o

))} < oo uniformly in
n>0, s>0 and for somep > 0},

atoa9 - fxero: $ (el 0wk

uniformly in n> 0, s> 0 and for somep > 0}.

The main purpose of this paper is to study some entire
and analytic sequence spaces on seminormed spaces
defined by a Musielak-Orlicz function” = (My). We
study some topological properties and inclusion relations
between the spaces ,(p,0,q,s) andl ,(p,0,q,s) in

the second section of this paper. In the third section we
make an effort to study some properties of these sequence
spaces oven-normed spaces.

2 Some topological properties of spaces
A (p,0,0,8) and I 4(p,0,q,s)

Theorem 2.1let .# = (M) be a Musielak-Orlicz
function and p= (px) be a sequence of strictly positive
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real numbers. Then the spaceS,(p,0,q,s) and
A4 (p,0,q,s) are linear spaces over the field of complex
numbersC.

Proof. Letx = (%), Y= (Y«) € lL#(p,0,q,s). Then there
exist positive numberg; andp, such that

n

X LACH

k=1

B%§$ﬂ”%o%k%m

and

AL

Let ps = max(2|a|p1,2|B|p2). Since.# = (M) is non
decreasing, convex and is a seminorm so by using
inequality(1.1), we have
Pk
)]

1

n ax + k
5 i[q Pt Pt
K=1 P3

1
|ycrk(n)|R

0 ))}pk—m ask — oo,

< kzlkfs[Mk (q<|ax;:(n)| n |By;:(n)| ) %)} Pk
< kilz_::;kks[Mk(qUXak(nﬂ% )) N MK(Q(WCT;%“%))} Pk
< 3 icsfn(a( 2l o 2enly
1§ (ol enlty )
1
+ Kkilk—s[mk(q(waz;w)“mpk

Thusax+Bye Tl 4(p,0,q,9). Hencel ,(p,0,q,s) is a
linear space. Similarly, we can show tal, (p, 0,q,s) is
a linear space.

Theorem 2.2Suppose.# = (M) is Musielak-Orlicz
function and p= (px) be a sequence of strictly positive
real numbers. Then the spac€ ,(p,0,q,s) is a
paranormed space with the paranorm defined by
Py
inf{p%

a(x)

1
X k()| &
supk= (o Ko 17
k>1 P

1, uniformly in n > 0, p > 0}, where

M = max(1, suppx).
k

Proof. Clearly g(x) > 0,g9(x) = g(—x) and g(6) = O,
where 6 is the zero sequence ofX. Let
(%), (Y«) € #(p,0,q,9). Let p1, p2 >0 be such that

and

<1

1
|yak(n)|R %IK
supk—3|M —_—
supk*|Mi(a( =) )
Let p = p1 + p2 and by using Minkowski's inequality, we
have
Pk

K\ B

1
s (o ) ¥ < (o))
1
+ s (o ) ¥
<1
Hence
g(x+y)

1
) pm - Xk Yok ¥ 0

< inf + M supk $|M 2 oW

< {(Pl p2) k>19k [ k(Q( o 2

ok ¥ ))} o <1, pp>0 me N}

< inf{(pl)%mr :

P |ygk(n)|k))}%|&§1_’ p2>o,meN}.

+ inf{(pg) pS

o

k=1

Thus we haveg(x+Y) < g(x) +9(y). Henceg satisfies the
triangle inequality. Now

1
g(Ax) = inf P :suW’S{Mk(q(%))]%ﬁr <1, p>0me N}

k>1

{0
1
= inf{(r|)\\)?vn9 :%P(S[Mk(q(%))}%r <1, r>0me N},

p

wherer = A Hencel” ,(p, 0,q,s) is a paranormed space.

Theorem 2.3Let .# = (M)
function. Then

be a Musielak-Orlicz

Fu(p,0,0,5NA4(p,0,0,5) ST z(p,0.0,9).
Proof. The proof s trivial so we omit.
Theorem 2.4I" 4(p,0,q,5) CA_4(p,0,q,9).
Proof. The proofis trivial so we omit.

Theorem 2.5Let 0 < py < r¢ and Iet{ﬁ} be bounded.
Thenl4(r,0,0,8) C I #(p,0,0;S).

Proof. Letx e I 4(r,0,0,5). Then

1
|Xak(n) |k

o ))}rk—m asn— o, (2.1)

et — 5 1<l 20 anr - sice

Pk < ry, we have 0< A < 1. Take 0< A < Ag. Define

-s |Xak(n)|% %F U — ty, ifty>1
s Wk(q(Tm =t “No. if t < 1
(@© 2014 NSP
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and
ifty>1

0,
Vg =
tk, ifty <1

ti = Uk + Vi, té = u’\ +\/\k It follows thatuﬁk <ug <ty,
Vi < V2. Sincet = uk“+\/\k thent <t +v). Now

Brclhnlal T < Bty
= Bt

& =1 P

n X5k n)l% P
= 2 m(a(=50))) " <

k=1
But

kilks {Mk(q(%))} A — 0 asn— o (by(2.1)).

Therefore
1
n Xk | K Pk
-s oX(n)

k;k [Mk(q(ip ))} — 0 asn—oco.
Hence x € I 4(p,0,0,5). From (2.1), we get
r,/ﬂ(rvo—aqas) C r/ﬂ(pa O-qus)'

Theorem 2.6(i) Let 0 < infpx < px < 1. Then
Fu(p.0.0,5) Cly(0.0,9),
(i) let 1 < px < suppx < oo Then
F#(0.9,9 Cly(p.0.0,9).
Proof. (i) Letxe I 4(p,0,q,s). Then
1
n Xk | K Pk
—s oX(n)
k;k [Mk(q(ip ))} —0asn—w. (2.2)

Since O<infpy < pc <1,

n

3ol < 3 e

k=1

[ ((@))y’uo%nw

(2.3)
From (2.2) and (2.3) it follows thak € I ,(0,q,s). Thus

Fw(p,0,9,8) C4(0,0,9).
(i) Let px > 1 for eachk and supyx < « and let
xerl 4(0,q,s). Then

S (a0 o ssnoe @4

Since 1< py < suppk < o, we have
a2 S (o)
k=1

> k% me(a( =5
DS Xgk(n |% Pk
k;k [Mk(q(%)” — 0 asn— co.

k=1
This implies that x € I 4(p,0,q,S).
r«(0,9,8) C Tl 4(p,0,q.9).

Therefore

Theorem 2.7Suppose

1
n Xgk(m) [ ¥ Pk
—s a¥(n) < 1/k
Sk [Mk(q(ip )] = ¥ then
rcry(po,q,s).
Proof. Letx € I'. Then we have,

|1/k

[x|** — 0 ask — co. (2.5)

1
a5 i [ma( 2| < g

assumption, implies that

by our

5 (a2 ) 0 asns o bytzs
k=1

Thenx el 4(p,0,q,s) andl" C I 4(p,0,q,9).
Theorem 2.8 4(p, 0,q,9) is solid.

Proof. Let x| < |yx| and lety =
because#

(V) € F#(p,0,0,9),
= (M) is non-decreasing

3 ka2 ) | < 5 oo 220 )

Sinceye I 4(p,0,q,s). Therefore,

(|yak

3 (a7

and hence

|R))}pk—>0 asn-— oo

1
n |X Kk |R Pk
_s oX(n)
k;k [Mk(q(ip ))} — 0 asn—oco.
Thereforex= {x} € I #(p,0,0,9).
Theorem 2.9I" 4(p, 0,q,s) is monotone.

Proof. The proof s trivial.

3 Sequence spaces over n- normed spaces

The concept of 2-normed spaces was initially developed

by Gahler[11] in the mid of 1960’s, while that ofnormed

spaces one can see in Misiak[19]. Since then, many others
have studied this concept and obtained various results, see
Gunawan ([12,[13]) and Gunawan and Mashadi [14]. Let

n e N andX be a linear space over the fidR] whereR

is field of reals of dimensiod, whered > n > 2. A real
valued function||-,--- ,-|| on X" satisfying the following
four conditions:

1.|x1,X2,- -+ ,%n|| = O if and only if xg,xp,---
linearly dependent iiX;

,Xn are

(@© 2014 NSP
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2.||X1,X2,- -+ ,Xn|| Is invariant under permutation;

3'||aX17X25 e 7Xn|| = |a| ||X17X27' o 7Xn|| foranya € R'
and

4JIx+X %2, Xnl] <% %2, Xnl| X, X2, -+, Xn]

is called ann-norm onX, and the pai(X,||-,---,-||)
is called an-normed space over the fieRl
For example, we may tak& = R" being equipped with
the n-norm ||x1,X2,---,%|[e = the volume of the

denotes the space of all analytic and entire sequences
respectively defined oveK. In this section, for each
2, ,Zn-1 € X we define the following classes of
sequences:

Au(p.o,gs | ) = {xeAX: iykpk*[w(q(nw,zw zall))]™

< oo uniformlyin n>0, s> 0 for somep > 0},

n-dimensional parallelopiped spanned by the vectors

X1,X2,--+ ,Xn Which may be given explicitly by the
formula
||X1,X2,---,Xn||E=|dEI(ij)|,

wherex; = (Xi1,Xi2,--- ,Xin) € R" for eachi =1,2,--- n.

Fapogsll) = {x € Tr®
1
3 0 p(a(1 0 o))

Let(X,||-,---,-||) be ann-normed space of dimensia> — 0 ask— e uniformlyinn >0, s>
n>2and{a;,ay, - ,an} belinearly independent set¥
Then the function|-, - - ,-|| on X"~* defined by 0 for somep > 0}-

. If we takep = (px) = 1, we get
||X17X27"'7Xn71||oo—ma.X{||X17X27"'7anlaai||-|_1727"'an}\'%(o.7q’s’||."”7.||) _ {X c /\(X)

is known as an(n— 1)-norm on X with respect to
{a17a27"' ,an}

Letn € N and X be a real vector space of dimension
where 2< n < d. Let 3,_1 be the collection of linearly
independent se® with n— 1 elements. FoB € 3, 1, let

us define

gs(X1) = |[X1,%2, - - Xn||, X1 € X.

Thengg is a seminorm oiX and the familyg = {gg : B €
Bn-1} of seminorms generates a locally convex topology
on X. The seminormsg have the following properties:

1.ker(gg) = the linear span oB.
2.ForB € 3,_1, y € Bandx € X\the linear span dB we
have

deuix\y(Y) = de(X). See ([10])

A sequencéxy) in an-normed spacéX, ||-,---,-||) is said
to converge to some € X if

Illm ||Xk_ L7Z].7 e 7Zn71|| =0 for everyz, -+ ,zn-1 € X.
—»00
A sequencéxy) in an-normed spacéX, ||-,---,-||) is said
to be Cauchy if

lim |[X«—Xp,21,"+,Zn-1|| =0 for everyz,---,z, 1 € X.

koo

If every Cauchy sequence K converges to somk € X,
thenX is said to be complete with respect to th@orm.
Any completen-normed space is said to beBanach
space. For more details abautnormed spaces one can
see ([2], [4], [6], [7], [8], [9]) and references therein.

Let .# = (My) be a Musielak-Orlicz functionX be
locally convex Hausdorff topological real linear

1
k

supk S [Mk (Q(| | 7()(02”))

n,k

2, ,ZMII))}

< oo uniformlyin n> 0, s>

{x
5 m(a(1 20 gz

K=1
— 0 ask — oo uniformly inn> 0, s>

0 for somep > O},

E/t(@%&”w"'w”) € I_(X)

0 for somep > O}.

In the present section we study some topological
properties of the spaced ,(p,0,q,s||.,---,.]|) and
ry(p,o,09.5s]--,.||) and also examine some inclusion
relation between these spaces.

Theorem3.1Let .# = (M) be a Musielak-Orlicz
function and p= (px) be a sequence of strictly positive
real numbers. Then the spacé€s,(p,o,q,s,||.,--,-||)
and A 4(p,0,q,s,|.,---,.||) are linear space over the
field of real number®.

Proof. Let x = (Xk)v y= (yk) € rﬁ(pa g,q,S, ||a Tty ||)
Then there exist positive numbegrsandp, such that

1

élks{Mk(q(”(xog%w’zlv”' ,zn_1||))} P 0 ask—s o
and

1
élks{Mk(q(”WU;%)Razlr“ 7&1—1))] P 0 ask— o.

n—normed space whose topology is determined by a seket ps = max2|a|p1,2|B|p2). Since.# = (M) is non

of continuous seminormg. The symbolA(X), I (X)

decreasing, convex angl is a seminorm and by using

(@© 2014 NSP
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inequality(1.1), we have

1
i (O Xgkn) + BYok(n) ¥ Pk
k-S[M o(n) o¥(n) 21 7
> kel o )21zl
a(xok(n))

IN

LT

Ps3

3 el (—;
(Xok(n))%

kilz_lljkks[Mk@(' o A 7Zn—l‘|>>

1
+ Mk(Q(HM@L'" 7Zn71|\))]pk

P
(Xok(n)) ¥

i k*S[Mk<q<HT:),Zl,~-' 7anl‘|>>

k=1

1
+ Mk(Q(H(yJ;)%)kllw- 7Zn71|\))]pk

IN

n (Xak
k{d

__Jﬁihw,%loﬂw

(
=1 p1
—_—

IA
=
M
~
o
<
/N
—

no Yok *
g

— 0 ask — o,

Thus ax + By € I 4(p,0,9,5].,.]|). Hence
ls(p,0,9,8]l,,.||]) is a linear space. Similarly, we
can prove\ 4 (p,o,q,s,||.,---,.||) is a linear space.

Theorem 3.2Suppose.#Z = (Mg) is Musielak-Orlicz
function and p= (px) be a sequence of strictly positive

real numbers. Then the spa€g,(p,0,q,s,||.,---,.||) is
a paranormed space with the paranorm defined by
g(x) = inf {7
1 Pk
B (X k(n))R ™
supk S(M A, Zn <1,
supk®|Mi(al| (=2 2zl

uniformlyin n> 0, p > 0}, where
M = max(1, supp).
k

Proof. Clearly g(x) > 0,9(x) = g(—x) and g(8) = O,

where 6 is the zero sequence ofX. Let
(Xk)7 (yk) € I_///(pvo—aqasa ||7 7||) Let p17 PZ >0 be
such that

1 Py

sun<S[Mk(q(HE53%?15,aJ~-

k>1

zall))] " <1

and

Pk

)

s (Vok(n) *
supk [Mk(q<||Tazla -

k>1

Then ; .
ﬁgfk_s[lvlk(q(n(Xak(n) t)yak(n)) 2 7anl||))}m
1
< 2 s (o120 )]
1
plizpzfgfkS[Mk(q(ll(y(f;%)ﬁ,zl,--- ,zn_lll))ﬁ
<1
Hence
g(x+y)

1
(Xgk(m Yok ¥

%F
o ,zl,w.,znflll))]

< inf {(pl +p) W fgfk’s[Mk(q(H

p1, p2>0,meN}

1
< inf{(p1) W :igfk*[mk(q(uw,zw zall))] L

p1>0,me N}

1
+ int{ (p2) ¥ :igfk*[mk(q(uw”k%ﬂ,zw )] #oy
p2>0,me N}.

Thus we havg(x+Yy) < g(x)+9(y). Henceg satisfies the
triangle inequality. Now

g()\ X)
(ng(n))%
—

1
= int{(r]A) W :ﬁgfk*[mk(q(uw,zw ,znflu))]% <1r>0meN},

=int{(o) % :fgfk*[wlk(q(u 2 zll))] H o1 po0me N}

where r = ‘;;‘ Hence I_./ﬂ(pao-qusvH'a"'a'H) is a
paranormed space.

Theorem 3.3Let .7 = (M)
function. Then

be a Musielak-Orlicz

Fa(p.o.asll..)NAL(p0.a5s]. ) CTy(p,0,G5]], - ,.I])

Proof. It is easy to prove so we omit the proof.

Theorem 3.4

r//(pao—aquvn'a“' 7||) g/\//(pao—aqasvn'a'“ 7||)
Proof. It is easy to prove so we omit the proof.
Theorem 3.5 4(p,0,q,S,]|.,--,.||) is solid.

Proof. Let X < W and let
y= (yk) € r,/ﬂ(pao-qusvH'a"' 7'||)' since .7 = (Mk) is

non-decreasing, so

S a1 )

1

< 3 i na(1 A )]

(@© 2014 NSP
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Sinceye l4(p,0,q,8]|, - ,.||). Therefore,
n (Yok(n)*
k Pk
kS Mi (a2 21, 20| — 0 asn— .
3 oo )]
So that
n (Xoxm) ¥
k Pk
o [T TRt e — 0 asn— .
3 oo )]
Therefore x = (x) € I 4(p,0.0,8,|.,---,.||). Hence
r.///(pvo-aqasa”'v"' ,||)|S solid.
Theorem 3.6/ 4(p,0,q,S,||.,---,.||) is monotone.

Proof. The proofis trivial so we omit it.
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