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Abstract: In this paper we introduce the notion of graded weak singularideals of a graded ringR. It is shown that every graded weak
singular ideal ofR is graded singular. A graded weakly nil ring is graded weak singular. If R is a graded weak non-singular ring then
R is graded semiprime. Every graded strongly prime ringR is graded weak non-singular and the same holds for every reduced graded
ring.
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1 Introduction

The notion of singularity plays a very important role in
the study of algebraic structures. It was remarked by
Miguel Ferrero and Edmund R. Puczylowski in [3] that
studying properties of rings one can usually say more
assuming that the considered rings are either singular or
nonsingular. Therefore, in the studies of rings, the
importance of the concept of singularity is remarkable. In
[3], the authors have established some properties of
singular ideals of a ring. T. K. Dutta et al have introduced
the notion of singular ideals in ternary semirings and
investigated various properties of such ideals [2].

In this paper, we attempt to study some properties of
graded weak singular ideals. It is shown that every graded
weak singular ideal is graded singular, but the converse is
not true. It is established that a graded weak nonsingular
ring is graded semi prime and hence every graded strongly
prime ring R is graded semi prime. Finally we prove that
if I is a graded ideal ofR andI is graded semi prime then
ZW (I) = I∩ZW (R), whereZW (R) denotes the graded weak
singular ideal ofR. This implies that the class of semiprime
graded weak nonsingular rings is hereditary.

2 Preliminaries

Throughout our discussion, we considerR to be a
commutative graded ring. The basic definitions used in
this paper on rings, modules and graded rings are
available in [4,5].

We now present the following definitions that are
needed in the sequel.

Definition 2.1: The graded singular ideal ofR, denoted
by Z(R) is defined as
Z(R) = {x ∈ R|annR(x)∩H 6= 0 for every nonzero graded
ideal H of R} = {x ∈ h(R)|xK = 0 for some graded
essential idealK}

Definition 2.2: A graded ringR is called graded singular
providedZ(R) = R. On the other hand,R is called graded
nonsingular providedZ(R) = 0.

Definition 2.3: Graded weak singular ideal denoted by
Zw(R) is defined as
Zw(R) = {r ∈ R|r = r1 + r2 + ...rk,ri ∈ h(R) and riK =
0 ∀i, f or some graded essential ideal K o f R}

Definition 2.4: R is a graded weak nonsingular ring if
ZW (R) = 0 and a graded weak singular ring ifZW (R) = R.

Definition 2.5: R is called a graded weakly nil ring if
there is such a multiplicatively closed subsetS of
nilpotent homogeneous elements fromR that each
homogeneous element ofR is a finite sum of elements
from S.

Definition 2.6: A graded ringR is said to be graded
(right) strongly prime if every nonzero graded idealI of R
contains a finite subsetF ⊆ h(I) such thatannR(F) = 0.

Definition 2.7: A graded ringR is called reduced if it has
no nonzero homogeneous nilpotent elements.
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3 Main Results

In this section we present our main results.

Proposition 3.1:Every graded weak singular ideal of R is
graded singular.

Proof: We need to proveZw(R)⊆ Z(R).
Let r ∈ Zw(R) such thatr = r1+ r2+ ...+ rn. Then
riK = 0 i,andK ≤e R
⇒ r1K + r2K + ...+ rnK = 0, K ≤e R
⇒ (r1+ r2+ ...+ rn)K = 0, K ≤e R
⇒ rK = 0,K ≤e R, wherer = r1+ r2+ ...+ rn.
Hencer ∈ Z(R). As a consequence we get
Zw(R)⊆ Z(R).
Remark: The converse of the above is not true.
For if r ∈ Z(R) such thatr = r1 + r2 + ... + rk, then
rK = 0,K ≤e R.
But it does not implyriK = 0 whereK ≤e R.
For example: Let R = Z12

⊕
Z12. Here G = Z2 ,

R0 = Z12, R1 = Z12
Z(R) = {x ∈ R|xK = 0,K ≤e R}
Zw(R) = {x = x1+ x2+ ...+ xk ∈ R|xiK = 0 ∀i,K ≤e R}
I = {(2x,y)|x,y ∈ Z12} ≤e R.
ThenZ(R) = {(0,0),(6,0)}.
Now 6∈ R0, 0∈ R1 and 6I 6= 0.
Thus we have(6,0) /∈ Z(R) such that(6,0) /∈ Zw(R).
HenceZ(R) 6⊂ Zw(R).

It is known that every nil ring is singular [1]. The
following result establishes the same for weaker
conditions.

Proposition 3.2:Every graded weakly nil ring R is graded
weak singular.

Proof: Let x ∈ R be such thatx = x1+ x2+ ...+ xk ,where
xi ∈ h(R),degxi > 0, for all i. And 0 6= y ∈ R such that
y = y1+ y2+ ...+ ys, 0 6= y j ∈ h(R),degy j > 0, for all i.
SinceR is graded weakly nil, we have a smallest natural
numbern such thatxn

i y jR = 0, Soxn−1
i y jR 6= 0. Thus we

have 06= xn−1
i y j ⊆ r(xi).

Also 0 6= xn−1
i y j = y jx

n−1
i ⊆ y jR.

Thusy jR∩ r(xi) 6= 0 which impliesr(xi) ≤e R, for all i.
Hencex ∈ Zw(R) giving therebyR ⊆ Zw(R).
It is obvious thatZw(R)⊆ R. SoZw(R) = R.

In [1], it is shown that if the singular idealZ(R) of a
ring = 0, thenR is a semiprime ring. It is interesting to
note that a similar results holds in the graded case.

Proposition 3.3:If graded weak singular idealZW (R) = 0
thenR is a graded semiprime ring.

Proof: We assumeZW (R) = 0.
Let a ∈ R such thata = a1+ a2+ ...+ as, ai ∈ h(R) with
deg a j > 0 for all i anda2 = 0.
We need to showa = 0.
Let 0 6= x ∈ R such thatx = x1+x2+ ...+xt with deg x > 0
andxk 6= 0. Then eitherax = 0 or ax 6= 0.
Thus∑a jxk = 0 or ∑a jxk 6= 0 which impliesa jxk = 0 or
a jxk 6= 0.
Thusxk ∈ ann(a j) or a jxk 6= 0.

We show thatann(a j)≤e R.
Now a2 = 0 implies(a1+ a2+ ...+ as)

2 = 0.
Therefore

s

∑
j=1

a2
j +2∑

j 6=i

a jai = 0

.
This gives

(
s

∑
j=1

a2
j +2∑

j 6=i

a jai)xk = 0

.
Hence

s

∑
j=1

a2
jxk +2∑

j 6=i

a jaixk = 0

which implies a2
jxk = 0, a jaixk = 0. Thus

a jxk ∈ ann(a j), aixk ∈ ann(a j) for each
j = 1, ...,s; k = 1, ..., t. HencexkR∩ ann(a j) 6= 0, so that
a = a1+ a2+ ...+ as ∈ Zw(R). Thus we havea = 0.

Cor 3.4: If R is graded weak nonsingular ring, thenR is
graded semiprime.

Proposition 3.5: Every graded strongly prime ringR is
graded weak non-singular.
Proof: Let ZW (R) 6= 0.
SinceR is graded strongly prime, so there exists a finite
subsetS = x,y,z, ..., t ⊆ ZW (R) such thatann(S) = 0. This
impliesann(x)∩ann(y)∩ ... ann(t) = 0.
We takex = x1+ x2+ ...+ xk.
Sincex ∈ ZW (R), so we havexiK = 0 for all i, K ≤e R.
Thusann(xi) ≤e R, for all i. This impliesann(x)≤e R. So
we haveZW (R)∩ann(S) 6= 0, a contradiction.
SoZw(R) = 0. HenceR is graded weak nonsingular.

Proposition 3.6: If I is a graded right ideal ofR, then
Zw(I)I ⊆ Zw(R).
Proof: Let z ∈ Zw(I). Thenz ∈ I such thatz = z1 + z2 +
...+ zt where eachzi ∈ h(I).
And zt k = 0, K ≤e I.
Let i ∈ I such thati = i1+ i2+ ...+ i j. Thenzi ∈ Zw(I)I is
such that

zi = ∑
s,k

zsik, z = 1, ..., t;k = 1, ..., j

.
It is clear thatzi ∈ R such thatzsik ∈ h(R).
Let 0 6= H be a graded ideal ofR.
If ikH = 0, then zsikH = 0 implies H ⊆ annR(zsik).
Therefore 06= H ⊆ annR(zsik)H ∩annR(zsik) 6= 0.
This givesannR(zsik)≤eR.
If ikH 6= 0, thenikH is a non-zero graded right ideal ofI.
Sincez ∈ Zw(I),so we haveannR(zs)∩ ikH 6= 0, So there
exists a nonzero homogeneous elementh in H such that
zsikh = 0.
Hence we haveannR(zsik)∩ H 6= 0. So annR(zsik) ≤e R
giving therebyzi ∈ Zw(R).
Hence the result follows.
Proposition 3.7: Every reduced graded ringR(with an
identity) is graded weak nonsingular.
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Proof: Let r ∈ R such thatr = r1 + r2 + ...+ rk, r j 6= 0
anddeg r1 < deg r2 < ... < deg rk.
Let 0 6= H be a nonzero homogeneous ideal ofR.
We consider a homogeneous elementx such that
x ∈ annR(r j) ∩ rH, j = 1,2, ...,k. Then x = rh and
r jrh = 0,for eachj. So(rhRr j)

2 = 0 givesrhRr j = 0.
Now xRx = rhRrh = ∑ rhRr jh = 0. Thus x = 0. This
impliesannR(r j)∩ rH = 0.
HenceZw(R) = 0.
Proposition 3.8:Let I be a graded ideal ofR such thatI is
graded semiprime then

Zw(I) = I∩Zw(R)

.
Proof: Let i ∈ Zw(I).Theni ∈ I such thati = i1+ i2+ ...+
it , where eachik ∈ h(I).
And ikann(ik) = 0, annI(ik)≤e I.
Let 0 6= H be a right graded ideal ofI. Then eitherHI = 0
or HI 6= 0.
SupposeHI = 0. Then(IH)2 = 0.
This impliesIH = 0. Thus 06= H ⊆ annR(I)⊆ annR(i)⊆
annR(ik). This givesH ∩annR(ik) 6= 0.
HenceannR(ik)≤e R.
Next we considerHI 6= 0. ThenHI is a nonzero graded
right ideal ofI. So we haveannI(ik)∩HI 6= 0. This implies
annR(ik)∩H 6= 0 which proves thatannR(ik)≤e R. Hence
i ∈ Zw(R). Also sincei ∈ I, so i ∈ I ∩Zw(R). Conversely,
let us consider a homogeneous elementi such thati ∈ I ∩
Zw(R) wherei = i1+ i2+ ...+ it anddeg i1 < degi2 < ... <
deg it .
Let 0 6= H be a graded ideal ofI. Then we haveHI 6= 0,
sinceI is semiprime.
Now HI is a nonzero graded right ideal ofR, So we have
annR(ik)∩HI 6= 0. ThusannI(ik)∩H 6= 0.
This impliesannI(ik)≤e I. Hencei ∈ Zw(I).
Thus we haveZw(I) = I∩Zw(R).
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