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Abstract: The energy of a graph is the sum of the eigenvalues of its ed@gcmatrix. In this paper, we are interested in how the
energy of a graph changes when edges in a graph are addedawertriVe prove that the energy of a graph is increased or atsze
The energy of the graph depend upon edges due to edge admuitiefetion. In this paper we are dealing with various fagsilof wheel
related graphs such dahangir graphswheelsandfans
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1 Energy of a graph This notion was introduced by Gutmar8][ The

o ) ) concept of graph energy arose in chemistry where certain
Let G be a finite, undirected graph without loops and nymerical quantities, such as the heat of formation of a
multiple edges withp vertices andq edges, and let pygrocarbon, are related to totatelectron energy that
A=laij],i,j €{1,2,...,p} be the adjacency matrix @.  can be calculated as the energy of appropriate
The eigenvaluesiy, Az,...,Ap_1,Ap of A, assumed in »mojecule”, see ], [3] and [4]. Recently, Nikiforov
non-increasing order, are tieégenvalues of the graph.G  stydied the energy of matrices if|[[8]. Let Abe ap x q
eigenvalues are real and their sum is equal to zero. Thus gre non-negative. [et_z (1 <i < p) be the eigenvalues of

M>A> > Aoy > Ap, AA. The energy oA is defined as

1

p
EA)=¢E(G) = Al
If we consider the coefficient of°~2 in the characteristic izi |

I ial
poymoms f(x) = det(xlp—A) Since the energy of a graph is not effected by isolated

vertices, we assume throughout that the graphs have no
we get isolated vertices. This implies thgt> 5. If a graph is not
Aidj = —q. connected, its energy is the sum of the energies of its
P connected components. Thus, without loss of generality
We also have we can assume only connected graphs.

p From (1) we have
2q = trace(A?) = zi)\iz.
i=

I<is)<

£(G
Z{)‘i;)‘i >0 =— Z{)\i;/\i <0} = %
Theenergy of a graph Gdenoted bys'(G), is defined

as the sum of the absolute values of its eigenvalues, i.e. There is an other formula for the energy of a graph
p due to Coulson
£(G) = i;|)\i|' &G) =212 (p— ixff(/ig(i;())dx: L (p—xé‘—X Iogf(ix))dx7
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where f/(x) is the derivative of the characteristic Let G be a graph withp vertices andj edges and leG
polynomial f (x). As a consequence of this formula, the has no isolated vertices, i.eq2 p. Then for the maximal
difference of the energies of two graph with the sameenergy Koolen and Moultord] proved
number of vertices we get

. 2q 2q
1t fa(ix) 5(G)<—+\/(p—1) <2q—(—)2>~
& - & == I . ) =
(G1)—6(Go) = 7. | log s p n
If G is a tree or a disjoint union of trees, then the The equality holds if and only i6 is isomorphic to5K
characteristic polynomial db has the form or Kp or G is a non-complete connected strongly regular
graph.

(0 =X+ 3 (DG,
k>1

wheregk(G) is the number of matchings i@ of sizek. 3 New results

Later on Gutmand] gave a simple formula for the ener . . .
A9 P gy In this section we present our results. We start with some

of the foresiG _—
definitions.
1 1 oK Let n,k be positive integersn > 3 andn =0
4G) = 7_1/700 ?Iog <1+kzlqk(G)x )dx. (modk). A Jahangir graph {n, is a graph onn+ 1

vertices consisting of a cycl€, with one additional
vertex which is adjacent t@ vertices ofC, at distancek
to each other of®,.

A wheel W, n> 3, is a graph obtain by joining all
vertices of cycleC, to a further vertex called theenter
ThusW, containsn+ 1 vertices and 2 edges. The edges
incident to the center we call spokes and the edges not

E(S) < E(Th) < E(Py), incident to the central vertex we call rim edges.

A fan R, n > 2 is a graph obtained by joining all
for Th 22 Sh, Ph. In the same paper Balakrishnan proved thatvertices of path om vertices to a further vertex called the
if G is a bipartite graph with positive eigenvalues (and so center. Alternatively, a faf, can be constructed from a
| negative eigenvalues), then wheelW, by removing one rim edge.

In this paper we are dealing with Jahangir graph.

' Note, that Jahangir grapl, can be obtained from the

2 Known results

Let Ty, S, andP, be a tree, a star and a pathomertices,
respectively. In]] it is proved

fO) =xP+% (—1)*b(G)xP~2, wheelW,, n=0 (mod 2), by removing alternating spoke.
K=1
whereby(G) > 0 fork=0,1,...,l. In this case we get _
Bounds for the energies of some wheel related
1 /=1 h
£6)=— [ " log <1+ bk(G)x2k> dx. graphs
T)w X2 k;

o _ S ~ The Jahangir grapld,, is a simple graph witn+ 1
Thus, the energy of a bipartite graph is a strictly incregsin \grtices and® edges. We obtained
function of each of the parametdyg G). 2

For k-regular graptG Balakrishnan I] showed 3n—4 3n+2
> <E(In) < >
&(G) <k++/k(n—1)(n—K)
) ) ) foralln> 4.

and he proved that this bound is sharp, the equality holds
for complete graphs omverticesKp,. Example 315°(J4) = 4.898

Rada and Tineod] investigated polygonal chains with o _
maximum energy. Proof The roots of the characteristic polynomial of the

Using the arithmetic/geometric mean inequality andJ24 are{0,0.0, _ _ .
the nonnegativity of the variance of nonnegative numbers2-449 —2.449}. Thus the polynomial equation df 4 is
McClelland [6] gave the following general bounds for the
energy of a graph withp vertices andq edges with 1(2)=2(2+2449 (2~ 2449 =2(Z - 2449) =2 - 72449

adjacency matriA. Letdet(A) = A1Az... Ap, then and

\/2q+ p(p—1)|det(A)|2/P < £(G) < v/2pq f/(z) = 52 — 37 . 2.449% = (57 — 3. 2.449).
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| Jahangir graph &(Jpn) || wheel | £Wh) || fan | &(Fn) |

There is an energy formula for the energy of a graph dug Joa 4.898 W, 6472 || F, | 5.124
to Coulson ' Ws 937 || Fs | 7.107
1 e (i D6 9.292 Ws 11.292 || Fg 8.671

£(G) == / < X f'x)>d ’ W, | 12.034|] F | 10.098

M/ f(ix) T3 11312 || Ws | 13.656]| Fs | 11.87

. . Wy 1584 || Fy | 13.631
wherep is the number of vertices idp 4, thusp=5. Then To10 14044 || Wio | 17578 Fio | 15.114
W1 | 18.984 ] F; | 16.818

- @ _ D 257 —3-2.449) Y1z 17252 | W, | 20.14 || Fip | 18.225

f(2) (22 - 2.449) Wiz | 22.076 || Fi3 | 10.888
D14 20.61 || Wis | 23.722]| Fi4 | 21.304

replacing the value afby ix and putting the value gi=5.

(ix)2(5(ix)2 B 3_2.4492) Table 1: Energies of the Jahangir graph,, a wheeM, and a

—5_(j fan F,.
5= (32— 2449 !
after simplification we get
| 2:2449 Thus we have thaf (Jp.4) < & (Wj).
X2 42449 The fanF, is a graph obtained frotd; by deleting
) . one rim edge, see Figufle The roots of the characteristic
Applying Coulson integral polynomial of F, are {2.9350.618 —1.473
—0.463 —1.618} and
gy L [T 2:244F  2:244 o x |77 3 )
©)= TT,/, 12429 = 1 2aag?C@N5 170) Loy €(Fi)=(2935+0618+1473+0463+1618=5124
_ 2.2.449<57 (75» _ 22449 oo It means
m 2 2 s EWy) > &(Fy).

It is easy to see that the grapl, can be obtained
from J;, by adding exactly; new edges joining the
central vertex ofl, , with the rim vertices of degree 2. In
the next we show what happen on energy of a graph if Fig. 1: A Jahangir grapk, 4, a wheeMy and a farFs.

some edges are added to the original graph.
As a wheel, is a simple graph witin + 1 vertices
and 2 edges we obtain
3n-1 3n+5
< < .
T =em <[5
J2.4 Wy Fy

foralln> 3.

It is easy to see that the fdf, can be obtained from
W, by deleting exactly one edge joining the rim vertex of
the cycle. In the next we show what happen on energy of a

graph if one edge is deleted. , Analogously we can obtain the following results for
AfanF,is asimple graph with+1 verticesand2—  gnergies of other graphs. The values are summarized in
1 edges, then Tablel.
3n 341 Thus, we can show the energies of the Jahangir graph
{—J —3<é8(R) < { -‘ Jon, @ wheelW, and a fanF, in a similar way for every
2 2 n>4.
foralln> 4.

Example 32As in Examplé1, we are already calculated 4 Conclusion

the energy of 3y, i.e. &(Jp4) = 4.898
The energy of the graph changed when some edges are

The wheel, is a graph on 5 vertices obtained from added or deleted. We see in above results, when some
the graphl, 4 by adding two edges, see FigureThe roots  edges are added the energy of new graph increased
of Wy are the number§0,0,—1.236, —2,3.236}. So, relative to the original one

&(Wy) = (1.236+ 2+ 3.236) = 6.472 E(Jpm) < EWh).
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