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Abstract: In this paper, we initiate the study of bipolar fuzzy subacts ofSatt, whereS is a monoid with zero an&acts are
representations & We introduce the notions of pure bipolar fuzzy ideal, purely maximallaidazzy ideal and purely prime bipolar
fuzzy ideal of a monoid. It is shown that the set of purely prime bipalary ideals ofS admits the structure of a topological space.
We also define pure bipolar fuzzy subact of&act and call arS-act bipolar fuzzy normal if each of its bipolar fuzzy subact is pure.
Monoids, all of whichS-acts are bipolar fuzzy normal are characterized. It is shown arativeg results that such monoids are right
weakly regular.

Keywords: bipolar fuzzy subacts, pure bipolar fuzzy ideals, bipolar fuzzy nbSreet.

1INTRODUCTION machines, and they introduced the notion of bipolar fuzzy
finite state machine. Jun and ParK [introduced the
notion of a bipolar fuzzy filter and a bipolar fuzzy closed
quasi filter in BCH-algebras, and investigated several
roperties. Bipolar fuzzy sets and intuitionistic fuzzysse
ok similar to each other. However, they are different
om each other (se@]3)]).

In this paper, we initiate the study of bipolar fuzzy

Zadeh in his pioneering papet][of 1965, first introduced

the notion of a fuzzy subset of a set. Since its inception,
the fuzzy set theory has developed in many directions an
found applications in a wide variety of fields, such as fr
engineering, medical science, social science, physics,

statistics, graph theory, artificial intelligence, signal g ,a 045 of ars-acts, whereS is a monoid with zero and
prgc;a;smg, mu![uagentt s;ll(stems, pt)attertn rec%gn[uanacts are representations®fOne object of this study is
roboUCS, computer Networks, expert Systems, deciSIORy, oparacterize monoids by the properties of their bipolar
making, automata theory and so on. Fuzzy sets are akingl, ;. hacts. In sections 2 we give basic definitions
of useful mathematical structure to representacollectlo%nd preliminary lemmas. Section 4 consists of pure
of objects whose boundary is vague. There are sever ipolar fuzzy ideals, pure bipolar fuzzy subacts and we

kinds of fuzzy set extensions in the fuzzy set theory, forggiapjish some of their basic properties. In section 5, we

example, intuitionistic _fuzzy sets, interval-valued WZ iriytroduce purely maximal bipolar fuzzy ideals and purely
sets, vague sets etc. Bipolar fuzzy sets are an extension Qo pinolar fuzzy ideals of monoidand show that the
;uzzythsetg tWhO‘T‘S lrmimbelrs{an(':ieglreef range Its ﬁnlarge t of all purely prime bipolar fuzzy ideals 8fadmits the
rom the m_erva[ ;1] to [-1,1]. Bipolar fuzzy sets have tructure of a topological space. In section 6, we prove the
membership degrees that represent the degree Ghoin theorem of this paper, which provides
sansfactlon to the property correspondmg to a fuzzy S€lharacterizations of monoids in terms of their bipolar
and its counter-property. In a bipolar fuzzy set, thefuzzyS-acts and bipolar fuzzy subacts. It is proved that a

membership deg(ee 0 means that elements.are irrE’IevaWionoid Sis weakly regular if and only if each bipolar
to the corresponding property, the membership degrees o

(0,1] indicate that elements somewhat satisfy the]nuzzy subact of a-act s pure.

property, and the membership degreeg-eh,0) indicate

that elements somewhat satisfy the implicit 2 pPRELIMINARIES

counter-property (se€][3,4,5]). Zhang |,5] introduced

the notion of bipolar fuzzy set. Jun and Kavikumé&t [ In this paperSwill denote a monoid, that is, a semigroup
applied the notion of bipolar fuzzy set to finite state with an identity element 1, which also contains a

* Corresponding author e-maihshabirbhatti@yahoo.co.uk

© 2013 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.12785/amisl/010302
mshabirbhatti@yahoo.co.uk

58 N SS 2=

M. Shabir, Z. Igbal: Bipolar fuzzy-acts

two-sided zero 0. A semigroup S is called regular if, for

eacha ¢ S, there existx € Ssuch thata = axa Sis called
right (left) weakly regular if, for eacta € Sa € (aS)?

(ae (Sa)z) (see B,9]). Every regular semigroup is right

(left) weakly regular but the converse is not true.
However, ifSis commutative, then converse also holds. A

non-empty subsek of Sis called a right (left) ideal o§if
ASC A (SACA). If Ais both a left and a right ideal &,
thenAis called an ideal o8&.

By a right Sact Ms we mean a non-empty s#t, a
monoid S and a functionM x S— M, such that, ifms
denotes the image df,s) for me M ands € S, then the
following conditions hold:

(1) (mgt =m(st) forallme M ands;t € S

(2) M contains a fixed eleme, called the zero of,
such tham0 = 0s= 0 for alme M andse S.

(3) m1=mforallme M.

One can similarly, define a leGactsM. An S-subact
Ns of Mg is a non-empty subset & such thahse N for
alneNandse S

From the above definition, it follows that every monoid

Swith zero is a rightS-act as well as lef§-act over itself,
denoted bySs andsS, respectively.
A bipolar fuzzy setu in Sis an object having the form

p={0x pP), pN(x) :xe S}

where uP : S— [0,1] and uN : S — [~1,0] are
mappings. The positve membership degreg (x)
denotes the satisfaction degree of an elememd the
property corresponding to a bipolar
u = {(x, uP(x), uN(x)):xeS} and the negative

membership degregN (x) denotes the satisfaction degree

of x to some implicit counter-property of

= {(x, uP(x), uN(x)) :xe S}. If pP(x) # 0 and
N(x) = 0, it is the situation thax is regarded as having
nly positive satisfaction for
= {(x, uP(x), pN(x)) :xe S}. If pP(x) = 0 and
uN(x) # 0, it is the situation thak does not satisfy the
property of p = {(x, uP(x), uN(x)):x€ S}, but
somewhat  satisfies  the
p o= {(x, uP(x), uN(x)) :xe S}. It is possible for an
elementx to be pP(x) # 0 and uN(x) # 0 when the

u
u
o)
u

membership function of the property overlaps that of its

fuzzy set

counter-property  of

(HNA) () =
(min (1° (), AP (x)) , max(u™ (), AN (),

(HUA)(X) =
(max(pP (x), AP (x)), min (1N (x),.AN (x))) .
If Ais a non-empty subset & then the bipolar fuzzy

characteristic function of denoted and defined ya =
(xR XN), wherexf andx) are defined by

Py )1 if xe A
Xn (x) = {0 otherwise
and
Nrw | —1 if xe A
Xa (X) = {0 otherwise
forallxe S
2.1 Definition

Letp = (uP, uN) andA = (AP, AN) be bipolar fuzzy sets
in a semigroup S Then the  product
poA = (UPoAP uNoAN) is a bipolar fuzzy set irS
defined by

(HFoAP) (x) =

if 3s,t € Ssuch thaix = st
0 otherwise

{ RATACTLI0

and
(uN oA N) (x) =
AN () VAN (D)
if 35t € Ssuch thak = st
0 otherwise
forallxe S

counter-property over some portion of the domain. Foro 2 | emma

the sake of simplicity, we shall writer = (uP, uN) for
the bipolar fuzzy sett = { (x, uP (x), uN(x)) :x € X}.

Let A andB be non-empty subsets of a semigrdsipnd

Now we define some set theoretical operations onxa = (£, XA) and xs = (x5, xY) are the bipolar fuzzy

bipolar fuzzy sets. Lett = (uP,uN) andA = (AP,AN)
be two bipolar fuzzy subsets of a non-empty XefThen
p € A means thap® (x) < AP (x) and uN (x) > AN (x)
forall x € X.

The intersection and union of two bipolar fuzzy sets
p = (uP,uN) andA = (AP,AN) are denoted and defined

by, respectively

characteristic functions &% andB, respectively. Then the

following holds:

(i) XA ©Xg = Xas aNdXA © X8 = XAp
(i) Xa X5 = Xaos ANAXK NXE = Xpe
(iii) X UXE = Xas ANAXA UXE = Xa s

ProofStraightforward.
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2.3 Lemma ThusAPo (uPN3P) C (APopP)n (AP0 6P).
And
Letu = (u®,uN), A = (AP, AN}, 5= (&P, 8N) be bipol
fuezzl;/se(t‘slirg'l')henth(efollovgingho(lds. ) be bipolar ()\NO(HNMN))(X):X@Z{A V(u m5”) 2)}
(1) APo (UPUSP) = (APopP)U (AP dP) B /\ {/\ v( N( @)
andANo (UNUSY) = (ANouN) U (AN 8V). - a
(2) APo (UPNSP) C (APopP) N (AP0 P) {( (y)\/ (z))}
andANo (NN oN) D (ANopN) N (ANoaN). :xﬁyz{ {(AN(y)veN(2)} }
Proof.(1) Letx € S Then, {/\ {/\N(y)\/uN(Z)}}\/
_ > s
= v {AP(y)A(uP(2)v o -
”Z{ g fi o (et
N N_ sN
Sl e o } et
{vaz{AP V)AL (@) }\/ ThusA ( no ) ()\ ou ) ()\ 00 )

{X;/yz{/\P( AP (z )}}

(A"ou”) (9) v (A7 0 87) ()
— (Ao k") U (AP 6%)) ().
(/\Po[,lp) U(/\PO5P).

ThusAPo (uPUSP) =
And

(ANo (MUY (9 = A (AN
= AN v (" <>
_x/\yz{ {{A/\NN v5N }
{ oyt @) ha
{200
(ANou™) (x) A ((ANedN) (x)

(o uM)U (ANo8™)) (4.
(ANosN).

V(" udY) @}
(z

A0
(2} A
2}

)voN(z)}
=
=

ThUS)\No(uNU5N) = (/\No/J )U
(2) Letxe S Then

(APo (UPNSP)) (x) = X:vyz{)\P

3BIPOLAR FUZZY SUBACTS

3.1 Definition

Let Mg be a rightSact with zero elemené. A bipolar
fuzzy sety = (uP,uN) of M is called a bipolar fuzzy
subact oMs if uP(msg) > uP(m) anduN (msg < uN(m)
forallme M andse S

If u= (uP,uN) is a bipolar fuzzy subact dfls, then
uP (8) > uP (m) anduMN (8) < uN (m) for all me M.

Analogously, one can define a bipolar fuzzy subact of
a left SactgM. If Mg = Ss, then bipolar fuzzy subacts of
Ss are called bipolar fuzzy right ideals &f Bipolar fuzzy
leftideals ofSare defined in a similar way. A bipolar fuzzy
subset of a monoi&, which is both a bipolar fuzzy right
ideal and a bipolar fuzzy left ideal &is called a bipolar
fuzzy ideal ofS.

3.2 Lemma

Let A be a non-empty subset of a rightactMs. ThenA is
a subact oMsif and only if the bipolar fuzzy characteristic
function xa = (X%, xA) of Ais a bipolar fuzzy subact of

Ms.

ProofLet A be a non-empty subset of a rightactMs. For
anyme M andse S if me Athenmse A, so we have

Xa (M) = X2 (mg =1

and

XX (m) = XX (m9 = ~1.

If m¢ Athen we have,

XA (Ms) > 0= xL (m)
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and
XN (Mg <0=xN(m).

Thus we havexk (ms) > xX (m) and xX (ms) < xX (m).
This shows thaxa = (xk, XA ) is a bipolar fuzzy subact
of Ms.

Conversely, suppose thak = (X£, XA ) is a bipolar
fuzzy subact oMs. Then for anyne Aandse S we have
XA (Ms > x& (M) = Landxy (mg < xp' (m) = —1. Thus
XA (ms =1 andxX (ms = —1. This implies thatse A.
HenceA is a subact oMs.

3.3 Corollary

Let A be a non-empty subset of a semigrduprhenA is

a right (left) ideal ofSif and only if the bipolar fuzzy
characteristic functionxa = (xk,xA) of A is a bipolar
fuzzy right (left) ideal ofS.

3.4 Definition

Let u = (uP,uN) be a bipolar fuzzy set in a rigtg-act

MsandA = (AP, AN) be a bipolar fuzzy setif. Then the
productpioA = (uPo AP, uNoAN) is a bipolar fuzzy set
in Ms defined by

(HToAP) (m) =
P P
v {uP (M) AAP(9)}
if 3ne M andse Ssuch tham=ns
0 otherwise
and
(uN o)\N) (m) =
N N
A {uN () VAN ()}
if 3ne M andse Ssuch tham=ns
0 otherwise
forallme M.

3.5 Proposition

If u = (uP,uN) is a bipolar fuzzy subact of a rigigact
Ms andA = (AP, AN) is a bipolar fuzzy right ideal oS,
thenpoA = (uPo AP, uN o AN) is a bipolar fuzzy subact
of Ms.

ProofLet u = (uP, uN) be a bipolar fuzzy subact of a
right SactMs andA = (AP,AN) be a bipolar fuzzy right

ideal ofS Letme M ands< S Then

(HPoAP) (m) = m\z/m{ﬂp(n)N\P(t)}
< m\:/m{/,lp(n)A/\F’(ts)} for everysc S
< mgar{up(a)A)\P(r)}
= (ppo)\P) (ms)

and

(KN oAN) (m) = m/:\m{uN(n)v)\N(t)}

m/:\m{uN (n)vVAN(ts)} foreveryse S

mgar{u’\‘(a)\/)\'\‘(r)}
= (IJNO/\N) (m9.

v

Y]

Thuspu oA is a bipolar fuzzy subact d¥ls.

3.6 Corollary

If p=(uP, uN)andA = (AP, AN) are bipolar fuzzy right
ideals of a semigrouf, thenpioA = (uPo AP, uNoAN)
is a bipolar fuzzy right ideas.

4 PURE BIPOLAR FUZZY IDEALSAND
PURE BIPOLAR FUZZY SUBACTS

4.1 Definition [LO]

An ideall of a semigrougsis called right pure if for each
x € | there existy € | such thak = xy.

4.2 Proposition [LO]

An ideal | of a semigroupS is right pure if and only if
JN I = Jl for any right ideal of S.

4.3 Definition ]

An S-subaciNs of a rightS-actMs is pure ifNNMI = NI
for each ideall of S, Mg is called normal if each of its
subact is pure.

Extending the above notions to the case of bipolar

fuzzy sets, we have the following definitions.
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4 .4 Definition

A bipolar fuzzy idealA = (AP, AN) of a semigroupSis
called a pure bipolar fuzzy ideal &if goA = unA, that
is P AAP = puPoAP anduN v AN = uNo AN for each
bipolar fuzzy right idea = (uP, uN) of S

More generally, ifA = (AP,AN) is a bipolar fuzzy
subact of a righG-actMs, thenA = (AP, AN) is called a
pure bipolar fuzzy subact g, if for each bipolar fuzzy

ideal u = (uP,uN) of S Aop =2AnN(x,ou), that is
AP A (XPopP) = AP o P and
)\N\/(X’\’}IOIJN):/\NO[JN.

Msis called bipolar fuzzy normal if each bipolar fuzzy
subact ofMg is a pure bipolar fuzzy subact. In particular,

Sis bipolar fuzzy normal ifSs is bipolar fuzzy normal.

4.5 Proposition

The following assertions are equivalent for an idéalf a
semigroupsS:

(1) Ais right pure inS.

(2) The bipolar fuzzy setxa = (X7, X)) is a pure
bipolar fuzzy ideal oS,

Proof(1) = (2) Suppose\ be a right pure ideal i8and
A = (AF,AN) be a bipolar fuzzy right ideal & Then by
Corollary3.3, xa = (X7, X)) is a bipolar fuzzy ideal o&.
Letx e S Then

(AFox?) 0 = v AP AX] ()}

<Y ATy X (v2))

= v {A /\XA( )}

= (A"AXP) (), (i)
and
(ANoxd) (0 = A, AWV X @)}

> AN 2 v (v2))

= /\ {/\ X)V X, ()}

= (/\viA)( ). (ii)
If x ¢ A, then (APAXT)(x) =0 < (APoxP) (x) and
(ANVXN) (x)=0> (ANoxN) (x).

If x € A, then by hypothesis there exists A such that
X = XY, SO we have

N <SS 2 61
and
(ANox) (0 = X:Aab{/\N(aWXL“ (b)}
< ANV XN ()
(sincex, (X) = —1=x2(y) )
= AN v XY (%)
= (ANVxN) (x).

Hence in any case(APox?) > (APAxP) and
(/\NOXL\') < (ANVXL“). Thus ()\Poxf) = (/\PAXE)
and (ANoxM) = (AN v xN), that isxa = (xF.x\) is a
pure bipolar fuzzy ideal o%.

(2) = (1) Suppose thaxa = (x7, x)') is a pure
bipolar fuzzy ideal ofS. We show thatA is a right pure
ideal inS. Let B be a right ideal ofS. Then by Corollary

3.3 xe = (x7.x}') is a bipolar fuzzy right ideal ofs
Thus by hypothesis (xfoxt) = (xSAxE) and
(xNoxh) = (x}vxd). By Lemma 22
Xea = (XgoXa) = (X5AXa) = Xgoa and

Xea = (Boxd) = (OBVXR) = Xga that is,
BA=BNA. Hence by PropositioA.2, Ais a pure ideal in
S

4.6 Proposition

The following assertions for a mono&lwith zero are true:
(1) The bipolar fuzzy sets{ = (¢P,¢N) and

@ = (¢P, ") are pure bipolar fuzzy ideals & where

ZP. N, ¢P andgN are defined as,
Px)=1,N(x)=—1forallxe S,

(pp(x){g) if X £ 0

if x=0
andg (x) = {91 it x#0
2)If A =

if x=0"
(AP, AN) andp = (uP, uN) are pure bipolar
fuzzy ideals ofS, then so isA N .
3) If {w=(u,uN) :iel} is a family of pure
bipolar fuzzy ideals 0§, then so isJ ;.

i€l

respectively.

Proof.(1) We show that for any bipolar fuzzy right ideal
A = (AP,AN) of S we haveA\Po (P = APAZP ANo N =
ANAZN andAPo P = AP A @, ANo N = AN A @N. For
this, letx € S Then

(AFo2®) () = v (AP0 (@)

(APox7) () = v {AP(@Ax; (b)} gt
.t ) AXP(Y) <Y AT A D)
(sincex? (x) = 1=x7(y) ) = VAP
= AP A XD () AP (AP (x)
= (A"AXD) (), (APAZP) (%) (i)
@© 2013 NSP
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and If x=0, then
()\NoZN)(x): A {/\ )Nz} (AP A7) (0) = AP (0) A @7 (0)
> ) (o2 eta) = A @)
= A ANV 00} = (AP0 9")(0), (ix)
v and
— (AN (). (i) ANV ") (0) = AN(0) v " (0)

Again forx € S, we have

(APAZR) () = AP (A ZP () =2 () AL
= A" ()AL (1)
= Y {/\ )ACE ()}
:(APOZ )( ) (iii))
and
ANV () = AN v N () = AN (x) v -1
= AN vNQ)
> A AN vIN )}
= (ANoZM) (x). (iv)

From (i), (i), (iii ) and(iv), we have thaf = ({P,{N) is
a pure bipolar fuzzy ideal d.

Now we show thatp = (¢, ") is a pure bipolar
fuzzy ideal ofS. Letx € S. Then

(APod”) (0 = v (AP0 e" (@)}
<Y ATy Mpp(yZ)}

= Y AAT 0076 (0]
AP )N Q" (%)
= (A"Ae") () (v)
and
(AMod") () = A {)\N(Y)V(PN(Z)}
zxAyz{A velya}
= /\ {)\ )V N (x)}
= AN vt (0
= ANV V) (x). (Vi)
Again forx # 0,
(APAQ7) () = AP () AP (x) =AP (x) A0

=0< (APog®) (v, (vii)

= (AN ") (0). (x)
From V), (vi), (vii), (viii), (i) and(x), we have thatp =
(¢° |s a pure bipolar fuzzy ideal &

(2) Let A= (APAN) and p = (uP,uN) be pure
bipolar fuzzy ideals of S We show that
Yoo (HPAAP) = " A (uPAAP) and
Wo (uNVAN) =W v (uN v aN) for every bipolar fuzzy

rightidealy = (y°,yN) of S
Now

VA (P AAP) = (Y AP AAP
(yPo[JP)/\)\P

(becausequ is a pure bipolar fuzzy ideal &),
and

W (uNvaN) = (Wv Ny va
= (yNo[JN)\/)\N

(becausqu is a pure bipolar fuzzy ideal @3).
By Corollary3.6, yo i is a bipolar fuzzy right ideal of
S. Since A is a pure bipolar fuzzy ideal 0§, we have

(ypoup) A AP = (ypoup) o AP and
(WouN) VAN = (YWopuN) o AN. Thus we have,
VA (UPAAP) = (YPouP)oAP

:ypo(upo)\P)

=y o (u"AAP) (xi)

(becaus@ andyu are pure bipolar fuzzy ideals &),
and

Wy (IJN\/)\N) = (yNopN) oAN
= yN o ([,lN oA N)
=Wo (uNvaN) (xii)
(because andyu are pure bipolar fuzzy ideals &).
Equations(xi) and (xii) imply that A Ny is a pure
bipolar fuzzy ideal ofS.

3) Let {p = (k1)
bipolar fuzzy ideals ofSandy =

:i €1} be a family of pure

(Y".¥N) be a bipolar

and fuzzy right ideal ofS. Then we show thay” o (,\/I uip) —
IS
(ANVY) () = AN v et () =AM (v ; ) A
=0> (ANog") (x). (vii) VP/\<i\e/|“i>andyNo<i/e\|“i ):yN\/(i/e\l“‘ )
@© 2013 NSP
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Letxe S Then And,
(vpo (i\e/lui"» 0=y P mn () @) (v ((am) ) 0 = oo () o0
< Xyz{vp (y2) A <i\G/IUiP> (y2>} =V (IQ'”'N )
= A (M0 (Y 09)
~ 4 ren ()} = APV )
=09 ((yhF) = A (o) )
— (A (i\e/| uip>> (), '(Ablggause eachy is pure bipolar fuzzy ideal db)
and o) ) = A Vv (') @}

X=yz

Pov ()@} > adroy () @}
> {VN(yZ)\/(/\[.liN) (yz)} —{VN (,Q,M )}( X).
%

Thus we have,
= ad oy () )
=WV (igldi“> (%) (VNV (I/E\IM ))( ) > {v“ (.é"" )}( ).
— (Wv (i/e\lu'N)> (x). Consequently,
(7 15t0) o= 7o 1) o

and
(71 () ) 0 = v () 0
— A () (P () ) 0= {o () b
=V (0 A (1 (%)) HencelJ 1 is a pure bipolar fuzzy ideal &
iel
_ P
=i (V' A1) ) From the above Proposition, it follows that the set of
=V ((yP o MP) (x)) pure bipolar fuzzy ideals dis a distributive lattice.

(because eachy is pure bipolar fuzzy ideal d)

Also, 5 PURE BIPOLAR FUZZY SPECTRUM
OF S
(ForP) 0 = v 10 A 1) @} - o
We begin with the following definitions.
< XVyZ{VP () A (.v uF) (Z)}
5.1 Definition
= {VP (I\E/lul >}( )
Let u = (uP, uN) be a pure bipolar fuzzy ideal & Then
Thus we have, M is called purely maximal bipolar fuzzy ideal jf is a
maximal element in the lattice of proper pure bipolar fuzzy
<VP/\ (I\E/IIJI )) ( ) < {VPO (i\e/luip> } (X) ideals ofS.
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5.2 Definition

A proper pure bipolar fuzzy idegt = (uP, uN) of Sis
called purely prime bipolar fuzzy ideal if for any bipolar
fuzzy idealsA = (AP, AN) andy = (y",yN) of S ANy C

u impliesA C p or y C p, that is if AP A y? < uP and
ANV > N thenAP < pP andAN > uN ory? < uP and
YW >N

5.3 Proposition

Any purely maximal bipolar fuzzy ideal o8 is purely
prime bipolar fuzzy ideal.

ProofLet u = (1P, uN) be a purely maximal bipolar fuzzy
ideal of SandA = (AP,AN) andy = (y°,yN) are pure
bipolar fuzzy ideals oEsuch that Ny C u. Let us assume
thatA ¢ p. By Proposition4.6, U A is a pure bipolar
fuzzy ideal ofS Sincep is purely maximal bipolar fuzzy
ideal ofS, we haveuP VAP = ZP anduN AAN = ZN. Then

V=Y A" =y" A (uPvaAP)
= (P ARV (P A7)
< uPvuP=pP
and
W=t =Py (utaal)
= (Pvi) A van)
>N apN =N,
Hencep is purely prime bipolar fuzzy ideal.

In the rest of this sectiorPBF(S) will denote the set
of all pure bipolar fuzzy ideald = (A", AN) of Swhich
has the propertyA®(0) = 1 and AN(0) = —1, and
PPBF(S) the set of all purely prime bipolar fuzzy ideals
contained iNnPBF(S). As remarked earlie?BF(S) is a
lattice with a least elememg and greatest elemeqt For
anyu € PBF(S), we define

By ={A€PPBF(S): nZA}.

Thusé,, is a subset dPPBF(S), for eachu € PBF(S). We
will show that the sePPBF(S), together with the subsets
8. (1 € PBF(S)), forms a topological space.

5.4 Theorem

The set PPBF(S) together with the subsetsf,
(u € PBF(9)), forms a topological space.

ProofLet 1 = {6, : u € PBF(S)}. By Propositior4.6, ¢
is pure bipolar fuzzy ideal d. The subset

Bp={A €PPBF(S): 9Z A} =0.

Thus the empty subset
0=6pcT.
On the other hand, for the pure bipolar fuzzy idéaif S
6; = {A € PPBF(S): { ¢ A} = PPBF(S)

This is true since purely prime bipolar fuzzy ideals are
proper. Hence the whole set

PPBF(S) = 6, € T.

Let 6, 6, € T, whereu,y € PBF(S). Since
6.n6,={A €PPBF(S): uZAandyZ A}
={A€PPBF(S): unyZaA}

becauseA is purely prime bipolar fuzzy ideal. It
follows that8, N 6, = 6,y € T, becausgiNy € PBF(S)
by Proposition 4.6. Let us now consider a family

{uk :ke K} of pure bipolar fuzzy ideals d. Since
Ue A € PPBF(S):
kek M~ there existk € K such thaiuy ZA

S: UmcZA

= {)\ € PPBF(
keK

=0 .
} ke HK

Now since U U is a purely prime bipolar fuzzy ideal of

S it follows that S 9uk € 1. Thus the setPPBF(S)

together with the subset@u (u € PBF(S)), forms a
topological space.

6 MONOIDSALL OF WHOSE BIPOLAR
FUZZY SACTSARE NORMAL

Recall that a semigroupis called regular if for each € S,
there existx € Ssuch thah = axa Sis called right weakly
regular if, for eacta € S a e (a9?(c.f. [9]). Thus ifSis
commutative theisis right weakly regular if and if onls
is regular.

We prove the following characterization theorem for a
monoidS.

6.1 Theorem

The following assertions for a monoifl with zero are
equivalent:

(1) Sis right weakly regular.
(2) Eachright ideal oSis idempotent.
(3) Each (two-sided) ideal dis right pure.
(4) Each rightS-act is normal.
(5) Each bipolar fuzzy right ideal d8is idempotent.
(6) Each bipolar fuzzy ideal o§ is a pure bipolar
fuzzy ideal.
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(7) Each rightS-act is bipolar fuzzy normal. Thus uP(x) < (uP o uP) (x) and
If in addition, S is commutative, then the above yN(x) > (uNopN) (x). Hence pP = uP o pP and
statements are also equivalent to: pN = pNo N,

(8) Sisregular. (5) = (2) Let A be a right ideal ofS. Then the

Proof(1) <= (2) <= (3) «= (4) Follows from  bipolar fuzzy setxa = (X7, xy) is a bipolar fuzzy right
([9], Proposition 3.4 and Theoren).4 ideal of S Hence by hypothesis( = X OX and
(1) = (5) Suppose thaBis right weakly regular and X/L\‘ = X/L\I o XL\I- Since XA o XA — XAA — XP and

— (PN i iahti
#h;rsu ,uN) be a bipolar fuzzy rightideal & Letx e S xVoxN = xN = XAz’ we have

P P N N
P_,P — v P AuP n? h S
(WPorP) ) = v {uP ) Auf @) WA A

< v {1 (y2Ap"(2)
X:yz{ } Hence every right ideal ddis idempotent.

(becausgu is a bipolar (1) = (6) Suppose thaS is right weakly regular
fuzzy right ideal of9) semigroup. Leu = (u®, uN) be a bipolar fuzzy ideal and
= {y AP (2)) A = (AP,AN) be a bipolar fuzzy right ideal & Then for
XesS
< vaz{u }

ATk (0 = v (AT WA @)}
SVRUS Iz

(becausqu is a bipolar fuzzy ideal
andA is a bipolar fuzzy right

= uP(x),

and

(H¥or™) 00 = A fHN ) vt @)}

ideal of )
= A (2 vt @) = Y AT 0 AT (0}
(becau_sey |_sab|polar — AP (X) A ( ) = (AP/\IJP) (x),
fuzzy right ideal ofS)
_ and
= XAyZ{u x)vuN(2)}
> A (N}
Ny( : (ANouM) (9 = A (AN vt (@)}
Thus (WPopP)(x) < P and = A AN b2 vt (v2)}
(uNopN) (x) > pN(x). (becauseu is a bipolar fuzzy ideal
Conversely, suppose € S Since S is right weakly and) is a bipolar fuzzy right
regular so there exist b € Ssuch thai = xaxh Thus we .
have, ideal ofS)
1P (9 = 1P () A P () = A (AT 00V 00}
< uP (xa) A uP (xb) = AN v N ()Z()\NVHN)(X)-

(becausgu is a bipolar
fuzzy right ideal ofS)

< XA W)AT @)} = (1o ™) (¥,
and
N () = N o v N ()

Now, letx € S SinceSis right weakly regular, so there
exista, b € Ssuch that = xaxh Thus we have,

(APALP) () = AP (x) A P (x)
< AP (xa) A uP (xb)
(becausgu andA are bipolar

N N
> H (xa) VT (xb) fuzzy right ideals ofS

(becauseu is a bipolar fuzzy - p p

A A z
right ideal ofS) B nyz{ WA @]
N _ (NN
> NS VEE @) = (1o ™) (9. = (\PopP) (%),
© 2013 NSP

Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

66 N SS 2=

M. Shabir, Z. Igbal: Bipolar fuzzy-acts

and

ANV M) () = AN () v N (x)
> AN (xa) v uN (xb)
(becausgt andA are bipolar fuzzy

right ideals ofS)
> A ANy v ()}

x=yz
= (ANOIJ )(X)

HenceAP A puP = APo P andAN v uN = AN o uN. This
implies it is a pure bipolar fuzzy ideal @&

(6) = (3) LetAbe an ideal ofs. Then the bipolar
fuzzy setxa = (x7.xY) is a bipolar fuzzy ideal ofS

Hence by hypothesiga = (X .X\) is a pure bipolar
fuzzy ideal of S. By Proposmon4 5 A'is a right pure
ideal of S

(1) = (7) Suppose tha$ is right weakly regular
semigroup. Letu = (uP,uN) be a bipolar fuzzy subact
of a right SactMs andA = (AP, AN) be a bipolar fuzzy
ideal of S We show thatuP A (x; 0A”) = uP o AP and
pN Vv (xNoAN) = uNoAN. Letx € M. Then we have,

(H7eA") (9 = v {H" () AAT (D)}
< Y 21" @)

(becauseu is abipolar fuzzy
subact of the righ&actMsg)

also
(X oA 09 = A {xy VAN (@)}

— xi\yz{_l\/AN (2)}

=AM @ (v)
Thus

(IJNO)\N> (x) > A

<
—_
':
AQA
>
>a
=

P(yza) AAP (zb)}

(z= zazbfor somea,b € S becausesis a right weakly
regular)

= v {uPx)AAP(z [ y
X:yz{ll ( ) ()} () X_y121{“ yl /\/\ ( )}:([JPO/\P)(X). (VII)
also
And
(X oA") 9 = v {xm AN @)}
) 1“”/\ UV V (Xm0 AN)) (0 = 1N (9 v (X 0 AN) (%)
") =NV (AANE) by ()
P i —H X=yz y
:Xyz/\ (2). (i)
—y AN vAN @)}
e A (V2N @)
(H7oAP) (09 < v {7 () AAP(2)} x=yz
> A i (vza VAN (2b)}
w0 { A7) -
x=yz (z= zazbfor somea,b € S, becausesis a right weakly
= WP A {(X§oA") (0} (by(i))  regulan)
(P A (X 0AP)) (). (iii ) = yzzz{“ Y2) VAN (z2)} = (WN o AN) (%). (viii )
And
From(iii ), (vi), (vii) and(viii ) we have the required result.
(1N oA™) (x) = X:AyZ{NN(y)V’\N(Z)} (7) = (6) We are given that each rigl&act is
bipolar fuzzy normal. Henc§, consider as a%-act, is a
N N
= X:Ayz{“ (y2 vA (Z)} bipolar fuzzy normal, that is, each bipolar fuzzy subact of
(becauseu is abipolar fuzzy SS iS| a aure biporllar.c:uzTy s;lbact(. Llft:N)(/\bp’)\N%-bﬁ a
; ipolar fuzzy right ideal anqu = (", u e a bipolar
subact of the nghSactMS) _ fuzzy ideal of S. By hypothesisA is pure bipolar fuzzy
=4 {IJ x) VAN (2)} (V) subact of S, that is AP A (XPouP) = APo P and
@© 2013 NSP
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ANV (xNouN) = ANouN. Clearly xP o yuP = " and
XY o puN = puN which means thad” A uP = AP o uP and
ANV N = ANo uN. Hencep is a pure bipolar fuzzy
ideal of S.

(1) <= (8) Itisimmediate from the definition (under
the assumption th&is commutative).
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