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1 Introduction wherea, b,andp are positive rationales such treat-

. . b < p. General Theorem such
In Chapter 16 of his second notebodl,[Ramanujan

develops the theory of theta-function and is defined by ~ ¢®*  (a-big)(bi—aa) (aa—bacf)(br—auqf)
l-aby + (1- albl)(q% +1) + (1- albl)(qél1 +1) +

n(n+1) n(n-1)

flab):= % a z b 7z ,|ab|<], 1)

N=—co0 _ |—|'r°1°=0(1 - qaqn p)(l - qp_aqn p) (7)
= (—a;ab)w(—b;ab)«(ab;ab). Mho(1—aPa"P)(1— gP~Pg"P)
where (aq)o = 1 and wherea; = ¢, by = o°, qu = "B, a = 2A+3p/4,
(30)w = (1—a)(1—aq)(1l—ag)---. 2B+ p/4,andp = 4(A+B), |q| < 1, are proved.
Following Ramanujan, we defined Now we define a modular equation in brief. The
- _ ordinary hypergeometric series
¢(q):=f(a,q) = q° = w 2) 2Fi(@bicx)is defined by
n<=oo 0 —0)e
T VI (T
co n(n+1) 2; 2 ® zFl(a., b, C, X) = 7|X 5
Y =faad)=5aqgz = %, (3) 2 ©m
n=0 ' ©

" where(a)g = 1,(a)p = a(a+1)(a+2)---(a+n-1) for
n(3n—1) % i
f(—q):= f(—q, _qz) _ Z (—1)"q" 7 = (4 Qo any positive integen, and| x |< 1.

n=—oo Let 11
(4) . o 4 L.
and z:=2(X) = 2k 2,2,1,x (8)
X(@) = (— 7)o (5)  and
In [3],[4] Nikos Bagis define Ramanujan Quantities
R(a,b, p;q) as

2F1(%,%;1;1—X)> )

q:=q(x) :=exp| —m
) < 2F1(3, 31,

: —(a- o—p? Mheo(1-0%q"P)(1-gP—%q"P)
R(a,b, p;q) = q~(@b)/2+(@-b%/(2p) nﬁzg(l—qbqﬂp)(l_qpqunp): where 0< x < 1.

(6) Letr denote a fixed natural number and assume that the
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following relation holds:

rzFl(%,%;l;l—G) _ oF1(3,3;1,1-B)
F1(3.3:10) F1(3.5:18)

Then a modular equation of degneia the classical theory
is a relation betweenr and 3 induced by 10). We often

say thatB is of degree overa andm:= M is called

ZB)

the multiplier. We also use the notatiors:= z(a) and
z :=z(p) to indicate thaf3 has degree overa.

(10)

In this paper, we obtain several new modular relation

between

R(1,2,4;9) and R(1,2,4;q") for n = 4,6,8,9,10,11,
13,14,15,

17,19,23and 25.

2 Preliminary results

Definition 1[4]

[a,p;a] = ("% 0P)eo (A% OP)eo (11)
where g=e ™" andap,r > 0.
Definition 2[4]

R(a,b, p;q) = q (a2 2p) ﬁ;‘ . g} (12)
Conjecture 34] If x = R(1,2,4;q) and y= R(1,2,4;¢?),
e X' —y?+axy =0 (13)
Conjecture 4[4] If x = R(1,2,4;q) and y= R(1,2,4;0°),
fher X —xy+ 43y -yt =0 (14)

Conjecture 54] If x = R(1,2,4;q) and y= R(1,2,4;0°),
then

X8 — xy+5x%y? — Bx?y* + 16x°%y° —y6 = 0

Conjecture §4] If x = R(1,2,4;q) and y= R(1,2,4,q"),
then

X8 — xy+ 7xy? — 283y + 70y — 112¢5y°

(15)

Lemma 2[2, Entry 17.3.2, p.385] I3 has degree 4 over
a, then

(1-vVi—a)1-/B)=2{/B1-a).
Lemma 3][1] If B has degree 8 ovar, then
(1-(1—a)" (1B =2v2(B(1—-a))"®. (20)

Lemma 4[1, Entry 3(x),(xi), p.352] If3 has degree 9 over
a, then

)" ()" () "o

a 1-a a(l—a)

() ()" ()" oo

Lemma 5[1, Entry 7, p.363] If3 has degree 11 ovaen,
then

(@B)Y*+{(1—a)(1—B)}*+2{16aB(1—a)(1—B)}/*2=1.
(23)

Lemma 6]1, Entry 63, p.387] If3 has degree 13 ovex,
then

(19)

VU (U3 +8w) = VW(11UZ V). (24)

where

U=1-Vap-/(I-a)1-p)

v =64(/ap+/(1-a)(1-B)- VaBl-a)1-B)),
andW=32\/aB(1—a)(1-p).

Lemma 7][1, Entry 21, p.435] Letr and3 has degrees 3,
5or 1, 15 respectively, then

(@B)5-+ {(1- a)(1— )}~ (aB(1 - a)(1 f)}¥8
1/2
{31+ VaB T aT-p) |

(25)

where the minus sign is chosen in the first case and the
plus sign is selected in the second case.

Lemma 8[1, Entry 17.3.26, p.392] If3 has degree 17
overda, then

o (8" () ()

BA-—BN [, (B, (1=B\""
+1128° — 648y — 64axy’ +y2 =0 (19 —2<a(1_a)) {1+ (5) +<m> :
Lemma 1[1, Ch. 17, Entry 10-11, p.122-123] (26)

o(—0P) = vz(1—a)¥/® 17 17 (a)lf“ (1—a>”“ (a(l—a) v
—=(Z — ] o+
m B 1-B B(1-pB)
1 a(l—a) 1/8 o\ /8 1_g\/8
va=pen-aa ey 2(GEg) {1+<E) +(=5) }
where g=¢€eY (27)
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Lemma 9[1, Entry 58, p.386] If3 has degree 19 over,
then

X®—7X?Z-YZ=0. (28)

where

X=1-ap—(1-a)(1-p),

Y =16({/aB+/(1-a)(1-B)- /aBl-a)(1-B)),
andZ=16y/aB(1—a)(1-B).

Lemma 10[1, Entry 15, p.411] If3 has degree 23 ovaer,
then

(@B)8+{(1—a)(1—B)}B+22*{aB(1—a)(1-p)}/* =1
(29)

Lemma 11[1, Entry 17.3.27, p.392] I3 has degree 25
overa, then

<§)1/8+ (%)1/8_ <%)1/8_2(%)1/12:m.

3 Modular relations Ramanujan Quantities
of R(1,2,4;q)

In this section, we obtain certain modular relations

betweerR(1,2,4;q) andR(1,2,4;q").

Theorem 71f u =
v:=R(1,2,4;q%) then

u® — v+ 8vPU8 + 2448 — A8 + 32088 + 1688 = 0.
(32)

R(1,2,4;9) and

Proof Employing Definition () and @) with a= 1b =

2and p=4, we get

1/8 (0o (0 )0
(0% 0" (95 0% o

Using the equationsl], (2) and @), then the above

equation can be written as

R(1,2,4;9)=q (33)

18 f(=9,-0®) 15 W(-0)
f(—a?,—?) ¢(—?)

employing the equation4d.{) and (L8), we obtain

R(1,2,4;0)=q =q (34)

qY/® Y(-q _a'®
(- V2

(35)

using the above two equatio84) and @35), we get
If0 < a<1,then

a'/® = V/2R(1,2,4;q) (36)

employing the above equatiod@) with the lemma?2),
we obtain 82).

Theorem 8If u =
v:=R(1,2,4;¢°) then

U+ 96V A8 + 4888 — VAU’ + 256U %18 + 964Ut
+VP+ 256/ 010 — 448,112 — 1128012 + 6vU®
+127ut? + 16" + 7680 — 64U’V = 0.

R(1,2,4;q) and

(37)
ProofUsing the Conjecturedjj, we obtain
1-16x8
Y=\ & (38)

Replaceq to ¢? in the equation4) and using the above
equation 88), we arrive at the equatio7).

Theorem 9lf u = R(1,2,4;q) and

v:=R(1,2,4;¢®) then

ul®— 288 —v2— 648 — 8V — 11210 128/12— 64V + 448,608
+16v2u8 + 102488 4 128408 + 1792108 + 2048428

+ 102448 — 16v2ut + 11208u'6 — 448,50t + 11246

— 1792118 4 256/ %016 — 1024148 + 1792126 = 0.

(39)

ProofUsing the lemma3) with the equation 36), we
obtain B9)

Theorem 10If
v:=R(1,2,4;q°) then
ul? — viB + svutt + V22 + 102Ut0 — vBu — 2430° + 15748
+ 48u'V° — 84u8VP + 48u°v’ + 15uhV® — 24v°0° — 256, utt
+ 10v1%2 + 256/8%10 + 8Vt — 256/M0° + V2 = 0.

u = R(1,2,4;q) and

(40)
ProofUsing the lemma4) with the equation36), we get

(U2 —vi? 4+ 8vutt 4+ vAu? + 102U — Bu — 24°30°

+15u%v* + 48u"V° — 84UV + 48U°V' + 15UtV 4 V12

— 24v°0° — 256/°ut + 10v10U? + 256,110 + 8vity

—256/M0°) (WP + VA2 (ut V)2 =0

(41)

By examining the behavior of the above factors near
g = 0, we can find a neighborhood about the origin,
where the first factor is zero; whereas other factors are not

zero in this neighborhood. By the Identity Theorem first
factor vanishes identically. This completes the proof.
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Theorem 11If u =

R(1,2,4;q) and
v:=R(1,2,4;q%) then

1400728 — v2ut + 10viOu? + 2408ut® + 655/ U6 + 1588
— 4048 — 19040/12u8 + 3840166 + U2 — 15296/1020
—260v5ut? — 70v2u%° + 400/1°U? 4 12801074 + 409@0°A24
+ 2408024 + 244024 + 37205020 + 384018024 + 20v2ut?

— 61184120+ 6144°°0%* + 167680°°U*°® — 102402%8
+1600/Mu™? + 240818 — 166438 — 1024122 + V12

+ 204822 — 7168W°N?2 4 238080820 + 40uv4 ? o.)

42

ProofReplaceq to ¢? in the equation15) and using the
above equation38), we arrive at the equatiod?).

Theorem 12If u =
v:=R(1,2,4;q) then

165408 — 4403 — 11088 — 16508 — 66UPV° — 11v8U?
—uv+ 7040%° + 120°% + 11UV + 176/8ut0 — 4403 — 12

+264u'v’ + 1182 + ur2— 17641908 + 10241011 = 0.
(43)

R(1,2,4;9) and

ProofUsing the lemmaZ&) with the equation36), we get

(—90112:1v?2 1 14881°v?2 + A2 + 148872 + 24135@16\2
— 23020 — 238°0* 4 947UV — 385382411616 24 1 24
+ 9472 + 2424327912 — 29384112v1? — 3801088°0v20

+ 41315241 + 653312018v!8 4 10485767%v?2 — 58utV

+ 159558 + 258221010 — 25668514 — 256681140

— 1505488 + 2413508v16 1 24243211220 — 901127214
—220%v10 4+ 9302V — 220192 — 4106881 Ov8 + 9382

— 41068&18v10) (44uttV? + 165408 + 1132 — 1654u*
+66u°V° 4 uv— 70409v° — 1108 — 110V + 1765010

— 26407V’ — 1102 + 118V + ut? — 176/10u8 — V12

— 1024V 1 443 (— 440tV 4 165418 — 1108V°
—66u°v° — uv-+ 7049° + 1100 + 11uV° + 176/5u'°

— 4403V 4+ 2640V — 1v0W2 4 1008V2 4+ ut? — 176,008

—v2 410240 — 16581 = 0
(44)

By the Identity Theorem third factor vanishes identically.

This completes the proof.

Theorem 13If
v:=R(1,2,4;q") then

u = R(1,2,4;q) and

13uv® — 429808 — 52037 + 832tV — uv+ 42UtV — 2080513

+409au3v18 — 1300%° — 520"V + 429508 — v14 4+ 83"V 4 U4

+ 13u% + 65v2ut? + 208u%° — 429/1%* — 650127 — 208U = 0.
(45)

ProofUsing the lemma@) with the equation 36), we
obtain @5).

Theorem 14If u = R(1,2,4;q) and
v:=R(1,2,4;q*) then
13468/ u%* — 816256420 + 8538881 %28 1 58944,ut6 + 32/ u%?
+39088°u° + 140128 — 2083201274 + 4587520740 + u®?
+ 54648832728 — 896/°u8 — 4264961422 — 22937652
+28v2ut? — 728/Aut8 + 127681206 4 1368645U7* — 2102u%°
—2268/5u'? + 474881020 + 458752112 4 35037184742
— 2731520028 — v2u* + 448.°u%2 — 45920/5u78 + 280/°u%8
+ 60256142+ 35841272 1 55164928°%%% — 2981888°5u'°
— 470220807%%8 + 1146882U%2 — 10926080878 + 896U V22
+ 30392327220 — 3333120°%%% — 28672788 — 23224327%12
+ 1508864241 + 57344°%%2 1 131072782 — 179648616
+ 2410248012 + 2240°%8 + 40026112°%%° — 4322304674
+ 20428878 — 326502487° — 163841 + 288961516
— 344064074 — VAU + 14v %% + 17920/16U32 + 16

+ 655365322 — 6664 U2 = 0.
(46)

ProofReplaceq to g2 in the equation16) and using the
above equation3g), we arrive at the equatiod ).

Theorem 15If u = R(1,2,4;q) and
v:=R(1,2,4;q®) then

u?* — 15v1%2 4 126048 — 245120 + 62400318 — 21284
+ 8399186+ 83991188 — 130566 6 + 408"V 4 40801tV
— 5568 V° — 15u*42 + 12604 /° — 245Ut A + 966U A2

+ 1560 — 87000 — 1330410 — 280u"V7 + 24 — 1505v°
+245/1802 4 245082 4 577@°PN° + 96PN + 14441894 — uv®
+ 201610+ 1444198 4 57764A1U° + 96027 + 1632t VP
+4050°% + 3920748 — 6144@°AM — 921607V — 510058
—62720”%? + 40502%* — 16384°7%1° — 2457601 V10 — Uy

— 61440721 — 9216020 — 6400/t — 62726/°°%U% — 91U8VE
— 655362070 — 37273688 — 163842%U%° + 15uvt’ + 150ty
43920228 — uhv* — 90uttv® — 90wVt — 100Ut — 1000513

— 28672V + 2016080 + 16320/ 10 — 640V = 0( )

47

ProofUsing the lemma®) with the equation 36), we
obtain @7).

(@© 2014 NSP
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Theorem 16If
v:=R(1,2,4;q'") then
78336/13ut® — 43521 %16 1 22644/12° — 65280/12Ut* — vu
—13464/530° 4 4352°ut7 + 4403008 + 17v°u — 33456/1 17
+ 2611208+ 102v7u® — 33456/ Ut — 178U% + 440305ut°
— 49164°0° + 306/°U° — 13464°u'® — 255/5u* + 22644/5ut?
— 1728+ 4252018 1+ 102407 — 2448,u° — 255408 + 8
+7140Au + 17v° — 34vut’ + V18— 34vtu 4 43521 1°
— 655361t + 42504002 — 435216410+ 2611250t
— 2448/5%0° — 65280/Hut? 4 714040 = 0.

u = R(1,2,4;q) and

(48)

ProofUsing the lemmag) with the equation 36), we
obtain @8).
Theorem 17If u =
v:i=R(1,2,4;q'°) then

38/°U° + 646U + 414961 W — 41805t — 21242148
+6859/u® — 2478 — 632321210 — 204+ U204+ 247U
— 418 + 1903 — 17105 — 10374°%° + 1908 — uv
+26225ut0 — 319217V — 38u6v2 — 262108 — 1140513
42042883 — 1140132 + 26752°ut” — 57Ut — 5 U
+ 267521 7u° — 311296/ U7 — 194561 % + 41952,14/10
+ 212421138 — 10336518 + 1556481418 4 632321012
+19uv’ — 6859/18U% + 456Q°v'° + 10336/5u'8 + 456N’
+ 1751041515 — 646107 — 15564811814 — 419521414

+ 228Ut 4 2280319 + 26214471410 — 19456110 = 0.

(49)

ProofUsing the lemmaq) with the equation 36), we
obtain @9).
Theorem 18If
v:i=R(1,2,4;¢°%) then
5968907 0° — LBV — 922368073+ 439091202428 4 250ty

+ 2430792 — 16777216°%?° + 1809387V 0 + 15670174
+V2ut —\Pu4 VA2 — viP + 18093511420 + 462028807521

+ 379793 + 4327V — 32007V’ + 60734 A + 74uv?°

+ 84763541 — 25508 4 596892 — 18920814 + U0

— 2508t 4 37979@%?5 + 705U°%° + 25uvt — 163840001427

— 16384000°V!° — 16777216277 — 18921t 48 — 1500t
+1307790 Vv — 15002 + 167772167428 — 52147207412
+43909120782° — 9223680135 4 130779037 + 6700
—218112@*?% — 16711680°42% — 4638A113° — 3603 V°

+ 263242 — 118732801 V2! — 118732807V + 156701428
— 255008 — 167116807422 + 248335”AF — 20378 + 74U7%
+ 2520 % + 16384001 V20 + 84763511814 — 85201165 40

— 4843520142 — 96819201420 — 114688001828 + 6700104

+ 4320 + 6633851812 — 2037 — 167772167V

R(1,2,4;q) and

u = R(1,2,4;q) and

— 3782410 — 73256 V5 + 62208028 — 96819207418

—36030%v!" + 11059201323 + 2430420 + 66338511418

— 17502 4+ 167772167842% — 11468800°%'8 + 622082810

—3782A1'%*? + 645120 V7 — 484352@°A/16 + 110592073

— 8525v% — 3840%?° — 1368 W — 17502 + 705U%°

+ 163840077 — 4638013+ 432285748 — 61561 V23

—38400°%° + 462028807 v?° 4 25200 — 615613

— 218112024 — 209715207322 + 6451207 Vv — 25003

+ 6073401 V10 + 26324527 + 248335524 — 350208V 1°

— 52147201428 + 432288522+ 2051782 + 2051428 = 0.
(50)

ProofUsing the lemmaX0) with the equation 36), we
obtain 60).

Theorem 19If
v:=R(1,2,4;¢%%) then

u = R(1,2,4;q) and

84763%Mv'® — 150uv*! 4 59689@1V° — 255.°V° — 114688001828
— 16777216%°v?° + 60734V + 15670178 — 209715207323
+43909120%°?% + 18093587°v0 — 968192@%°v8 — 922368w?5v!3
+59689°Vv?! — 18928V 4 26324, v?7 — 250! + 379790°v?°
+7050°V° + 25uv*® — 1638400027 — 16384000%7v° — 320UV’
—16777216°7v?" — 1892\ 4 74uv?® + 2503y 4- 130779 V13
— 1502 + 16777216%%28 — 5214720752 4 439091207%v°

— 92236801V + 130779@M3VY + 24833564 — 218112014

— 175022 4 1677721675v2° — 11468800%v18 + 62208810

— 37822+ 64512tV — 4843520728 + 1105920%v°

— 250tV 4 7407 + 16384007V — 4638Q1°v13 + 432285728

— 167116807 — 3603 "v° 4 26324°77V® — 118732807 v

— 118732807Vt + 432288V — 463803V + 15670148 (51)
— 167116807%v?2 + 24833524 — 2037Qr*v!8 + 43211%V"
+2520.1 + 1638400 v + 84763516v14 — 378201210

— 3502080M°v'° — 48435252 — 968192 8v?° + 670u*v0

— 5214720M%v? 4 6633851812 — 20378V + 6451207 v

+ 66338811218 — 85206\ 4 7050°V° + 4620288075V 4 u*°

— 73256Q15v1° + 6220801028 — 1750122 — 3603V + V0
+110592@'°v* + 2051782 4- 2051°v?8 + 24302V — UPV?

— 85200V — 384001°v?° — 16777216°°v?° — 1368V

— 6156Q1'v?% - 38400°%V° + 670UV + 4620288071v?°
+2520°vt° — 6156073 — 218112074v** + 180935400

+ 3797975V + 432007 v*° 4 60734V +v2ut — 256,68
—VPu+VA? - P + 243070 = 0.

ProofUsing the lemmaX1) with the equation 36), we
obtain 61).
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