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Abstract: This work aims to theoretically evaluate whether the nunibef partitions of a discrete variabbé¢ affects the sensitivity
S(X) of a binary health outcom¥€. The distribution of variabl&X was either unknown or the uniform. Thus, two discrete random
variablesxk andXk+1 with k andk + 1 partitions, respectively, were considered. In addition, a randofablal that indicates the
actual health status of an individual was also considered. The caseaiitposite indeSE,{ﬁ which is formed by the sum ofi variables

XJ-k, j=1,2,...,meither when the distribution of each variab{g¢ is unknown or the uniform was also investigated. This work suggests
that the sensitivity of an index is a non-decreasing function of the nuoflprtitions, under certain conditions.
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1 Introduction

Health related indices have long been used in biomedicaérehk [L,2]. Health related indices are composite tools, based
on either discrete or continuous variables. This type otieslaims to measure a variety of clinical conditions, beiray
attitudes and beliefs, which are difficult and even impdssib be measured quantitatively and directly (e.g. emsation
stress, depression, pain, diet quality, e&B]. In practice, a composite health related indéxs created by the sum of
component variablexX, each one witfk partitions. Thus, a composite health related in@i&is given by the following
formula:

Th= > XK (1.1)

Themcomponent variables reflect differantaspects of a person’s clinical situation.

During the past years, indices have been extensively usearious health fields such as in psychometry in order to
measure several conditions, like depression, anxiegss#] as well as in cardiovascular prevention in order to measure
diet quality and adequacy]. Based on these tools, individuals were classified as bedfeged or non-related to the
investigated characteristics of a specific disease. Marebealth related indices have been associated with $éneaith
outcomes such as a diet scale being related to the likelilobalkveloping cardiovascular disea®. [n addition, an
index that measures stressful experiences has been redatadden deaths, etc. As an example, MedDietS@&jris a
dietary composite index that measures the degree of adleetetthe Mediterranean diet. The consumption of each of the
11 food groups (fruits, vegetables, meat, fish, dairy, etcaiibrated depending on the frequency of consumption (e.g
never, rarely, 1-2 times per month etc). The calibrationtisee from 0 to 5 whether the food group is beneficial for healt
or from 5 to 0 whether the opposite is true (e.g. meat). Tha t@lue of this dietary index is the sum of the individual
values received by the component food groups. A great vdltigisodietary index for a person means that, this person
is close to adherence of the traditional Mediterraneangigtern and thus runs less risk of cardiovascular disedses, T
MedDietScore is a composite health related index with 11 components each of which hias- 6 partitions.

Despite the fact that health related indices have been wsethny fields of biomedical research, there are several
unresolved issues as regards their construchnqne of these issues is the optimal number of partitionfefibdex
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needed, in order to increase, not only the informationaeéd from the individual's characteristics, but also tregdostic
ability of the index as regards the health outcome that tdexraims to evaluate. In a recent work by Kourlaba and
Panagiotakosf], it has been shown using simulated and empirical data lieattimber of partitions each component of a
composite index has, is positively related to the diagoaiility of the index as well as that the use of a continuoasesc

is the optimal choice to achieve the maximum diagnostic ieayu However, from a theoretical viewpoint, simulations a
not so robust to establish a methodology because not aligp@sases, which may exist in a mathematical solution of a
research hypothesis, can be covered. Therefore, simulagdthods are not considered as a mathematical proof, glthou
they are an analytical proof. As a result, such a proof i$ stifsing in literature. Thus, the aim of this work was to
evaluate the research hypothesis which claims that thetisépf an index increases when the partitions of the ide
also increase, based on a theoretical approach. The latealso been partially attempted, in a recent work by Masoul
and PanagiotakoS]J. In order to examine both the nature and the intensity of¢legtion between the number of partitions
each component of a composite index has, as well as its ditigrability, a measure of the diagnostic accuracy of the
index was necessary. The sensitivity function of a compasilex is suitable to be used in order for the aforementioned
research hypothesis to be investigated. It is known thagitety function itself is not sufficient enough to evaleahe
diagnostic accuracy of an index as well as that the increfasengitivity leads to the reduction of specificity and viegsa,

by moving the diagnostic threshold. In this work the numbdegpartitions is being examined according to the sensitivity
value.

This paper has been organized into four sections. The firdiogepresents the first statement of this work
(Propositionl), as well as its mathematical proof, in the case of a dissmtebleXX, which represents a health related
indelek with k partitions that follows an unknown distribution. The sed@ection presents the special case where the
discrete variabl&X follows the uniform distribution whereas the third sectimesents the extension of Propositibin
the case that the indek is developed by the sum ofi variablesX¥ and their distribution is unknown (Propositi@)
Besides, the fourth section refers to the application opBsdion3 and also presents specific examples of the sensitivity
function’s monotony of a composite indé’#] which is the sum ofn discrete variables, in the case that, variab(fésare
distributed uniformly.

2 Problem Setup - One discrete Variable - General Results

In this section, the first statement of this work is preserasdvell as its proof, in the case of a discrete variaflevhich
represents a health related indPl& Thus, it is investigated, by the use of the sensitivity fiog whether the number
of partitions of the discrete variabk" affects its predictive ability for a health outcome. Theref two discrete random
variablesxX andx**! are considered witk andk + 1 partitions, respectively.

Notation: As ak-partition of a sefA is considered a set &fsetsU = {U;}, i = 1,2,... k that are pairwise disjoint,
not null subsets oA and their union iA [9].

The discrete variable$k andX*+! take values from the following sets:

ka = {1,27,k} andek+1 = {17277k7k+1}

A random bivariate variabl¥ is considered so as to follow the Bernoulli distributi@j. [VariableY expresses the
actual clinical status of a person as well as indicates tasgmrce or not of a disease (healthy: O or patienty = 1).
Sensitivity of a clinical test is the probability of a poséitest result given the presence of the symptboh [Generally,
sensitivity measures the proportion of actual positivése@sed) which are identified as such by the test result.
The sensitivity functions of variableg< andX**1, in relation toY, are defined according to the following conditional
probabilities [LO]:
S(X) =P(X*>co| Y =1) (2.1)
and
S(X) = P(XKL > g | Y = 1) (2.2)

wherecp andcy are selected thresholds in an appropriate statisticalade#hg. by the Receiver Operating Characteristic
Curve) andko, ¢y € R.

If 77 and7i** imply the conditional probabilities where the discretedam variables<k andX*+? take a fixed value
i, for an individual of the diseased populatipn= 1), thenr and7#** are given from the following formulas:

m=P(Xk=i|Y=1),i=12... k andke N k> 1,

and
ml=pX*1=i|Y=1),i=12... kk+1, andk e N,k > 1.
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Therefore, according to definitiors1 and 2.2 sensitivity’s functions of variableXk and X**1 are given by the
formulas2.3and2.4:

S(X¥) =PX*>c|Y=1)= f ) (2.3)
and
k+1
SXY) =P(XKL > | Y =1) = Z el (2.4)

wherec € Ryk = {1,2,...,k} is the lowest value oKk greater tharty andc € Rykii = {1,2,...,k k+ 1} is the lowest
value ofXk+ greater thar),.

Proposition 1For any ke N, the sensitivity of index ' is a non-decreasing function of k, under a specific condlitio
(condition 1).

Proofin order the above proposition to be proved, it is sufficienbé shown that for ank € N the following inequality
applies:
k<k+1e S(X) < s(XH (2.5)
According to definition®.3and?2.4, relationship2.5becomes:

k+1

z < > et (2.6)

i=c

A sequence of probabilities’ differences,i = 1,2,...,kis considered so as to satisfy the following equality:

ai = i~ ! 2.7)
Condition 1: The sequence of probabilities’ differenamsi = 1,2, ..., k satisfies the following inequality

c-1

E z >0 ()

in the case that < ¢

The sum on the left side @, refers to the difference between the probabilities of falsgative values of indicexX
andX*+1, On the other hand, the sum on the right sidepfefers to the probabilities of false negative values of inde
x¥+1 petweerc andc — 1. Practically, condition 1 declares that the probabiditigifferences of false negative values,
between the index with fewer partitions and the index wittrerartitions, cumulatively, should be greater than or equa
to the probabilities’ sum of false negative values of thesid*+1, betweerc andc’ — 1.

Therefore, the cases which are distinguished, accorditiieteelative position betweanandc’ are the following:

—Caselc=c >1
According to relatior?.7, the sensitivity of variabl&* becomes:

(ly)

= Tﬁk“Jr Zion = n;k+1+ = z nk“ S(Xh
& Se( K < Se(xk“)

And thus2.5is established. O

Lemma 1.For the sequence of probabilities’ differenagsi = 1,2, ...,k applies:

K
Zl o =ty (1)
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Proof By summing fromi = 1 to k both sides in relatio2.7 imply that:

_qkﬂ@iiai:ii(nk_mkﬂ) Za' an an 1_ an anﬂ quﬂ i1

—Case2c>c >1
According to relatior2.7, the sensitivity of variabl&Xk becomes:

=3 at=3 (hha) =Sy a 3 S a3 A S s
<:>Sa(xk) SSE(Xk+1)

Given that the quantityt** is a non-negative number as a probability, the followingjumity & 1 < 5K , 1
applies and thug.5is established.
—Case 3¢ > ¢ > 1 The following difference is considered:

o500yt b St (St 3 )

:i (qu+1—nk)+ ill—fi:n-kéi(—ai)fk ai—dii:nk:g_lai—(j_:’lk
-1 c-1 d-1 c-1 d-1 C1
—Zal+z (al ):i;a'+i; (_nk+l):i: ai_ichk+1<2)0

N Se(Xk) < Se(xk+1)
And thus2.5has been established, under condition .

Remarkin case 2 the inequality that given a probability spé@eF, P), if A C B thenP(A) < P(B), has been used.
The sensitivityS:(X¥), is a non-decreasing function kfunder condition 1.

3 The Case of Uniform Distribution - One Variable

In this section the special case where the discrete variblellows the uniform distribution is presented. Therefore,
two discrete random variable$< and X1 are considered witlk andk+ 1 partitions, respectively. The conditional
probabilities7 and 771, where the discrete random variablsandX*+! take a fixed valug, for an individual of the
diseased populatiofy = 1), are given by the following types:

rq-k:P(Xk:i|Y:1):%7 i=1,2..k keNk>1
and 1
K p(xktl =y =1 i=12... kk+1, k k> 1.
nik ( || ) k+1 I »e L] + ) ENy >

Therefore, according to definitio2s3 and2.4 sensitivity, for each case, is equal to:

quk7|< c+1 3.1
and
S(XKH) = znku k;ii'z (3.2)

wherec € Ryk = {1,2,...,k} andc’ € Ryki1 = {1,2,... .k, k+1}.
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Proposition 2 For any ke N, the sensitivity of index % is a non-decreasing function of k, in the case that variadiés
distributed uniformly, under a specific condition (conaliti2).

Proof According to relation8.1and3.2it is sufficient to be proved that:

k—c+1 k—-cd+2

k<k+leSXK<sxdl e v ) (3.3)
Let the difference:
kel o . X k—cd+2 k—c+1
se(x+>f&(><>:i=zdnk+ fgcnk: Tk
~ (k—=d+2)-k—(k—c+1)-(k+1)
k- (k+1)
_ k2—kd +2k—k?—k+ke+c—k—1
k- (k+1)
_ —kd+kect+c-1
k-(k+1)
o S -y - THETERE 34

A sequence of probabilities’ differences, i = 1,2,...,k is considered so as to satisfy the following equality:

ok e 111
o= -t = k1l k- (kD) (3-5)

Condition 2: The sequence of probabilities’ differenagsi = 1,2,.. .,k satisfies the following inequality

s 2t @)
kK k+1~ k-(k+1) 2

in the case that < c'.
The variablexK is distributed uniformly and according to condition 1 froecton?,

c—1 d-1 c—1 d-1
1 1 c—1 d-c c¢c-1
a; > Kl § — - > o > o >cd—c¢c
2 ,_ichk PR D - 2kl kD kel T K ©

sc—-1>k-d—k-cect+kc—k-d>1
c c 1
c—k.-¢ > - >
< (k+1)-c—k c’_1<:>k ki1 k(K1)
It has been shown that conditiap, is another expression of conditiop which is applied, in the case that the variable
XX is distributed uniformly. Therefore, the cases which astiniguished, according to the relative position betweand
c, are the following:

—Caselc=c >1
According to3.4for this case, the differencg(X*+1) — S(X¥) becomes:
c-1

Se(xk+1) o &(Xk) _ m )

because > 1 andk- (k+ 1) > 0. Thus, forc = ¢’ > 1, 3.3 has been established, i.e. sensitivity is a non-decreasing
function ofk.

—Case2c>c >1
According to3.4for this case, the differencg (X 1) — S(XK) becomes:

—k-¢+k-c+c—1 (—c+c)-k+c—1
k-(k+1) B k-(k+1)

because > 1,c—c' > 0 andk- (k+ 1) > 0. Thus,3.3has been established, i.e. sensitivity is a non-decre&sigon
of k.

S(XH) - S(X¥) = >0
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—Case 3¢ >c>1
According to3.4for this case, the differencg(X**1) — S(X¥) becomes:

—k-c+k-c+c—-1 (k+1)-c+k-c'—1
k-(k+1) N K-(k+1)

S(XM) — s (XK = >0

Where% is a non-negative quantity because of condition 2. The natoeof this fraction becomes:

c c 1
k+1)-c+k-c—1> k+1 k-d>1le - >
(k+1)-c+k-d—1>0« (k+1)-c+k-c i kil Kk (ki)

And thus3.3 has been establishedO

4 Sum of discrete variables - General Case

The indices mentioned in the introduction and used in peadtr predicting the value of a binary health outcorhihat
indicates the clinical condition of a person, are usualljnposites, and often, are the sum of other discrete comp®nent
variablesX]k, j =1,2,...,m. For this reason, the sensitivity of a composite healthtedlindexTX = Z le is often
interesting to be examlned because many decisions, elipétidne field of health, depend on many factors

In this section it is investigated whether the number of theifions of each discrete varlab)qk influences the

sensitivityS, or not, of the indextX, in the case that the distribution of variabbe}s j=1,2,...,mis unknown. For this
purpose, two variableEk and T+ are considered as follows:

m
T = XE 4+ X5+ X ZXkandi“ X L = S X
=1

The variablesc, XX, ..., XK andxk1, x¥*1, ... xk+1 are considered as independent and follow the same distnibut
Therefore, variable$k andTX*! take values from the following sets:

RTA%:{m,erl,...,mk} andRTth ={mm+1,....mk...,mk+1)}

Then, the sensitivity functions of the variabl€§ and TX™1, in relation toY, defined as the following conditional
probabilities [LO]:
S(T) = P(Tqy > I§m | Y =1) (4.1)
and
S(Tht™) =P(T > 1§ Y = 1) (4.2)
Wherel'(im andl"Jrl are thresholds selected in an appropriate staﬂshcalode:ihdlo me I'éfnl eR.
If n,‘;i and n#u imply the conditional probabilities that the random vatées X andi+1 take a fixed valug, for an

individual of the diseased populatid¥ = 1) then n,‘;,t and nﬁ# are given from the following formulas:
My =P(TE=t|Y=1), t=mm+1,...,mk andke N,k> 1.

and
I =P(Tett=t|Y=1), t=mm+1...,mk....mk+1), andke N,k > 1.

Therefore, according to definitions1 and 4.2 sensitivity’s functions of variable3,X and TX*! are given by the
formulas4.3and4.4:

S(Tm) =P(Tn =I5 | Y =1) = gkn#;t (4.3)
m(k+1)
S =PMm™ =" Y=1= 3 & (4.4)
t |+l i
where If € R = {mm+ 1...mki is the lowest value of T greater than If, and

kil e Ry = {mm+1,....mk....m(k+1)} is the lowest value ofk+1 greater thamgjnl.

© 2013 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro2, No. 3, 183-194 (2013)www.naturalspublishing.com/Journals.asp NS 2 189

Proposition 3For any ke N, the sensitivity of index.T is a non-decreasing function of k, under a specific condlitio
(condition 3).

Proofln order the above proposition to be proved, it is sufficientté shown that for ank € N the following inequality
applies:
k< k+1e ST < ST (4.5)

According to definitiongl.3and4.4, relation4.5becomes:

m(k+1)

;d& §4ﬁﬂ (4.6)

A sequence of probabilities’ differenceg, t =m,m+1,..., mkis considered so as to satisfy the following equality:

Omyt = Ty, — Tho" (4.7)
Condition 3: The sequence of probabilities’ differenamg;, t = m,m+1,..., mksatisfies the following inequality

IK— Ikl _q

1
amg > >0 (c3)
[=zm ! I=Z|h-, n#]’t °

in the case thaf, < IK+2,
The interpretation of conditiots is similar to the interpretation of conditian, except that the probabilitir:m#kt and
ﬁl refer to the variable$X andTX*1. More specifically, the sum on the left sideafrefers to the difference between
the probabilities of the false negative values of indi€&sand TX*1. On the other hand, the sum on the right sidepf
refers to the probabilities of the false negative valuesdékTX+1, between threshold¥ andlX 1. Practically, condition
3 declares that the probabilities’ differences of falseatieg values, between the index with fewer partitions aedridex
with more partitions, cumulatively, should be greater tbeaaqual to the probabilities’ sum of false negative valugbe
indexTX+1, between threshold& andIk2,
Therefore, the cases which are distinguished, accorditigeteelative position, betweéh andlr'ﬁrl are the following:
—Case 11K =1kl >m
According to relatior.7, the sensitivity of variabldX becomes:

zk Tl#,t Zk (Tlﬁ_ +amt) :t:zlk T#ﬁl-f—tzzlk Omyt

zk nrj#l‘f‘ Z Omt + zkamt Zk 7-4‘;1+1+ Z Omt :2) tinﬁﬁl :Z Tlrj:rl t_zk T#ﬁl Tk+1

& S(T) < Se(Tw™)
And thus4.5is established. O

Lemma 2 For the sequence of probabilities’ differenagg;, t = m,m+1,..., mk applies:

mk m(k+1) 7—,#1 )
Omt = o I
t:Xm me t:% (I2)

Proof By summing fromt = mto mkboth sides in relatiod.7 imply that:

mk mk mk mk mk
Omt = T’#u - T’r‘#tl (:}tz Qmgt th (n#n - n#ﬁﬂ) (:}tz Qmt = z T’#u - z r’##l
=m =m Sm

m(k+1) m(k+1)

mk mk mk
o z am,t —1_ z nlr;ﬁl@ z Omt = z n#{»-l Z 7.451+1<:> Z amt Z r¢<n+l
t=m t=m t=m
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—Case 21K > 1kt > m
According to relatior#.7, the sensitivity of variabl&@X becomes:

gkn#;t— zk(n#:r +amg ) = Z.k mt;kam,t

k-1 mk k+1) m(k
Z r¢<n+l+ z Omt + Zkamt 2 Jr z amt 2 Z TI#{H' % T#—Elz Z r¢<n+1 Tk+1
t=I% +1 t= |m+1 =I5 +1 t=mk+1 =I5 +1

& S(TK) < S(TE

Given that the quantit ng is a non-negative number as a probability, the followingyuredity

mk 1 mk 1
+ +
Zk Tlr‘1<1,t < Z nrj1<‘|,t
t=IK t=IK1

applies and thud.5is established.
—Case 3151 > 1K >m
According to relatior4.7, the sensitivity of variabld@X becomes:

ki1
1= § e it vow) < Bt ;amt 5 3 B
n{lﬁrl Ik 1 nrl;rl mk n'l;;tl m(k+1) Jrl_m(k+l) +1_%Tk+1
IIZH + Z Qmt + zkamt tlZH + Z Gmt = t %H t +t:m » t —tZIZmH t = (T )

& S(TH) < ST
And thus4.5has been established, under condition B.

Remarkin case 2 the inequality that given a probability spé@eF, P), if A C B thenP(A) < P(B), has been used.

5 Sum of discrete variables - The Case of Uniform Distribution

In this section it is shown whether the number of partitioheach discrete variablgX, j = 1,2, ..., minfluences the
sensitivity of a composite indekk = 370, XK, in the case that the distribution of variabhe§ X5, ..., X¥ is the discrete
uniform. In that case the conditional probabilitig#, = P(TKk =t | Y = 1) andrii* = P(T™ =t|Y = 1) of variablesT
andTX+1 become 11,12):

t—m]

e g ()

=~

and

S = PTE L =t Y =1) = k+1 'i ( )( —(I::_lir—l)

A sequence of probabilities’ differencest,t =m,m+1,...,mkis considered so as to satisfy the following equality:

Omt = Ty — Tt (5.1)
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The sequence of probabilities’ differences,: satisfies the conditioes, from the previous section, in which the
m variables follow an unknown distribution. In the case thw tlistribution of variables({‘,xé‘,...,xfﬁ is the discrete
uniform, then the sensitivity functions of the variabTsand TX! become:

(=]

B R ()

and

m(k+1) m(k+1) 1 [E5] r (kD1
s -Ewe T e s (WA ) e

Therefore, in order the sensitivity function’s monotonytinvestigated, the sign of the following difference muest b
examined:

m(k+1)

STt — t IZ Tt — Z Tyt =

t

E{wmae () <t-<trif-1>} BlER 0]

Tables1, 2 and3 present the values of differen@(TX1) — S(TX) for three cases of the number of variables
and partitiongk). More specifically, the cases far= 2 andk = 2, form= 3 andk = 2 as well as fom= 2 andk = 3
have been selected. In other cases, for greater valuesaoid k, the corresponding tables are not practical enough to
be presented. Tablels 2 and 3 list the values of differenceSe(T3) — S(T2), S(T5) — S(T2) and S(T) — S(T5),
respectively.

Table 1: Values of differenc&(T3) — S(TZ) (m= 2 andk = 2) for all the possible values of the threshalflandl3 (For the thresholds
appliesi3, 13 > 2)

2_3 | 12=3 |§:3 S(TF) — Se(T#) = 0.1389
272 115=4 ] 13=4 | S(T3)—S(T2) =0.4167
12>13 ] 15=4]13=3 ] S(T))— S(T$) = 0.6389
|§ =3 |§ =4 Se(Tzz) - ss(Tzz) = -0.0833
12=3 | I3=5 | S(T}) —S(T§) = —0.4167
12 <13 é:s é:e &(T%)—&(T?):—o.essg
|§ =4 |% =5 Se(ng) fss(Tzz) =0.0833>0
12=4|13=6 | S(T})—S(T$) = —0.1389
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Table 2: Values of differenc&(T$) — So(TZ) (m= 3 andk = 2) for all the possible values of the threshalflandl$ (For the thresholds
appliesi3,13 > 3)

1Z=4]13=4] S(TJ) - S(TZ) = 0.0880
13=13 |%:5 35 S(T5) — S(T£) = 0.3519
: é =6 |§ =6 sg(TZé) - &(T?) = 0.5046
|§ =5 13=4 | S(T3) - S(T¢) = 0.4630
12>13 | 15=6 34 So(T3) — S(T£) = 0.8380
é =6 |§ =5 | S(T3) — S(T£) = 0.7269
|§ =4 |§ =5 | S(T3) - S(T¢) = —0.0231
|% =4 | 13=6 | S(TJ) - S(T2) = -0.2454
|% _a 327 Se(T3) — S(T) = —0.5046
12 =4 é =8 | S(T3) - S(T§) = —0.7269
|§ =4 |§ =9 | S(TF) - S(T2) = -0.8380
213 | 15=5]13=6 | S(T3)—S(T§) =0.1296> 0
3+ é -5 % =7 | S(T) - S(T2) = —0.1296
12=5 | 13=8 | S(T3)— S(TZ) = —0.3519
% =5 % =9 | S(T3) - S(T2) = —0.4630
|% =6 |§ =7 | S(T3) — S(T§) =0.2454> 0
|% =6 |§ =8 | S(T3) - S(T§) =0.0231>0
12=6 | 13=9 | S(T5) — S(T2) = —0.0880

Table 3: Values of differenc&(Ty) — Se(T5) (m= 2 andk = 3) for all the possible values of the threshdiiand|3 (For the thresholds
appliesi3, 13 > 2)

|§ =3[13=3]s(T})- &(Ti) —=0.0486
1314 |%:4 |§:4 se(Tz“)—sa(Tzs):o.mss
2721 13=5|13=5 | S(T}) - S(T}) =0.2917
é =6|13=6 | S(T,H) - SE(T;\’*) =0.2639
|§ =4[13=3] (T} - se(Ti) =0.2708
|% =5 |‘%1 =3 | S(TH - Sa(T%) =0.6042
3o4 | 13=6]13=3| S(T;) - S(T3) = 0.8264
2712 | 3 g 13=4 | S(TH - Se(T23) =0.4792
é =6|15=4| S(T}H - Sg(T%) =0.7014
13=6 | 13=5 | S(T;)) - S(T;) =0.5139
|§ =3[ 15=4] (T - se(TZz) = —0.0764
|% =3 |§ =5 SE(TZ::; - SQET%g = -0.2639
13=3 | 15=6 | S(T}) —S(T}) = -0.5139
é =3 é =7 ga’;}) - &(Tzz) =-0.7014
|% =3|13=8| S(TH- sg(T%) = -0.8264
|% =4 |13=5| S(TH - &(T%) =—-0.0417
EREEE ] ot
% =4 é =8 Sg.(Tz:) - &(T%) — _0.6042
el e s
% =5 é =8 sg.(Ti;‘) - &(T%) — _0.2708
|% =6 | 13=7| S(T}) - se(T%) =0.0764>0
13=6 | 13=8 | S(T;) — S(T;) = —0.0486

In Tablesl, 2 and3, wherever the threshold andl X satisfy the relationk, = I andlX, > 1K1, all values of the
differenceSs(TXH1) — S(TK) are non-negative. If thresholdl§ and1X ! satisfy the relation¥, < I&+1, the values of the
differenceSy(TX1) — S(T,X) appear both negative and positive, but mostly negativéndrcase that the above difference
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is negative, then thresholdf§ andl* do not satisfy the condition

IKk—1 k11
z Omt > Z( Tl#ftl >0
t=m t=I¥

whereas the positive value appears when threshfjldad| k! satisfy the above condition. This remark is in agreement
with condition 3 of sectioi. That means that in those three examples, in which variadigsy, ..., XX follow the uniform
distribution, the propositioB of section3 is satisfied.

All the values of Tableg, 2 and3 have been produced by using a suitable scientific matheahatiogram (Matlab).

6 Discussion

Health related indices have been extensively used for relséa biomedicine, especially in cases where characiesist
of individuals such as attitudes and habits are difficulteareasured directlyl]. Although these indices are extremely
important in a wide scientific field, there has not been paidugh attention to establish a methodology for their
construction and especially for the selection of the opttimianber of partitions of their scale.

Extending previous studies based on simulated and emipilata, in this work, it was proved that the sensitivity of
a health related index is a non-decreasing function inicglab the number of its partitions under a specific condition
(Propositiond. and3). Propositiorl was also verified in the case that variaktefollows the uniform distribution whereas
Propositior3 was applied in the case that the indglis the sum ofnvariableszk, i =1,2,...,mthat follow the uniform
distribution. The aforementioned Propositions give ahferrtreason for concern in the case that the suitable number of
partitions of a health related index has to be chosen.Thdgigof the study is of particular methodological importaiic
creating more accurate and reliable health related indidaish are designed to predict various health conditiolisi¢al
diagnosis of diseases without symptoms, psychologicakdéss, nutritional statusiB, 14], as well as in being used for
various purposes in social science, bioscienceslel&[16]. Therefore, this work’s result gives a key element in dreat
an accurate health related index in order to separate thediseased people from the untruly ones. The use of such
an index can lead to an appropriate treatment and thereligngrthe lifespan and improve the quality of life, or assess
different types of diets. Thus, more efficient public healtid other social programs may be formulated with a better
management of state resources in the field of health.

In a recent publication, which was based only on simulatidnas revealed that the sensitivity of an index is a
non-decreasing function of its scale’s partitiofis Nevertheless, the previous finding was proved in this whlidwever,
simulation methods have certain limitations. The most &medntal of all is that, when simulated data are used in order
to investigate a research hypothesis, the findings are lmassplecific considerations the simulated environment assum
and they are mostly led by the investigatat. [In this work, it is established that the sensitivity of ardéx is a non-
decreasing function of the number of partitions used by tkerete variable, under a technical condition (i.e. Caodit
1) and also the sensitivity of a composite index which is tita sfmvariables is a non-decreasing function of the number
of partitions used under a technical condition (i.e. CdodiB).

Moreover, in a recent work by Maroulas and PanagiotaBhshe research hypothesis tested was whether the number
of partitions of a discrete variable affects its sensiiMily the use of one variable. In this work, the hypothesitetewas
the same, not only in the case of one discrete variable (Bio@o1), but also in the case of an index considered as the
sum ofm discrete variables (Propositid). In addition, the current work presents the implementatibProposition 1,
in the case of one variable which follows the uniform disitibn, as well as three specific examples in the case that the
index is the sum o variables which are distributed uniformly. Thereforestbfudy is more extended compared to the
aforementioned.

Despite the fact that indices with a small number of parigiin their scale are easy for daily use, according to the
result of the mathematical proof of this work, as well as #muits of the simulation, they do not achieve high diagrosti
accuracy. So, it is preferable to use indices with as mantitipas as possible, in order to achieve high diagnostic
accuracy 7,8]. However, the excessive increase in the number of thetjosugi of a health related index may cause
practical difficulties in using it and may also cause the garifal problem of misclassification. A study using simatht
data showed that the presence of misclassification doefattdhe aforementioned relation between the number of
partitions and the sensitivity of the index. Generally, thisclassification issue can be reduced if the researcHezresti
his clinical experience and selects the optimum number ditjpas in accordance with the nature of the characteristi
the index is designed to evaluate.

Thus, in the future, what should be investigated, theaallyids whether there is an appropriate number of partijon
beyond which, the increase in diagnostic accuracy (i.esigeity) of the index, is very small or negligible.
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Another issue that should be explored theoretically is threetation between the components which generate the
index, as well as the correlation between each componenthentealth outcome, which the index intends to assess.
In addition, a common phenomenon is that some componenteadhdex are correlated with the health outcome more
powerfully than some others. Then, it should be further esqad whether weights need to be assigned to each component,
because all the components of the health related index deardtibute equally to the calculation of the total score
[16]. Nevertheless, the presented findings may have a conbideirapact on assessing health related behaviors and
better exploring the pathophysiological mechanisms ofsgalie by developing accurate indices that describe human
characteristics.
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