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Abstract: In this paper we introduce the sequence spaces x(p,0,q,S),
A(p,o,q,s) and define a semi normed spafé,q) semi normed byg. We study some properties of these sequence spaces
and obtain some inclusion relations.
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1 Introduction
Vo =X= (%) : rTI1|Ln ton (%) Y™ = L uniformly inn, (1)
L=0— lim (x,)%" where
n—-o0

- Xq+ T X+ ...+ Tmx,) /"
A complex sequence, whogh term isx, , is denoted by tmn(X) = (n % n) (2)

{xc} or simplyx. Let ¢ be the set of all finite sequences. m+1
A sequencex = {%} is said to be anlaytic if Given a sequence = {x} its nth section is the
sup(|x¢|)k < . The vector space of all analytic sequence

k _ . = { 0,0,...},6(M=(0,0,...,1,0,0,...)
X X17X27"'7Xn7 ) PR I ) b b ] ) b )
seguences W'I_l b_e denoteld by. A sequencexis called 1 in the nth place and zeros elsewhere. An FK-space
chi sequence if link!|x)* = 0. The vector space of all - (Frechet coordinate space) is a Frechet space which is
chi sequences will be denoted Ry Let o be a one-one Made up of numerical sequences and has the property that
mapping of the set of positive integers into itself such thatthe coordinate functionalgi(x) = x (k= 1,2,...) are
o™n)=o(c™(n),m=1,23,.... continuous.

A continuous linear functionap on A is said to be an

invariant mean or ar-mean if and only if (1)@(x) > 0 2 Definitions and Preliminaries
when the sequence= (X,) hasx, > 0 for alln (2) p(e) =
1wheree=(1,1,1,...) and (3)p({xs(n)}) = @({Xn}) for _— L
all xe A. For certain kinds of mappings, every invariant Pefmmon 1.The spazl:e consisting of.all those sequences x
meang extends the limit functional on the spaCeof all  in W such thatk![x|)k — 0 as k— « is denoted by. In

real convergent sequences in the sense gitgt = limx  other words(k! [x|)*/¥ is a null sequencg is called the

for all x € C. Consequentl c Vg, whereVy is the set of  space of chi sequences. The spgds a metric space with

analytic sequences all of thosemeans are equal. the metric dx,y) = {supk!|xx — yk|)% k=1,2,3,...} for
k

If x = (Xn), setTx= (TXY" = (xg(n)). It can be  allx={x} andy={yq}in x.
shown that

* Corresponding author e-maiismaths@yahoo.com

© 2013 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.12785/jant/010201

34 NS 2 N. Subramanian et al : The semi normed space define by

Definition 2.The space consisting of all those sequence XTheorem 2x(p, g,q,s) is a paranormed space with
in w such that(sup(|xk|)%) < o is denoted by\. In other )
K g"(x) {supkS {q <ok(n)!|xak(n)\> k] , uniformly in n> 0}

Words(sur(|xk|)1%) is a bounded sequence. k>1
k

Definition 3.Let p.q be semi norms on a vector space X. where H= maX(l Suppk)

Then p is said to be stronger than q if wheneysy) is

a sequence such tha>p) — 0, then also ¢x,) — 0. If  ProofClearlyg(x) = g(—x) andg(6) = 0, wheref is the

each is stronger than the other, then p and g are said to bezero sequence. It can be easily verified that

equivalent. agx+y) <g(x)+9(y). Next x — 6, A fixed implies
g(AXx) — 0. Alsox — 6 andA — 0 imply g(Ax) — 0. The

Lemma 1Let p and q be semi norms on a linear space caseA — 0 andx fixed implies thatg(Ax) — 0 follows

X. Then p is stronger than g if and only if there exists afrom the following expressions.

constant M such that(e) < Mp(x) for all x € X.

AX) = 4 supk™S |q ( [Xokm |Y€) | uniformly inn,me N
Definition 4.A sequence space E is said to be solid or 9% {szk [q (‘ o (o ﬂ Y }

normal if (oxX«) € E whenever(x) € E and for all L\ P/H B K 1/k
sequences of scalafsi) with |ay| < 1, for all k € N. 9(Ax) = { (W / r) igfk s [q (0 (”)!\Xak(m\) } :
Definition 5.A sequence space E is said to be monotone if r > 0, uniformly inn,me N}.
it contains the canonical pre-images of all its step spaces.

i . wherer = Hence o is a paranormed
RemarkErom the above two definitions, it is clear that a A \1/" X(p.0,0;9) P
sequence spadeis solid implies thaE is monotone. space. This completes the proof.

Definition 6.A sequence E is said to be convergence free! "€orem 3x(p,d,q,8)NA(p,0,6,s) € X(p,0,9,S).

g(yk) € E wheneve(xc) € E and x = 0 implies thaty = Prooflt is routine verification. Therefore the proof is

. omitted.
Let p= (p«) be a sequence of positive real numbers

with 0 < px < suppk = G. Let D=max(1, 26_1). Thenfor  Theorem 4x(p,0,q,8) C A(p,0,q,S).
ay, by € C, the set of complex numbers for alkekN we

have Prooflt is routine verification. Therefore the proof is
actbd <D {jad + b} (3  omited
Let (X,q) be a semi normed space over the field C of ~Remark()] Let qi andge be two semi norms oiX,
complex numbers with the semi norm g. The symig) we have
denotes the space of all analytic sequences defined over X (P,0,01,8)(NX (P,0,02,8) € X (P, 0,01+ 02, S);
X. We define the following sequence spaces: 2Iif qu is stronger than gz  then
Pe X(p,U,Ch,S) .gX(pao-quvS);
A(p,0,q,s) = {xeA (X) : supk™S [Q<\Xak<n)ll/k)] < o0 3 m is  equivalent to 0p, then
nk X(p7o-aqlvs):X(pao-7q1’S)'

iformly in n> 0, i
uniformly in n> 0, Theorem 5[(i)]

520} Let 0 < px < rg and {%} be bounded. Then
P
X(pvo-vq-‘s):{xex(x):kis {q<|xak(n)‘l/k>j| k_>07 X(r7o-aqu) _CX(p,U,q,S);
as Kos o0 2.5 < spimpliesx(p,0,0,s1) C X(P, 0,0, %2).
uniformly in n> 0, Proof(Proof of (i)).

52 0] Letx e x(r,0,q,9) (4)

. | % Tk
3 Main Results kS {q (a"(n)! |xok(n>\) } —~0ask— o  (5)
Theorem 1x(p,0,q,s) is a linear space over the set of 14Tk
complex numbers. Let ty = kS [q (ok(n)!\xak(n)|) k} — 0 and A = p:
Prooflt is routine verification. Therefore the proof is Since px < ri, we have 0< A < 1. Take 0< A > Ay.
omitted. Define ux = tx (tk > 1); w = 0 (& < 1); and
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k=0 (tk > 1); ik =tk (tk < 1); tk = Uk + Wk tQkJr\/\kk.
Now it follows that

k<t and vk<v 6)

(Le)t) <tc+V) by ()

*fa( mixpnl) "]
= a( )]

- 1/k] P/
2l mi) | <
|: 1
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=~
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xe X(p,0,9,9) ()
From (4) and (7) we get(r,0,q,s) C X(p,0,q,s). Hence
the proof.

Proof(Proof of (ii)).It is routine verification. Therefore the
proof is omitted.

Theorem 6The space((p, 0,q,s) is solid and as such is
monotone.

ProofLet (x) € x(p,0,q,s) and (ax) be a sequence of
scalars such thatic| < 1 for allk € N. Then

1/k7 Pk
k—s |:q (Gk(n)!‘akxo-k( )‘) :| <
1/K
ks [q( )Xoy ] al k € N.
1/k Px
a0t ) ] <
1/k Pk
{Q< K(n)! aX gk | ] for all k € N. This completes
the proof.

Theorem 7The spacex(p,0,q,s) are not convergence
free in general.

ProofThe proof follows from the following example.

Example 1let s= 0; px = 1 for k even andpx = 2 for k
odd. LetX =C, q(x) = [x] ando(n) =n+1forallne N.

Then we have
az(n)—ao(zn =o(n+1)=(n+1)+1=n+2and
o3(n) = g(o?(n)) = o(n+2) = (N+2)+1=n+3.

Therefore,a*(n ) (n+k) for all n,k € N. Consider the
sequenceixk) and (yi) defined asy = (& )k X %, and
(k) = K& >< k‘ for all k € N. (i.e.) [x/¥* = ¢ x & and
lyi|Vk = £ x & forallk e N.

n+k
Hence| ( n+k)) |P« — 0 ask — . Thereforg(xy) €

n+k
X(p,0). But| ( R ) |P« — 0 ask — . Hence(yk) ¢

X(p, o). Hence the space(p, g,q,s) are not convergence
free in general. This completes the proofD
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