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Abstract: In this article we introduce the sequence spacg& and ;:cg(s) of fuzzy numbers defined by I-statistical convergence

using a difference operator. We study some basic topological andraig@boperties of these spaces. We also investigate the relations
related to this spaces and some of their properties viz. solidity, symmeiweigence free etc. and prove some inclusion results.
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1 Introduction music. Furthermore, it is shown by Kawamura et. al.[5]
that the earthquake ground motions have very simple
The idea of convergence of a real sequence had beegonditioned fuzzy set rules with non-fuzzy parameters of
extended to statistical convergence by Fast[4]. The notiorthe first and second order differencésX; and AZ2X;
of ideal convergence was introduced first by Kostyrko et.defined by membership functions. Therefore the
al. [10], as a generalization of statistical convergencedifference sequences of fuzzy numbers are used, for
Later on it was further investigated from the sequenceexample in the prediction of earthquake waves.
space point of view and linked to Summability theory by
talt et. al.[11], Tripathy [2], Savas[3]. Recently E. Savas
and P. Das [3] introduced the notion ofstatistical
convergence of sequences of real numbers.

Let X is a non-empty set. Then a family of séts 2%
is said to be an ideal ifl is additive, i.e.
AB € | = AUB € I and  hereditary

. jeAcl,BC A= BeclAn ideal | C 2% is called
The_ concepts of fuzzy sets and fuzzy set Operatlonénon—trivial if 1 # 2X.A non-trivial ideal | is called
were first introduced by Zadeh[6] and subsequently dmissible iff I 5 x.'xeXA non-trivial ideal | is
several authors have discussed various aspects of th%aximal if there does.not ekist any non-trivial iddak |
theory and applications of fuzzy sets. Matloka [7] - S . i
introduced bounded and convergent sequences of fuzz&écontamlngl as a subset.For each iddathere is a filter

: : : (1) corresponding tol i.e. F(I) = KCN:Kel ,
numbers, studied some of their properties and ShowewhereKC — N— K. Throughoutw denotes the class of all

that every convergent sequence of fuzzy numbers is . e ;
bounded. There are many applications of the sequence equences. Now we shall give a brief introduction about
: e sequences of fuzzy real numbers.

and difference sequences of numbers (real, complex an
fuzzy numbers). For example sequences of numbers have
unexpected and practical uses in many areas of science Let D be the set of all closed and bounded intervals
and engineering, including acoustics. They find X = [x3,X] on the real line R. FoX,Y € D we define
application in measuring concert hall acoustics, radarX < Y iff x; < y; and x; <y, and d(X,Y)=
echoes from planets, the travel times of deep-ocean sounahaxX{|x; — yi|,|X2 — y2|} where X = [x3,x] and
waves for monitoring ocean temperature, and improvingY = [y1,y2]. Then it can be shown thatD,d) is a
synthetic speech and the sounds associated with computepmplete metric space.Also the relatibr’is a partial
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order relation orD. A fuzzy numberX is a fuzzy subset
of the real lineR, i.e, a mappingX : R — | = [0,1]
associating each real number with its grade of
membershipX(t). A fuzzy numberX is normal if there
existstp € R such thatX(tg) = 1. A fuzzy numberX is
upper semi continuous if for eagh> 0, X~1([0,a+ ¢€))
is open in the usual topology for alle [0, 1).

such thatk € N : d(X,0) > M} €.

Remark 2.4.Let| = Is = {AC N : Ais finite}. Then
I+ is non trivial admissible ideal ofN and the
corresponding convergence coincides with ordinary
convergence. If =15 ={ACN:5(A) =0}, whered(A)
denotes the asymptotic density & Then I5 is a
non-trivial admissible ideal oN and the corresponding

Let R(l) denote the set of all fuzzy numbers which are convergence coincide with statistical convergence.
upper semi continuous and have a compact support ,i.e, if

X € R(I)then for anya € [0,1], [X]9 is compact where
X]®={teR:X(t)>a}

The setR of all real numbers can be embedded into

R(1) if we definer(t)= é ig;rr:;étt

The additive identity and multiplicative identity of

R(I) are0 and1 respectively. The arithmetic operators on x —

R(I) are defined as follows:

Lemmal A sequence space is normal implies that it is
monotone.

Lemma? [10] If | ¢ 2V is a maximal ideal then for
eachA C N, we have eitheAc |l orN—-Ac .

Definition 2.5. [3] A sequence of fuzzy numbers
(X«) is said to bd-statistically convergent to a fuzzy
number each £

Xo if for > 0,

{neN: fracln{k < N:d(X,Xo) > €}| > o} € 1. The

LetX,Y € R(l) and thea-level sefX]¥ = fuzzy number X is called I-statistical limit of the

x¢%g] and

[Y]* =y{,yz] anda € [0,1]. Then we define sequence (X) of fuzzy number and we write
(XY]" =[x + ¥, %5 + V5] | —stlimX = Xo.
(XOY]"=]x{ —y1,%5 — V5]
X®Y]*= (m'n{xlaya} max{x"y{' }).i, | = Definition 2.6. A sequence spacg(F) is said to be
X~ o=[(x§)~L,(x¢)~Y,x* > 0foralla € [O 1] solid_(or normal) if (Yx) € E(F) whenever(Xy) € E(F)
Forre RandX e R(l) , the product X is defined as  andd(Yk,0) < d(X,0) for all k € N.
X ()= X(r~it) forr#0 o o
0 for r=0 Definition 2.7. A sequence spadg(F) is said to be
The absolute valyX|(t) is defined by symmetric if(Xc) € E(F) = (Xp)) € E(F) wherem(k)
X[ (t)= max{X(t),X(—t)} fort>0 is a permutation oN.
0 fort= 0 Definition 2.8. A sequence spadg(F) is said to be
+ e 8.
Let us define a mappind: R(1) x R(l) — R+ {0} monotone ifE(F) contains the canonical pre image of all
by d(X,Y) = Supsd([X]%,[Y]%) wherea € [0,1]. its ste
= , p spaces.
It can be shown thatR(l),d)is a complete metric
Space. Definition 2.9. A sequence spadg(F) is said to be

)
sequence algebra if(Xc®Y«) € E(F) whenever

Let w(F) denotes the set of all sequences of fuzzy Vi) € E(F
numbers. The operatat : w(F) — w(F) is defined by (%), (Y) € E(F).

0 —
A°(Xe) =X, (AXe) = AXc = Xe— Xy forallk e N. Definition 2.10. A sequence spade(F) is said to be

convergence free ifYx) € E(F) whenever(Xy) € E(F)
I Lo and = 0 implies(Yx) = 0.
2 Definitions and preliminaries (%) plies ()

Definition 2.1. [8] A sequence of fuzzy numbers .
X = (X is said to be statistical convergent to a fuzzy 3 Main result
number Xo if for each
£>0,0(A(g)) =0({keN:d(X,Xo) > €})=0 In this section we shall introduce the following new
sequence spaces of fuzzy numbers and examine some
Definition 2.2. A sequence of fuzzy numbers properties of the resulting sequence spaces.
X = (Xy) is said to bd-convergent to a fuzzy numb&g
if for eache > 0, {ke N : d(X¢,Xo) > €} € |. The fuzzy
numberXy is called thel-limit of the sequencéXy) of
fuzzy number and we write— limX, = Xo.

Let | be an admissible ideal & andX = (Xi) be a
sequence of fuzzy numbers. We define the following
sequence spaces of fuzzy number.

Definition 2.3. A sequence of fuzzy numbers FC(A)={X = (X
X = (X) is said to bel- bounded if there existsl > 0,

)i l-stlim AXc = Xo}.

© 2013 NSP
Natural Sciences Publishing Cor.



Math. Sci. Lett.2, No. 2, 151-154 (2013)www.naturalspublishing.com/Journals.asp NS 2 153
1S Aymry Cert = o) —1-31-0a),-1+3(1-a) k=2"
FGo™ (A)={X = (X :1-stlim A%, = 0} (A% { 1-3(1-a),1+ 2(1-a) ,otherwise
Floo(4)={X = (Xc):sup« d(AX, 0) <O} d(AX%,0) = SUped([AX]?,[0]%) =5

Pl 5 (2) =9 (4) e |

emy ¥ (A)=rcy ¥ (A) e |

w(4).
(4).

| I;rom definition it is
Feh(A) Cr dO(A) Ck lu(A).

obvious that

Example 3.1.Let X
numbers defined by

= (%) be a sequence of fuzzy

}, :

(t—k) forte [k,k+1]
X(t) = < (—t+k+2) forte k+1k+2]
0 , otherwise
k=3"(n=0,1,2,...).

(t+3) forte[—3,-2]
X () =< (-t—1) forte[-2,—-1] ;,if k# 3" and
0 , otherwise
k is odd.
(t—6) forte 6,7
X(t) =< (—t+8) forte[7,8] 5,if k#3"and kis
0 , otherwise
even.

Then fora € [0,1], a-level set ofXx and AX, are
respectively

k+a,k+2—a ,fork=3"
(X« —-3+a,-1-a ,fork# 3"and k is odd
6+a,8—a ,fork#3"andk is even

[AX]%=

k—8+2a,k—4—2a ,fork=3"
—k+3+2a,—k+7—-2a ,fork+1=3"
—11+2a,-7—2a ,fork=# 3" k+1+#3"and k is odd
7+2a,11-2a , fork+# 3" k+ 1+ 3"and k is even

Now if we takel =I5 (the ideal of density zero sets of
N), then the sequencé€Xy) is an example which is
A-statistically  bounded but not A-statistically
convergent[8] and hence nipf-statistically convergent.

Example 3.2.Let | = I; (the ideal of all finite subsets
of N). Let us define a sequence of fuzzy numbers

LetXq(t) =1 fork=2"n=1,2,...
2)+1 forte %2 2]

k
3(t—

F(t-2)+1 forte 2, 2k+3]
O otherwise

otherwise X(t) = {

,otherwise

Thus (Xk) €r 1°(4). But(X) is not l,- statistically
convergent.

Remark 3.3. If | = I; then the sequence spaces

Fci¥(A), £cS(A) coincide with the sequence spaces
FCo(4), rc(A), which were studied by Tripathy and
Das[1] and many others.

Theorem 3.4. The spaces-c'9(4), rc)(4) are

linear space.
Proof. we will prove the result fog c:)(s) (4).

Let X = (X), Y = (k) be any two element of
chs) (A) anda, 8 be any scalar. Then

Ale)={neN:i{k<n:d(AX,0) > 5} >d}el
B(e)={neN: {k<n:d(AY,,0) > 5} > &} €.
NowC(e) = {n € N : i{k < n

d(A(@X B BY),0) > 5} > 8} €1
C{neN:i{k<n:|ald(AX,0) >
sl{k<n:|Bld(AY,0) >
i.e.,C(e )CA(zm) B( P
i.e,C(e)el.

Hencer c'o(s) (4) is a linear space. Similarly we can prove
thatec'(9(A) is linear space.

Theorem 3.5. The spaces:cy(4) and rmy” (4)
are normal and monotone.

Proof. Let X = (Xk) be any element qfc:)@ (4) and
Y = (%) be any sequence such that
d(AX,0) > d(AY,0), for all k € N.Then for alle > 0,

{(neN:i{k<n:d(AX.0)>¢}| >} D {neN:
I{k<n:d(AY,0) > €} > 6} €l

HenceY = (V) €F co( >(A).

Thus the spaces cg(s>

monotone. SimiIarIy:m'és) (4) is normal and monotone.

(4) is normal and hence
Proposition 3.6. If | is not maximal ideal then the
space-c'(9(A) is neither normal nor monotone.

Example 3.7.Let us consider a sequence of fuzzy
number
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Lt forte [-1,1]
X (t) = { % fort € [1,3] Fm'o(s) (A) are complete metric spaces with respect to the
0 , otherwise metric _ _defined by
Then (X) € ¢S(4).Since | is not maximal, by d(XY) =d(Xy,Y1)+Supd(AX, AYi),where(X), (Yi) €
lemma2, there exists a subsktof N such tha ¢ | and Fm S (A).

N —K ¢ I. Let us define a sequen¥e= (Yk) by

!

Xe ,keK

0 , otherwise

Then (Yy) belongs to the canonical pre image of the

k-step spaces afc'(9(A) , but (Y) ¢F ¢ (A). Hence
rc'(®(A) is not monotone. Therefore by lemmal,
£c'9(4) is not normal.

Proposition 3.8.1f | is neither maximal not = I¢

then the spacesrc'(®(A) and chs)(A) are not
symmetric.

Example 3.9.Let us consider a sequence of fuzzy
number defined bX = (Xx) where

[+t -1<t<0
Xk(t)_{l—t 0<t<1

Then fork € A € I(an infinite set),(X) €f ¢'(9(4) .
Let K € N be such thaK ¢ | andN—K ¢ |. Let us
consider a sequence spacte-= (Yi), a rearrangement of
the sequenceXy) defined by

“

Then (Y) ¢r ¢'9(A). Hence c'9(A) is not
symmetric. Similarly: c'0<s) (4) is not symmetric.

Xc keK
0 , otherwise

Theorem 3.10. The spacesgc'(¥(4), Fc'o(s)

em S (A) andem ¥ (4) are sequence algebra.

(4),

Proof. Let (Xy),(Yk) € Fc'o(s) (A)and 0< € < 1.Then
the result follows from the following inclusion relation:
{neN:{k<n:dAX®AY,0) > e} >} D {ne
N:i{k<n:d(AX.0)>e}|>d}n{neN:i[{k<n:

d(8Y%,0) > &}| > 8}.

Theorem 3.11.The spaces:c (9 (4), rci¥(A) are
not convergence free.

Proof. Let us consider a sequence of fuzzy number

defined by
2t —2<t<2

X(t)=4 &t 2<t<®6
0 , otherwise

Then X(t) € ec!®(A). Let Yi(t)=¢ for all k € N.Then

Yu(t) € rcS(4).But X = 0 does not implies

Y, = 0.Hence=c'(9(A) is not convergence free. Similarly
Fc'o(s) (4) is not convergence free.
Theorem 3.12. The sequence spacesn'(®(A) and

Proof. This can be proved easily by taking a Cauchy
sequence and so omitted.
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