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Abstract: In this paper, we introduce and study a system of mixed variational-like inclusions and a system of J"-

proximal operator equations in Banach spaces which contains variational inequalities, variational inclusions,
resolvent equations, system of variational inequalities and system of variational inclusions in the literature as special
cases. It is established that the system of mixed variational-like inclusions is equivalent to fixed point problems. We
also establish a relationship between system of mixed variational like inclusions and system of J"-proximal operator

equations. By applying the notion of J7-proximal mapping, we prove the existence of solutions and the convergence
of p-step iterative algorithm for the system of J"-proximal operator equations in reflexive Banach spaces.

Keywords: System of mixed variational-like inclusions, J"-proximal mapping, J"-proximal operator equations,
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1 Introduction

In recent past, variational inequality theory has emerged as one of the main branches of mathematical and
engineering sciences. This theory provides us with a simple, natural, unified and general frame work to
study a wide class of unrelated problems arising in fluid through porous media, elasticity, transportation,
economics, optimization, regional, physical, structural and applied sciences, etc., see [1,2,7,9,14,17,22]
and the references therein.

Generalizations of variational inequality problems which are called system of variational inequality
problems were introduced and studied. Bianchi [8], Cohen and Chaplais [10], Pang [18] and Ansari and
Yao [2] considered a system of scalar variational inequalities and Pang showed that the traffic equilibrium
problem, the spatial equilibrium problem, the Nash equilibrium problem and the general equilibrium
programming problem can be modeled as a system of variational inequalities. Ansari et al. [3] introduced
and studied a system of vector equilibrium problems and a system of vector variational inequalities using
a fixed point theorem. Allevi et al. [5] considered a system of generalized vector variational inequalities
and established some existence results with relative pseudo-monotonicity. Verma [23,24] introduced and
studied some systems of variational inequalities and developed some iterative algorithms for
approximating the solutions in Hilbert spaces.
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Fang and Huang [11,12] and Fang, Huang and Thompson [13] introduced and studied a new system of
variational inclusions involving H-monotone operators, H-accretive operators, (H,#)-monotone

operators, respectively. Peng and Zhu [19] introduced and studied some new systems of generalized
mixed quasi-variational inclusions involving (H,n)-monotone operators. Very recently Peng [20]

introduced a system of generalized mixed quasi-variational-like inclusions with (H,7)-accretive

operators, i.e., a family of generalized mixed quasi-variational-like inclusions defined on a product of sets
in Banach Spaces.

The resolvent operator technique for solving systems of variational inequalities and systems of
variational inclusions are interesting and important. The resolvent operator technique is used to establish
equivalence between mixed variational inequalities and resolvent equations. The resolvent equation
technique is used to develop powerful and efficient numerical technigques for solving mixed variational
inequalities and related optimization problems.

This paper is devoted to generalize the resolvent equations by introducing system of [7-proximal
operator equations in Banach Spaces. A relationship between system of mixed variational-like inclusions
and system of J™-proximal operator equations is established. We propose a p-step iterative algorithm for

computing the approximate solutions which converge to the exact solutions of the system of /7-proximal
operator equations.

2 Formulation and Preliminaries
Throughout the paper, we assume that E is a real Banach space with its normll.|l, E* is the topological
dual of E, d is the metric induced by the norm |.Il, CB(E) (respectively, 2F) is the family of all
nonempty closed and bounded subsets (respectively, all nonempty subsets) of E,D(.,.) is the Hausdorff
metric on CB(E )defined by

D(A,B) = max{25d(x,B), 22d (4,7},
where d{x, B) = mf d(x v) and d(4,y) = mf d(x ¥).

We also assume that {.,.} is the duality pairing between E and E* and F: E — 2" is the normalized

duality mapping defined by
Flx)={f €E%:{x.f) = II:cIIIIfII lxll = 1IF}, V=x€E

Definition 2.1 Let M: E — CE(E) be a set-valued mapping, J:E —E*, mEXE —E and g:E — E
be three single-valued mappings.

i. M is said to be D-Lipschitz continuous with constant Ap,, = 0, if
D(M{(x),M(y)) < Apyllx — ¥, Vx,y € E;

ii.  missaid to be J-strongly accretive with constant & = 0, if
Jx) =] nlx v)) = allx—ylI% Vx,y €E;

iii. g issaid to be k-strongly accretive (k € (0,1}), if there exists j(x — ¥} € F(x — ¥) such that
((x —v), glx— ) = kllx — |12, Vx,y € E;
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iv. 7 is said to be Lipschitz continuous with constant T = 0, if
lln(x Wl < tllx—yll, ¥ x.¥ EE;

where F : E — 2F is the normalized duality mapping.

Definition 2.2 Let : E x E — E and @: E — R {400}, A vector w* € E* is called an 77-subgradient of
@watx € dom, if

won(y,x)) = e(y) —elx), VyeE

Each ¢ can be associated with the following #-subdifferential mapping &, ¢ defined by

o0 = {1 € B 6,00 = 90) = 62, o ally € ) x € dom
n@L) = @, x & domao.

Definition 2.3[6] Let E be a Banach space with the dual space E*, : E — E*, n: E x E — E be the
mappings and ¢: E — R J{+co} be a proper, n-subdifferentiable (may not be convex) functional. If for
any given point x* € E*and p > 0, there is a unique point x € E satisfying

Jx— x*nx)) + pe(y) —pe(x) =0, Vy€EE;

then the mapping x* — x, denoted by ,Fj”m(x*} is said to be J™-proximal mapping of ¢. We have
x* —Jx € pdye(x), it follows that

If"“’”(x*} =+ poy0) (x9.

Definition 2.4 A functional f: E x E — R lJ{+co} is said to be 0O-diagonally quasi-concave (in short 0-
DQCV) in v, if for any finite subset {x1,..,%x,} E and for any ¥ = %%, 4;x; with ;=0 and
E?:j_"li = 1’

15?;1;: f(xi,}"} = ﬂ

Theorem 2.1[6] Let E be a reflexive Banach space with the dual space E*, J: E — E* be a mapping,
nm:E x E — E be Lipschitz continuous with constant T = 0, J-strongly accretive with constant o = 0

such that {x, ) = —n(y, x) for all x, ¥ € E and for any x € E, the function hl{y,x) = {(x* — Jx,n(y,x)}

is 0-DQCV in¥. Let @: E — R U{+u} be lower semicontinuous, 17-subdifferentiable, proper functional

which may not be convex. Then for any g = 0 and any x* € E*, there exists a unique x € E such that
Jx—x*nx))+pe(y) —pelx) =0, ¥y €E.

That is, x=jj“m(x*} and so the J7-proximal mapping of @ is well defined and i -Lipschitz
continuous.

The mapping n: E x E — E satisfies four conditions in Theorem 2.1. For conditions 1-3, we have the
following Matlab programming and condition 4 is shown separately.

Example2.1 LetE=Rand] =1
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function value= 1(x, v)
if abs(x =) < 1/4
value =2+ x — 2 *y;
elseif abs(x *y) = 1/4 & abs(x =y) < 1/2
value= 8= abs( x *v) * (x —¥);
elseif abs( x = y) == 1/2
value 4 # (x — ¥);
end
Then it is easy to see that:
(1) (p(x,v),x —v) = 2|lx —y|2, ¥x,v € R, ie,nis2-strongly accretive;
@) nlx,¥) = =y, x), Vx,vER;
(3) In(x, ¥)| = 4lx—yl, ¥x,v € R,i.e., nis4-Lipschitz continuous;
(4) We will show that for any x € R, the function (h(y, u) = x- u,nly,u)) = {x - u}n(}-‘, u) is 0-
DQCVin y.

Suppose that it is false, then there exists a finite set {¥1,2, v vwees ¥t and ug = Ry ;35 with A; = 0
and ¥, 4; = 1 suchthat foreachi = 1,.......,n
(x —ug)(2y; — 2ug), if lviugl < 13’4;
0 < h(yug) =1 (x—uedBlyiuol (i —uo), Yy =iflyuel <1/
4(x —ug)y; — ug), if 1{’; < |ysugl.
It follows that (x — ug)(2y; — 2ug) = Oforeach i = 1,2,.....,n,and hence we have

0 <Xy A;(x — ug)(2y; —2up) = (x — ug)(Qup— 2ug) =0
which is not possible. Hence Ay, 1) is 0-DQCV iny. Therefore, 1 satisfies all conditions in Theorem
2.1,

Proposition 2.1[21] Let E be a real Banach space and F:E — 25~ be a normalized duality mapping.
Then, for any x, ¥ € E,
llx = ¥l1% = llxll* + 24y, j(x +3)), Vilx +y) € Flx +y).

For i =1,2, ...,p, Let H;, f: H?:1E}- — E;,g::E; — E;m;: E; X E; — E; be single-valued mappings
and M;:E; — CB(E;),Ty;: By — CB(E;),To;: E; — CB(E;), ..., Tp;: E, — CB(E;) be the set-valued
mappings. Let @;:E; — R U{+=} be lower-semicontinuous functional on E; (may not be convex)
satisfying g;(x;)n dﬂm{ﬂm{pi} # @, where d,.9; is m;-subdifferential of ;. We consider the following
system of mixed variational-like inclusions:

Find  (Ug Uz, e e Uy ¥11,¥12, oo o Y1, Y20, V22, o0v -+ ¥2p, V1, Vo2, e = ¥op) SUCh  that for each
i =12 e x; € Ejyuy € M(x), v € Ty(oeq ),y € Toy(x2)) s vy i € T () and

(H; '["”Lu:,--- ...u%} - ﬁ{}’iL}’iz, --:}’m}:??z'(ﬂyﬁfxe}}} = fﬂi{ﬂ(xi}} - fﬂ:‘(ﬂz‘l Va; € E;.  (2.1)

Below are some special cases of problem (2.1).

@ 2013 NSP
Natural Sciences Publishing Cor.



R. Ahmad , M. Akram: System of Mixed Variational-Like inclusions.... ~n=Sey 133

(1) Fori=1,2,....pif E; = H; aHilbert space and g;, H; = I; the identity mapping, M; is a single-
valued mapping, f = 0, then problem (2.1) reduces to the following system of variational-like
inclusions: to find (x1,x3, v.. ... x) € [T~ H; such that

(M; (21,52, oo Xp Wi (@0 %)) = :(x) — (@), Va; € E;. (2.2)

(2) Fori=1.2,....p if n;{a;x;) = a; —x;, then problem (2.2) reduces to the following system of
variational inclusions: to find (x1,x2 . .. Xp) € l'[fq:?fi such that
{ME{XLXL R }: Q; — Xy = '-‘ﬂ:'":x:'} - '-’ﬂz'":ﬂi}; Va; € E;. (2.3)

() For i =12, .....p if @; =&y (x;), for all x; € H;, where k; = H; is a nonempty, closed and
convex subset and &y, denotes the indicator of k;, then the problem (2.3) reduces to the following
system of variational inequalities: to find (xq,%2 ... ..y ) € l'[f:1:?f=- such that

(M; (%122, e Xp )@y — x;) = 0, Va; € K, (2.4)

Problem (2.4) is introduces and studied in [2, 8, 9, 18]. For # = 2 Problems (2.2), (2.3) and (2.4)
becomes the Problems (3.2), (3.3) and (3.4) of [13], respectively.

The following numerical example illustrates the idea of problem (2.1).

Example 2.2 Let E; =R for i = 1,2 and let the pairing (I, x} denotes the value of [ at x. Consider
H,H.: R xR —= RA.: R xR =R, gi=1,i=1,2((the identity mapping),
mn:RXR =R be single-valued mappings and
My, My: R — CB(R);Ty4,T12,T21, T : R = CB(R), be the set-valued mappings. Let
@1, @2+ B — R U {co]be lower-semicontinuous functionals on R (may not be convex). We take,

(i) Mylxy) = Mylxy) = [0.27], Vay,x5 ER;
Hy (ugus) = uy + sinuy, Hy(ugus) = ug + cosuy, Vg € My(xy),us € My () Ty (x4) =
Tiz (x1) = Tay (x5) = Top (x2) = [0,1], A, (310, 312) = — (1 + }2;5);

5
oy, v22) = —(1 +%) Jy1y € Tg (90,90 € Tya (%9, 924 € Toq(x2),v22 € Toalx2);
(i) mlay,x1) =as —xy nalagxs) = az—x3, Vag = xy,a7 = %9, a1,a2,%1,%2 ER;

. 14+ xy for xyF2 _{1+x2 for xo# 3
(iv) ‘}01(351}—{ 2 for x;= 2 and  @q(x;) = 3 for x;= 3

(ii)

for all a4 = xq,82 = x2,84,32,%1,X2 € B where both ¢4, ¢- are lower-semicontinuous functionals and
which are not convex.

Then the following system of mixed variational-like inclusions for i = 1,2 of problem (2.1) is
satisfied.

, Y1z

{1y + sinu, — (—(1 + >

)): @y —x1) = @4 (x1) — @4 (ay)
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2
In connection with problem (2.1), we consider the following system of J7-proximal operator equations:
Find (le Zap "'JZ*;::JHIJHEJ "'Ju*pl}rllJ Mgy vanny }'11*;:1}'1211 Vazs v sy }'127::1 van vany }'1*,'::11 }'1*;:21 J}"*p*p}

such that for
i=1,2u., 0z € Efx; € Ejyu € Mi(x), v € Tilx0),v2 € Toy{xa)ien v, ¥ € T‘pi{x‘,‘d} such

that

{uy + cosu, — (— (1 +}.22)), @ —x3) = @z(x;) — walas).

— B0
[Hz' (2, Ug; e s Up ) — (V50 Vizs - ----:}’z'p}] +p; 1R,g;]l l(Zz'j-' =0, (2.5)
8 B2 B, @i : I
where p; = 0 is a constant, Rp?‘ml = If—ji[ pf‘ml(zf}l where [}i {}p?‘ml)] (z;), I; is the identity

. By pi -1
mapping, /i E; — Ef and J,,;" (x{) = (J: + p:fp.0:) ().
3 p-step Iterative algorithm and convergence result

We mention the following equivalence between the system of mixed variational-like inclusions and a
fixed point problem.
Lemma 31 ('].‘{1“'1‘{2J e "'u‘ﬂg}rlL}rll R }’1;;,}}"21#}’22} [ .}’gﬁJ}’JpL }?‘,':12.- van "'}?‘.!J‘.‘.'J}J Whel’e fOI’ eaCh
1 =12, e, x; € Ejyu; € M(x),90; € T(x0), 2 € Tog(x2), ey ¥p: € i) is @ solution of

system of mixed variational-like inclusions (2.1) if and only if satisfies the following:
7P

a
g:(x) =1, J:(g:(x ) — pi[H; (uyug .. ...u?,} — fi(yin iz, o oo Yip N (3.1)
Proof The proof follows directly from Definition 2.3.

Now we will show that the system of mixed variational-like inclusions is equivalent to the system of
J"-proximal operator equations.

Lemma 3.2 The system of mixed variational-like inclusions (2.1) has a solution (i g« lly,

V11,¥12, e os Y1p,¥21,Y22, vor oo+ V2p,Vp1, ¥p2, eoe oo Vpp s with
x; € Epuy € M(x:), vy € Ty (0,92 € Tog{a)y v, ¥ € T (x5) if and only if the system of J7-
proximal operator equations (2.5) has a solution
(21,22, won ven Zp,Ug U3, won v Upp V11, V12, voe v 0 V1, V21, Y22, v ooe V2, Vip1, Vip2, vee vor Vipp ) with
z; € Ef,x; € Eyuy € My(x),ve; € Ty (1), v2s € Tog(X2)h e, Vi € Tpi() , where

g:(x;) = fj?iwfzi}

and

z; = Ji(gi(x)) — pal Hi (g ug, e ttp ) = Fi (Vi1 iz, oo e Vi ).

Proof Let (g Uz, e lp V11.V12, voe vr e Y1 V21, V22, eev 000 V2p, Vi1, V2, oo o0 Vo) D€ @ solution of system
of mixed variational-like inclusions (2.1). Then by Lemma 3.1, it is a solution of following equation.
Bt
g:(x;) = Joi [Jrz'(ge(xi}} — p;[H; '['-“Lu:,--- "'u'p} - fz"[}’z'l,}’e:, wor ey Vi }]]
Using the fact
B0 B
Rp[l = ['iri_.lri (eril )]J

we have,
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I='-:"]lm'l.

Ui (9:Ge)) — pulHi(un iz, o ottp) = FiVirdiz, v, Vi )]

=J:(g:(x:)) — pal Hi(w g, v e tp) = Fi (Vi1 iz, e s Vi )|

—J; (fajlml{h(ﬁe () — palHilug ug, ety ) — fi(ir iz, oo voes Vi }]})

=Ji(9:(x)) — ool Hi(up uz, oty — fi(vir Viz, e s Vip )| — Ji(9:(x)

=—pi[Hi (U Uz, e e tiy) = Fi¥ir Viz, oo o s Vi )]
which implies that
[H: (ug,ug, e tty) = fi (i Yz, oo Vi )] + Pz'_le?[w (z:) =10,
with z; = Ji(g:(x:)) — pi[Hi(ug g, coe oty ) = Fi( Vit Viz, o ves Vip )y 1.6, (21,22, cor o Zp, Ug Uz, wov o U V11,
V12, veee s V1p ¥21,¥22, v oe Y2p Vo1, Yz, - ¥op) 1S the solution of the system of [7-proximal operator
equations (2.5).

Conversely, let (21,22, v v Zp, U Uz, won e U V11,117, ooe oe 03 Vi, ¥21,V22, ver o 00 Y2 Vo1, Vip2, o oo Vi) 15 the
solution of the system of [7-proximal operator equations (2.5), then
P:‘[Hi{ul,u:, ......u?,}— ﬁ{}’iL}’i:,-- :}zp}] —R,. jl (z:)
“1i( a”“‘”‘fzJ)
2i [Hi{“l,“:, ------“p}_ fz"[}’:'L}’z; s Vi }J
=1 (17 Ui (9 = pulHy (gt wttp) = fi(yea Vi e 7))
—1:i(9:Ga)) + pilHi (g u, v tty ) — il 3ia iz, oo Vin )]

which implies that
Ji(g:(x:)) = J; (fp'“lpl (e (e ) — pi[Hi(ug ug, oo oo tty) = Fi(ir iz, o wons Vi }]D
and thus
gix) =1, J:(g:(x)) — pi[H (ug g, oo wotty) = Fi(Biadiz, worwves Vi 1]
1.6, (UpUg, weees Uy V11,V12, voe oe 0y Y1p, V21,22, voe o+ - ¥2p, V1, V2, - - Vpp) IS the solution of the system of
J™-proximal operator equations (2.1).

'] T

Alternative Proof Letz; = J;(g:(x;)) — pi [Hi(ug ug, v vntip ) = FilVir iz, e voes Vip )]
then from (3 1), we have
g:) =10 (z)
and
zZ; [ '“lpl( }] pilHi(ug s, v tiy) = fi(Ver iz, oo e Vin) ]
By usmg the fact that
1 [ @] = [ ()] o,
it follows that
[H; (ug,us, ... ---pr} — fi(yinyiz, s Yip )]+ Pz'_le?[w (z:)=0,
which is the required system of ["-proximal operator equations.
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Now we invoke Lemma 3.1 and Lemma 3.2 to suggest the following p-step iterative algorithm for solving
system of J-proximal operator equations (2.5).

Algorithm 3.1 For i=12,...p and for any given
zP €Efx) e Eul € Mi{xf},}-'fi € Ty (x1), 5 € To; (x2) ......J}-‘FE':- = T?,i{xg:}, let

zt = Ji(g: (%)) — p; [HE{HEJHED: "'u‘pl}}_ ﬁ{}’ilﬁi}’izﬁx ---:}’ipﬂ}]-
Take z! € Ef, x! € E; such that g;(x;1) = ff" Fi(20).

Since, ul € M;(x?),yf € Ty; (x0), 97 € T (x3) e e, 3 € Tpi(x2), by Nadler [14], there exists
ul € M;(x}) v} € Ty; (x ), vd € T (2 D) . s Vpi € T,:(x1), such that for each i = 1,2, ...... p, we have
o=l = @+ 00 (3 (x8) 0,2

”J"lci —¥4; ” =(1+1)D (Tu (x9), Ty (xi‘}),

| il = (1+1)D (Tzf(xgl Tﬂi(x%})F

0
Yo =¥y

lyge=vpell = 0+ DD (T (x2), T (43))
Let z* € Ef,x7 € E;, such that
72 = Ji(g:(x:1)) — p; [Hi{uiuglj "'u'pl}_ fz"[}’ﬂl: Vizlser ey }’ipl}J
and g:(x;%) = j’j? ® (2D, again by Nadler [15], there exists
u? € M;(x%),vE € Ty; (x3),v3 € Ty (x3) oeener Vi € T,:(x2), such that for each i = 1,2, ......p,
= (1 + 0D (M;(x}), M:(x2));
[y =

2

= (1 4+ DD (T3 ), T (D) )
= (1+ D (T (31, T 6D) )

P .
Yo~ ¥y

”}’;} _}"-,'!J:i = (1 + 1}}] (Tpi(x‘;-}i T’pi(xg})'
Continuing the above process inductively, we can obtain the following p-step iterative algorithm for
solving system of J7-proximal operator equations.

For i =12, ....p,z" € E;,x? € E;, compute the sequences {z"}, {x*}{ul}, DL Oyt ... ... {}-‘;’i}
by the following p-step iterative schemes:

By

g:™) = 1,7 @), (32)

ul € M;(x"): |lut—ur?| = (1 + %) D (ME- (xT), Mi(xi”'i}), (3.3)

e TG b= (14+2) D (R G T ), (34)
@ 2013 NSP
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i eTlp): a7 = (14 2) D (TGl e e2Y), (3.5)
}*:z = T‘pi(x:l?_!}: ||J’"pz_}'pz 1” = (1 + ) ( {xg:h T‘pi{xg_l}) (35}

And
z"* = [(g:(x™)) — Pa‘[Hz"[“:'f:HE:J ---HE:} - ﬁ{}ﬂJ}ﬂ, envee s Vi }]J (3.7)

wheren = 0,1,2, ......and g; = 0 is a constant.

Theorem 3.1 For i =12, ....p, let E; is a reflexive Banach space and E; be its dual. Suppose
n;: E; x E; = E; be Lipschitz continuous with constants 7; = 0 such that 1; (x1,x2) = —1;(x2,%4) for all
x1,%; EE;, [i-strongly accretive with  constant @; =0 and for any x;€E; the function
hilxa,x1) = (x] — Jix,m:(x2,%x1)) is 0-DQCV  in xa. Let J;:E; = E; be Aj;-Lipschitz continuous,
gi:E; = E; is Ag-Lipschitz continuous and kg-strongly accretive, Hz-:l'[:.’qE}- — E is Ag;-Lipschitz
continuous, M;:E; = CB(E;) (j = 1,2,.....p) is An;-D-Lipschitz continuous and fi:l'[?:iE}- —=E! is
Ag .-Lipschitz continuous in the jtR-argument. Let Ty;:Ey = CB(E;),
Tyi:E; = CB(E;), e o, Tpi: Ep = CB(E;)  be  Ag,;-D-Lipschitz  continuous,  Ag;- D-Lipschitz
continuous,..... ,alrpl--D-LlpSChltZ continuous, respectively. Suppose @;:E; — R U{+=} be lower-
semicontinuous, 77;-subdifferentiable, proper functional on E; satisfying f.{E;) n dﬂm{ﬂml{ﬂi} # 0 and if

there exists a constant 2; = 0 such that
rAp, g, +paldy, +ap, )4 pa(Ar, AT, DTy

— s,
CANEE T
-A_Fg_-’lgg_‘l'ﬂz':-lH 1+"1M1}+P2|:‘1f11"1'r11}r2 { _l
g,/ 152k !
3 ' (3.8)
.l_ir,.,.lg“+pn| AH,._+.11“}+p ol ‘lfp;,*lTpp} T
=1
\ &g, 1+Ik, kp
Then the problem (2.5) admits a solution
(21,22, e e Zg,Ug U, wvn e Up V11, V12, vee oo 00 V1, ¥21,¥22, voe oo- Y2, Vip1, V2, Ypp )i @nd  the sequences

{Zj;:!}.l {ZEE}.I reny {Z"‘;!}J {x?},{xf},{x;},... { } {ui} {u"‘} wan { :}J {}?Lnj_}.l {}.1?12 }.l "-J{}"j_?-!p }.l
ORLORL DR - D) {}g’z},...{}w} generated by Algorithm 3.1, converge strongly to

£95 E2p v Zpy XX 2y e Xig, U s Uzy e Uy V110 V125 000 V1o Y21, Y220 e Vags s ¥p 10 ¥p2,., Yop, respectively.

Proof From Algorithm 3.1, we have

2,7+t -z, = “f (g:(x)) — p; [H '[u:’f U, e ;} _fz"[}’e?:!u}’eg: J}’:;}]
_{} (Q (_'X.' " 1}} pE[H {ui,. 1 ?! 1"' "'u;_lj _fi{}:i. 1}2, 1"' J}z*p 1:}]}”
= i (gs (™)) — Je (g Gy ™10 + P;-”HE-'[M:TJHEJ S 7ic)
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_ﬁ{}"i?ii}?igi e }?E'?';J}_ [Hi{uj?i_lu’?, ! S n 1:} fi{}z?i l}z?i 1"' J}z'p 1}]
= :(g: (™) — Ji(g: (xz”'l}}ll + p=||H{u11ugj-.-.--up} Hy(uf g e ud ™))

+oi O YE yl) —AOEE T ey (3.9)
Since J; is Ay -Lipschitz continuous and g; is 44;-Lipschitz continuous, we have

Wi (g: (™) — Ji (g Gy ™D = A A, Nl ™ — x| (3.10)

Since H; is Ay, -Lipschitz continuous and M; is Ay,-D-Lipschitz continuous, we have
(o3, i) = 7 )|
< A 3) ~ 8
+||Hi{ui_1“f1 “p} H; {ul, ug Uz, e u*p}”
+||H{uL g 1--- --JHS‘ljuiJ—He{ui'l f,‘ up™)||
= Ez’=1“lH[ ”ue - H?'1||
< B2, A (14+7) DOM (1), M (x77Y)
= B0 Aa (14+7) gl — 272 (3.11)
It follows from the A, -Lipschitz continuity of f; in the jt®-argument and Ag;-D-Lipschitz continuity
of T;; , that
(PGB vy By A Vit s Vs ||
= [|AGE 25 o vl) — AT B )]

+||J]::‘.{}1L J’z . J}z-p} _ﬁ{}:?i. 1}2 1 -'}:',‘:J}”
+||ﬁ{}iii}i21"""i}:fp} P [ LT e Ve ||
+

+||Jf:’-{}i:|.,,. J’n L J}z'::} _fi{}zL l}z?i 1' J}z'p 1}”
= Ei=1‘1fi_.-' ”}:_:l _}:_;l 1”
= 322z (1 +3) (T (), Ty (27
=¥ A (1+2) g P =772, 1= 12,0 (3.12)
Using (3.10)-(3.12), (3.9) becomes
27+t — 27| = [ Ay Ag, + 0 By A (1+2) Ang + 2 B0 gy (142) 2y | x lep — 77| (3.43)
By using Theorem 2.1, Proposmon 2.1, and k;-strong accretiveness of g;, we have

||ja']ll?91 (z,7)— f ‘Jl‘F‘l( 1) [g-(x”}—x” _{gi{xn—l}_xn_l}]”:
||fp:“" ™) = m( “}|| — 265,60 = a7 = (g ) - a7, LGP - 2P

2

p - 572

—1

||z — =z

£ 1

which implies that
e = 7 ]

= [(ﬁ) [1+ 2k, |27 — 277

(3.14)
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Applying (3.14), (3.13) becomes
1 1
A + 0B A (14 ) dag + B0y 2, (14 5) 2]

ntl _ _n =
Jer+t - 27 .

: o B |

Thus, we have
Ep ”Zf‘?‘l'i _ || - Ep |.‘i-irl“1§[+P[EF:‘_‘AH[(:L_F.-:L}AM[-PP[E_?:L‘if[jli1+i}‘1T[jJr[
i=1l1<: ill= &= w1 H 2k,
. [’1]:‘1§:+P1(‘AH ,_(1 +;:1_}.1;|.f,__}+p:(Af._,_(l+i}.if,_,__}Jra_
- as, 142k
+ |_"1h"1§z +p1(.11}; 1{1+;:1_}‘1M1_}+p1(‘1fu(1 +;=1_}.1TM_}J Tg

a1+ 2kz

x 27 = 2]

+... s oraw vaw vam waw wam
|A1phgp +ep( (145 A+ opl A ppl1 42 Ty v
ap, [ TF %7

X E?:ll Zin - zin_j-”

+

<6, 30 |27 -2t

J (3.15)

where,

-

( [,1},_,19,,_ +p1 (A, (1+ %) Aag,) 01 (2, (14 %)AT,_,_)] 7
a1 ¥ 2
[Ajz,lgz + 2 (A, (1+ %) Aagy ) + 02 (2, (14 %)Aru)] 7

8, = max @1+ 2ko b

[Afp'lﬂp +Pp (AHF (1 + 3_1) ‘1”::) TPy (Afpp (1 * %)ATFFH r

————
\ a, [T+ 2k, )

Let
( |_-1_|r_ "lg‘_ + pl{‘;l"H'_‘lJ"'f'_} + pl{‘lﬁ_:"lr‘_'_}JTl A
ﬂl.\,' 1+ Zkl
[‘1_-’1 ‘151 P2 {Aﬂz‘la'ffz} +p2 {:’;'fm‘lrﬂ.:'.}]TE

ﬂ:\l' 14+ 2;(:2

g = max 4

[‘1}:‘15.': +Pp (’1*’*.':‘1”:;) +Pp (Af FFATFF)] '

\ o, [T+ 2K, )
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Then &, — & as n — . By condition (3.8), we know that 0 <X & < 1 and so (3.15) implies that

{z1'},{z33,......, {z}} are all Cauchy sequences in E;". Thus there exists zj, Zg, .., Zp € E; " such that
Z =z ZY S Za....... , 2} = z,. From (3.14), it follows that {x'},{x¥}, ..., {xZ] are all Cauchy
sequences in E; and thus there exists X1, X2,... ..., X5 € E; such that x3 = xq, x7 = xa,........ , Xp = Xp.

Infact, it follows from the Aa;-D-Lipschitz continuity of M;, Ag;-D-Lipschitz continuity of T,
Taiyeenesy Tgi (i = 1,2, 000, 0], and from (3.3)-(3.6) that for i = 1,2, ..o,

s =] = (14 2) g [P =272 (3.16)

bt =gl = (1 +2) A ==Y, (317)

-y = (1+2) g ez —2, (3.18)

bz =yt = (1 +2) Aglxg -2l (3.19)

From (3.16)-(3.19), we know that{u?},{3%}, {y2} {};E} are all Cauchy Sequences in E;, thus
there exists Uy, Y1 ¥aer v woes ¥pi € Ey SUCh that wf = wg3y; = Y15, Y25 = Vagy vee v Vg = Vg 8STL =

Next we show that ¥1; € Ty (1), ¥2s € Tas(x2),eee v Vi € T %),
d(yys Ty (e)) = Ny — gt 1| + A0, T (o4 ))
= llyy; — 35 I + D (T (7)), T (x4))
= v — w1+ AL 12 —x [ = O,

Since Ty;(xy) is closed, we haveyy; € Ty;(x4), similarly we can show that
Vi € Tai(x2), e veer, ¥pi € Tyi( ). Since Ji. g:,H; and £; are all continuous and from the
Algorithm 3.1, it follows that
2P = Jge™) — o[ (g g, ) = AR YE e 93)]

—z; = Ji(g:i (x,)) — P:‘lH:' '[111:112: ---:up} - fz'{}’ﬂ: Vizowm vy }’:'y}l (as m — @)
and
T ) = gi(e™) = g:(x) = o7 ).
Then by Lemma 3.2, the required result follows.

4 Applications _ _
Throughout this section, we assume that E = l'[fZIE‘E- and Et = H?:L;n E; and we write E = E* X E;,
For each x € E, x; € E;, denotes the it coordinate and x° € E¢, the projection of x onto E ‘and hence we

also write x = (x%,x;).

In Problem (2.1), if we consider @; =0,f;=0g;=1LH;=1;,T}; =T33 =--T;; =0 and
M;: E = CB(E;), then Problem (2.1) reduces to the following system of generalized variational-like

inequalities:
Find ¥ € E such that for all a; € E;, 3ir, € M(%) such that
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(i, (xga:)) = 0. (4.1)

This problem is introduced by Ansari and Yao [4].
Let E; is a finite dimensional Euclidean space E™ and y:: E — R, be a given function. Then the

system of optimization problems is to find ¥ € E such that for i = 1,2, .....p
Yi(a) — (X)) = O,Va EE. (4.2)

We can choose a € E in such a way that a; = ¢, than (4.2) becomes Nash equilibrium Problem [16]
which is to find x € E such that fori = 1,2, ......p

Y, (%,a;) —1;(¥) = 0,Va € E. (4.3)

As an application of (4.1),Ansari and Yao [4] have shown that (4.1) is equivalent to the system of

optimization Problems (4.2) under certain conditions, which includes Nash equilibrium problem [16] as a

special case. We have noticed that no solution method of finding the solution of (4.1) and hence (4.2) and

(4.3) is given in Ansari and Yao [4].In this paper we have studied a more general problem than (4.1),(4.2)
and (4.3) and discussed a solution method for Problem (2.1).
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