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Abstract: In this paper, we study the diophantine equation ax>+b=cy” where a, b, ¢, n, X, y are positive integers and we prove
some results concerning this equation when b =7, 11. In Theorem 3, we are able to correct the result of Demirpolat and Cenberci
appeared in [9].
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Introduction
Many special cases of the diophantine equation

ax’+h=cy", 1)
where a, b, ¢, n are positive integers and n > 3, have been considered over the years. If we put a=1, b=7, c=1 and
y=2 in (1) we obtain the equation

X2+7=2", 2

which was studied by an Indian mathematician S. Ramanujan [1] , and he conjectured that the equation (2) has only the
following five solutions :
(n, x)=(3,1),(4,3),(5,5),(7,11),(15,181).

This conjecture was first proved by Nagell [2]. In 2003 Siksek and Cremona [4] solved equation (2) for n=p where p
is odd prime and they proved that this equation has no solution for 11 <p < 18%.
Bugeaud and Shorey [3] were proved that equation (1) has no solution when a=1, b=7 and c=4.

In 2008, Abu Muriefah [5] studied the general case px*+ g°"=y" where p, q are primes under some conditions, and
recently she proved with Luca and Togbé [6] that the equation x?+5%13"=y" where a, b > 0, has the following
solution:

(x,y,a,b,n)=(70,17,0,1,3),(142,29,2,2,3), (4,3,1,1,4).
Now we study the equation (1) for a=p, b=7*"**, c=1 and we prove the following theorem:

Theorem 1

If p#£7 , x is an even integer and (h,p)=1 where h is the class number of the field j (,/=7p), then the diophantine

equation

pX2_|_72m+1:yp’ (3)

has no solution in integers x and y.

Proof
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1. (x,y)=1,
If x iseven theny is odd, we factorize equation (3) to obtain

Jpx +7m\/3:(\/5a+b\/3)p, @)

where a, b are integersand Y = pa2 +7b?.
On equating the imaginary parts in (4) we get
b1

2 p 2p—(2r+l) ,
7m:bz[ j(pa) (=T ®)

—\2r +1

Sincey is odd, therefore b is odd, hence a is even and (a,7)=1.

If b=+7% , 0 < k < m then (5) is impossible modulo 7, so b=#+7".

Let
a :a\/a+b\/3,§ =a\/5—bx/—_7, (6)

hence from (4) we get

o’ =xp+7"J-T , @ =xp-7"J-7. ™
From (6) and (7) we obtain

p_—p . m | m
U _a' -« :27 \ 7_7_:i1.

' a-a 2J-7 b

— — a —
Since (aa, (0! + a)z) =1 and — s not a root of unity, therefore U 0 (a,a) is a Lehmer pair has no
a

primitive divisor. When P € [5, 29], there are only finitely many possibilities for the pair (a, &) and all such

instances appear in Table 2 in [7]. A quick inspection of that table reveals that there exists no Lehmer number which

has no primitive divisors whose roots  and e are in [1[i ]

I (xy)#1,
Let x=7"X, y=7"Y such that u, v> 0 and (7, X)=(7, Y)=1.

Equation (3) becomes

p(7ux )2+72m+1:7va p. ®)
There are three cases:
(1) If 2u=min(2u, pv, 2m+1) then equation (8) becomes

px 2 + 72(m—u)+l — 7pv—2uY p .
This equation is impossible modulo 7 unless pv-2u=0, so

px 2 +72(m—u)+1 =Y p’
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which has no solution from the first part of this proof, since (X, Y)=1.
(2) If 2m+1=min(2u, pv, 2m+1) then equation (8) becomes

p72u—2m—lx 2 +1:7pv—2m—1Y p’
This equation is impossible modulo 7 unless v-2m-1=0, so
7p(7' X )2 +1=Y P, ©)

By [8] equation (9) has no solution.
(3) If pv=min(2u, pv, 2m+1) then we get

p72u—pv X 2 + 72m+1—pv :Y p ) (10)
This equation is possible only if 2u-pv=0 or 2m+1-pv=0, and these two cases have been discussed before.¢
Now, we give a nice result in rational.

Theorem 2
Let p be an odd prime such that p-7 has no perfect square.

I-The diophantine equation

X*+7=py*?, (11)
has no solution in rational x andy such that Y = — where Y is an odd integer.
I1- The diophantine equation
x2+7=py®V12, p =1(mod 4) (12)
has no solution in rational x and y such that Y = — where Y is an odd integer.

Proof
Assume that x = X/Q, y = Y/T is a solution of (11) or (12) for some integers X, Y, Q, T with Q>1, T>1 and

(X, Q)=(Y,T)=1. (13)
Put

0, if p=3(mod4)
1, if p=1(mod4).

Then equation (11) and (12) can be written in the form

X" +7QT " =pQ¥ * (14)
Considering equation (14) modulo Q? and from (13) we get
T =0(modQ?). (15)

In the same way, we get
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p-1

pQ?% =0(modT 2"). (16)

since (P —1)/2" is even, it follows from (15) and (16) that T 2' =Q 2 hence from (14) we get

X247 " =pY . @)
So it follows that
X, p)=(T.p)=X,T)=(Y,T)=(X, Y)=(X, 7)=1.

Rewrite equation (17) as

1 Pl

-1 o1
2n+1 . 2n+1 . 2n+1

X +T 7 Q7| X =T i7 |=pY . (18)

It is easy to see that the two algebraic integers appearing in the left-hand side of equation (18) are coprime in the

ring of algebraic integers! ] (i ﬁ) Since the ring [ (i ﬁ) is a unique factorization domain it follows that

there exist four integers A, B, s, vwith A =B (mod 2), s =v (mod2) and two units +1 such that

p-1

p-1
n+1 i i 2n
2 iﬁ:iA+Blﬁ S+le/7 |

2 2

X +T

(19)

A?+7B?
where p = —— .
4
Multiplying both parts of (19) by 22 B2 we get

P, p1  p1l p-l p-1

27| XB 7 +T 7B 7 iNT [=4(A+Bi7)(sB +AV —(A-BiN7V)? o

some U, K,Rin Z. Comparing imaginary parts and taking into account that p | A?+7B? we get
1, p1 pd Pl
n n+1 n n
22 T2°B?2 =BU 2 (modp).

Raising both sides of the last congruence to the power 2™, by Fermat's little theorem we get

22" =B?"(mod p), n<{0,1}.

2n +1

For n=1, we get

(B?—4)(B*+4)=0(modp).
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o1f BZ—4=0(mod p), then B?=4+kp > 0 for some integer k, and we get 4p=A2+28+7kp , which implies

A% +7B?2 (Ajz
p=r—— =[] 47,

that k=0, so B%=4. Hence

4 2

this implies that p-7 is a perfect square and we get a contradiction.
eifB?+4= O(mod p) , then B? =-4+k;p > 0 for some integer k;, and we get 4p=A2-28+7pk, , which implies

that 4p+28-7pk; > 0,that is k;=0,1.
If k;=0, then B*=-4 which is not true, and if k,;=1, then B? =-4+p,

and we get p=5. Hence from equation (3) and (4) we obtain X 2= 3(mod 5) , which is impossible.

By using the same method we can prove that equation (3) has no solution when n=0. So our equations (11) and (12)
has no solutions.¢

In the following theorem we study the equation x*+11%**

=y" which was studied by the two mathematicians
Demirpolat and Cenberci [9] but they failed to find all solutions of it.

Theorem 3
The diophantine equation

X*+11%1=y" n>3 k>0, (20)
has only three families of solutions and these solutions are
x, vy, k, n)= (4. 11*™ , 3. 11 3M,3),

(58. 11" 15. 11°™ | 3M,3), (9324. 11°M 443. 11° 3M,3).

Moreover when n=3 , (x, y)=1 and k il(m0d3), the equation may have a solution given by

112k +1 +1
X =8a° —3a where a is an integer satisfies & = \ ’T .

Proof
If k = 0, then the equation (20) has only two solutions given by
(%, y, n) =(4,3,3),(58,15,3) [10].
So we shall suppose k> 0.
I.Let 11} X then from [11] the equation has no solution when n>5.

(1) n=3, we factorize equation (20) to obtain

X +11°Vy-11 = (a+b+/-11)% (21)

where y=a?+11b? is odd, so a and b have the opposite parity.
Or

X +11°J-11= (% *_11)3, (22)
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2 2
where Y = %and a=b =1(mod2).

On equating the imaginary parts in equation (21) we get

+11¢ =b(3a* —11b?). 23)
From (23) we deduce that b =11, 0 <1 <K , so (23) becomes
+11¢7" =3a% —117'*. (24)
Equation (24) is impossible modulo 11, unless | = k, that is
+1=3a% -11%", (25)

The negative sing is impossible, and for the positive sing equation (25) has no solution if 3‘2k +1, [11].
So, the equation (20) may have solution when n=3and K #=1(mod 3)

112k +1 + 1
and this solution if it exists is given by X = 8a® —3a whereaisan integer satisfies d = T
Now we equating the imaginary parts in (23) and we get
8.11%=h(3a>-11b?). (26)

We have two cases:
i.  Ifb=+11" where 0 <1 <k, then the equation (26) is impossible modulo 11.

ii. 1fb=+11" then the equation (26) becomes 8=3a-11%** This equation has one solution (a,k)=(21,1) [12], which
implies x=9324 and y=443.
(2) n=4, here we can write equation (20) as
y 2 +X :112|(+1’
yi-x =1.
We get
2y 2 112 41

this equation is impossible modulo 11.
Summarizing the above, equation (20) has the following solution when (11,x)=1 we
(%, v, k, n)=(4,3,0 3), (58,15,0,3), ( 9324,443,1,3).

I1. Let, 11|X then X =12°X and Y =11Y suchthats, t >0 and (X, 11)=(Y, 11)=1. Equation (20) becomes
117 X 2 +17%* =11"Y ", @7)

We have two cases:
(1) If 2s=nt, then from (27) we get

X 2 +112(k—s)+1 :Y n’

this equation has solution when n=3 and either k-s=0 or k-s=1, since 2s=3t then 3‘8 . Let s=3M then t=2M , hence

either k=3M or k=3M+1.
So equation (20) has three families of solution
(xy.k,n)=(4.113"3.11?" 3M,3), (58. 11° ,15. 11°" | 3M,3),
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(9324. 113" 443. 11°M 3M+1,3).
(2) If 2k+1=ntthen equation (27) become

LT X ) +1=Y ",

which has no solution [8].0

By using the same argument used in Theorem 2 we get the following:
Theorem4

If p an odd prime such that P $5(mod 8) and (h,p)=1 where h is the class number of the field

[1 (J=11p), then the diophantine equation

px2+1121=yP p> 11,

has no solution in integers x and y.¢
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