J. Ana. Num. Theoi2, No. 2, 59-63 (2014) %N =S¥\ 59

Journal of Analysis & Number Theory
An International Journal

http://dx.doi.org/10.12785/jant/020206

New Generalization of Eulerian Polynomials and their
Applications

Serkan Araci*, Mehmet Acikgdz* and Erddjan Sef*

1 Department of Mathematics, Faculty of Science and Artsyersity of Gaziantep, 27310 Gaziantep, Turkey
2 Department of Mathematics, Faculty of Science and Letiémsyik Kemal University, 59030 Tekirdagd, Turkey

Received: 14 Feb. 2014, Revised: 20 Apr. 2014, Accepted: 222014
Published online: 1 Jul. 2014

Abstract: In the present paper, we introduce Eulerian polynomiall wétrametera andb and give the definition of them. By using
the definition of generating function for our polynomialse werive some new identities in Analytic Numbers Theory.oAlse give
relations between Eulerian polynomials with paramedeasdb, Bernstein polynomials, Poly-logarithm functions, Beauhicand Euler
numbers. Moreover, we see that our polynomiala at —1 are related to Euler-Zeta function at negative inetedérally, we get
Witt’s formula for new generalization of Eulerian polynaats which we express in this paper.
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1 Introduction whereg (n,K) are called the Eulerian numbers that can be
computed by using

and polynomials, Genocchi numbers and polynomials, i
Stiring numbers of the second kind, Bernstein

polynomials and Eulerian polynomials possess manywhere« (n,0) = 1. Eulerian polynomials¢, (), are also
interesting properties not only in complex analysis, andgiven by means of the following exponential generating
analytic numbers theory but also in mathematical physicsunction:
related to knot theory angl-function, andp-adic analysis.

The Bernoulli numbers and polynomials, Euler numbers o (,K) i(n—k 1) (_1)1- k=", 1<k<n, (3)
=

These polynomials have been studied by many e? (It — S %(X)E:i (4)
mathematicians for a long time (for details, see [1-30]). n; nt gl —x
the%”ﬁ\rl:/?: p:dﬁr?]rgtlia(ljlns.equem{% (9)}no1s given by where /" (x) = @ (x), symbolically. Eulerian
9 : polynomials can be found via the following recurrence
. () relation:
Ind = W g, (1) 1-t,ifn=0
2= g ( (1) + (t—1))" — tasm(t) ={ o itnzo, ©

It is well-known that the Eulerian polynomialz, (x), ~ (for details, seed], [6], [25], [9] and [10]).

of degreen can be introduced as Now also, we give the definition of Eulerian fraction,
an(x), can be expressed as
0 n (X
AN =Y SN H@=1 @) i (¥) = (l—X())H ©)
k=1 —
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We want to note that Eulerian fraction is very useful new theoretical properties for them. Also, we show that
in the study of the Eulerian numbers, Eulerian our polynomials are related to poly-logarithm function,
polynomials, Euler function and its generalization, Jorda the Bernstein polynomials, Bernoulli numbers, Euler
function in Number Theory (for details, setq]). Firstly, numbers, Genocchi numbers, Euler-Zeta function and
Acikgoz and Araci introduced the generating function of Stirling numbers of the second kind. Finally, we get
Bernstein polynomials as follows: Witt's formula for new generalization of Eulerian

polynomials which seems to be interesting for further

0 k . . .
szk‘n(X) " _ (tx) d1% e, % work in p-adic analysis.
&S n! k!
whereBy  (x) are called Bernstein polynomials, which are 2 On the new generalization of Eulerian
defined by polynomials
Byn (X) = <n> XK (1— X)n—k 0<x<1 (8) In this section, we start by giving the following definition
’ k o of new generalization of Eulerian polynomials.
(for details on this subject, se@]]. Definition 1.Let b e R (positive real numbers) and a
The Poly-logarithms can be defined by the series: C(field of complex numbers), then we define the following:
© K d t" 1-a
Lin(2) = =— 9 é7@b) = ¥ ot (ab) — = ———— 14
In (Z) & Kn ( ) nZO n( ) n! bt(17a> _a ( )
forn> 0, and|z] < 1. We easily see thatif=0 where.«, (a,b) are called the generalization of Eulerian
polynomials (or Eulerian polynomials with parameters a
Lio(2) = z and b). Also,&7" (a,b) := <, (a,b), symbolically.
1-7

. . ) So that, obviously,
Also, Poly-logarithms can be given by the integral

representation, as follows: n(%,€) := on(X).
Lin (2) = /Z Lin(2) dz By (14), we have the following recurrence relation for
" z the Eulerian polynomials with parameterandb:
in C\[1,00). We note thatLii (z) = —log(1—2) is the de/(ab) _ l-a
usual logarithm (see2[7]). T d-anb_ g’

In [28], [29], Luo et al. defined the generalization of _ ' _ _
the Bernoulli and Euler polynomials with parameters By applying combinatorial techniques to the above
a,b,c as follows: equality, then we easily derive the following theorem:

tct _ . Bn(x;a,b,c)tn7
bt—at & n!

2c¢ ® En(xa, b,c)tn (

bra nZO n!

tIog—‘ - 271) . 10) Theorem 1The following recurrence relation holds:

[“h(a,b) + (1—a)Inb]" —awh (a,b) = (1—a)dho (15)

b
tIoga‘ < n) . (11)

wheredn o is the Kronecker's symbol.

So that, obviously, We now consider fon > 0 in (15), becomes
Bn(x;1,e€) :=Bn(X) andEn(x;1,e€) :=En(x). (12)
" " " " (@b 1z<>%ab 1—a)"*(nb)"*
Here B, (x) and En(x) are the classical Bernoulli N
polynomials and the classical Euler polynomials, , - (18)
respectively. We want to note that taking = x andb = e in (16)

Next, for the classical Bernoulli numbem, and the reducesto
classical Euler numberg, we have

—k
Bn (0) := B, andE, (0) := Ep. (13) “h( %1 %( ) ) (1-x)" (17)

By the same motivation of all the above (see p] and [25]). We see thatX7) is proportional with
generalizations, we consider, in this paper, theBernstein polynomials which we state in the following
generalization of Eulerian polynomials and derive sometheorem:
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Theorem 2The following identity Theorem 5The following
n—1 % n n 0 —j
« (%) Bien (%) 1 <In b) ] a
%(X)ZKZOW a1 h(a,b) = —(Inb) leTn

is true.

Let us now consider lim,g %kg in (14), then we readily
arrive at the following theorem.

Theorem 3Let be R™ and ac C, then we have

dk 1-a
dik \ pt@-a_g/|"

By (18), we easily conclude the following corollary.

i (a,b) =Ilim

t—0

(18)

Corollary 1.The following Cauchy-type integral holds
true:
d b k| t—k—l
1— k(@b)= 21 Jebi(l-a) —a
where C is a loop which starts ateo, encircles the origin
once in the positive direction, and the returas.

dt

By (14) we discover the following:

< 5 _ l1-a
nszj (a b ) n {bt(ua)(l—a),a]

- {i(l+a}”% (a,b) ;—W

l+a
ptl-a)(l+a) _ g

i(l )" (— ab)ﬂ]

By using Cauchy product on the above equality, then

we get the following theorem.
Theorem 4The following equality

o (82,0%) = 3o () (1+a) o (a.b) o« (—a,b) (1—a)" ¥

(19)
is true.

After the basic operations inl9), we discover the
following corollary.

Corollary 2. The following property holds:

n 1 k
ch(ab) =3 (1+3) Bn@ k(@)D

k=

Now also, we consider geometric series i) then
we compute as follows:

l1-a 1-a?t
d(l-ajinb__5  1_g-1g(1-a)lnb

= (1_ %) jioajejt(la)lnb
5|23

By comparing the coefficients é} on the above equation,
then we readily derive the following theorem.

00 tn
2 % (a7 b) H =
n=0

jj”(l—a)”(lnb)”] tn—nl

is true.

The above theorem is related to Poly-logarithm
function, as follows:

(ﬁ)nwa b) = [On;)"

In [27], it is well-known that

. n
Li_n(x) = (x&)" &5 =
whereS(n, k) are the Stirling numbers of the second kind.

By (20) and @1, we have the following interesting
theorem.

—(In b)”} Li_n(a™?).

(20)

SheokS(n+ Lot 1) (%)

Theorem 6The following holds true:

adh(a,b) = — (Inb)" z

1 k—n
KIS(n+1, k+1)( ) .
k=0 -1

3 Further Remarks

Now, we consider ¥4) for evaluating ata = —1, as

follows:
20”” L) ) b2t+1

where o, (—1,b) are called Eulerian polynomials with
parameteb.

By (22), we derive the following equality in complex
plane:

<] n tn
i"eh(—1,b) — =

nZO n!
From this, we discover the following:

20 i"ath (— ZOEHZn n Inb
n=

whereE, aren-th Euler numbers which are defined by the
following exponential generating function:

(22)

2 2
b2t 11 eltnbi 7

(23)

o tn
ZOEH_' = A
= n!

By (23) and @4), we have the following theorem.

it < (24)

Theorem 7Let ne N (field of natural numbers) anddC,
then we get

n(~1,b) = 2"Eq (Inb)".
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We now give the definition of Bernoulli numbers for
sequel of this paper via the following exponential
generating function:

00

t" t

By using £2) and @5), we see that
1 2t 4t
ZO% 1b e2t|nb+1 {ezlnb_l_emlnb_
So from above
S o (—1b) = 3 [22(nb)"By— 4"(Inb)" By
& n ) n' nZO n n n

By comparing the coefficients af® on the above
equation, then we can state the following theorem.

Theorem 8The following identity

21 (Inb)™ ™t (1 - 21 By g

i (—1,b) = N1

holds true.

By (22), we obtain the following:

1

1s® 12(Inb)"Galy = 57 62" (INb)" Gn .

tl‘l

2?10:0’%( l b) o
That is, we reach the following theorem.

Theorem 9The following holds true:

2" (Inb)" 1 Gy

dﬂ(_lab): n+1

where G, are the familiar Genocchi numbers which is
defined by

0 tn

> G =

n=0

A
éd+1

We reconsiderZ2) and using definition of geometric
series, then we compute as follows:

22@
%( (inb)" Ji(—l)j j“)

Therefore, we obtain the following theorem

iﬂn(_l,b)i?n -

ejt Inb

tn
H.

Theorem 10For n > 0, then we have

S (—1)) "
J;( )]

n(—1,b) =21 (Inb)" (26)

As is well known, Euler-zeta function is defined by

235

From (26) and @7), we obtain the interpolation
function of new generalization of Eulerian polynomials at
a=—1, as follow:

, s€ C (sedq)). (27)

@i (—=1,b) = 2"(Inb)" e (—n).

Equation 28) seems to be interpolation function at
negative integers for Eulerian polynomials with parameter
b.

(28)

Let us now consider Witt's formula for our
polynomials ata = —1, so we need the following
notations:

Imagine that p be a fixed odd prime number.
Throughout this paper, we use the following notations. By
Zp, we denote the ring ofp-adic rational integers(Q
denotes the field of rational numbe@, denotes the field
of p-adic rational numbers, andC, denotes the
completion of algebraic closure @fy,. LetN be the set of
natural numbers arii* = NU {0}.

The normalizeg-adic absolute value is defined by

1

Letq be an indeterminate witly — 1|, < 1.
LetUD(Zp) be the space of uniformly differentiable
functions onZp. For a positive integed with (d,p) =1,

let

X =Xq = ImZ/dp'Z = “a‘gol<a+ dpZy)

with
a+dp'Zp={xeX|x=a(moddp)}

wherea € Z satisfies the condition € a < dp" and let
0 : X — Zp be the transformation introduced by the inverse
limit of the natural transformation

7)dp'Z — 7,/ p"Z.

If fis a function orZp, then we will utilize the same
notation to indicate the functioho o.

For a continuous functiorf : X — C,, the p-adic
fermionic integral orZ, is defined by T. Kim in 2] and
[3], as follows:

1) = f T () dH 1 (0) = [, T (V) A1 (0) =limn e 355" (-1)" f (0).
(29)

By (29), it is well-known that
—1(f) +1a(f) =

2 (0) (30)
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