Math. Sci. Lett.3, No. 2, 71-73 (2014) %N S\ 71

Mathematical Sciences Letters
An International Journal

http://dx.doi.org/10.12785/msl/030201

On Some Properties of Spectral Radius for Brualdi-Li
Matrix

Mandi Chen*
School of Mathematics and Computational Science , Sun Yat-sen Witw&uangzhou, 510275, P. R. China

Received: 4 Nov. 2013, Revised: 9 Feb. 2014, Accepted: 10 Bald. 2
Published online: 1 May 2014

Abstract: Let Byy, denote the Brualdi-Li matrix,and lgg(Bym) denote the spectral radius of Brualdi-Li matrix. We obtain some
properties ofp(Bom) -
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1 Introduction In 1983 Brualdi and Li conjectured that the maximal
spectral radius for tournaments of orden B attained by

A tournament matrix of orden is a (0,1) matrix T the Brualdi-Li matrix [l]. This conjecture has recently be

satisfying the equatioif +T' = J— I, whereJ is the all  confirmed in P]. The several interesting properties of

ones matrix,| is the identity matrix, andT! is the  Brualdi-Li matrix are studied. In this paper we investigate

transpose ofl. The tournament matrices are inspired in some properties of spectral radius for Brualdi-Li Matrix.

the round robin competitions.Tournament matrices(and

their generalizations)appear in a variety of combinatoria

applications (e.g., in biology, sociology, statistics,dan 2 Preliminaries

networks).

Brualdi and Li matrix of order @is defined by The notation and terminology used in this paper will

Un UL basically follow those in3].
PBom = <|_|_Urtn UE) Letlm=(1,1,---,1), ;,0m= (0,0,---,0) ,, and
where Uy, is strictly lower triangular tournament 000--0
matrix(all of whose entries below the main diagonal are 100---0
equal to one). A matrixA of ordern is said to be a Un=|[ ::- ¢ ,
reducible matrix if there exists a permutation matfx | A
11--- 00
such that 11... 10
t A1 Az mxm
PAP' — :
0 A . .
wherem > 2 is an integer.
whereA; and A, are square (non-vacuous), ornf= 1 Lemma 2.1[3] Let n be a nonnegative integer,aAde

andA = O. A matrix is called irreducible matrix if it is a primitive matrix of orden. Then

not reducible. The spectral radius of a matiyx«n

defined as p(A) = max{|A1],|Az], - ,|An|}, where Iim(é)kl _s

A1,A2,--+, Ap are eigenvalues oh,.n. If an nonnegative k—oo P n—

matrix A is irreducible and it has exactly one eigenvalue

of modulus p(A),then the matrix is called a primitive where p = p(A) > 0,S > 0 is a eigenvector ofA
matrix. Obviously,Brualdi and Li matrix#.n (m > 2)is  corresponding to the eigenvaluem(A).

primitive matrix.
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Letb(2m k) = 1%, &5 lom, Lemma 24 ([4]) Let m > 2 be an integer,
br(2m k) = 15, % (o) .and p = p(#am),and

br (2m k) = 14, 2K (7). then

b(2m k-+1) = 15, Bkt o, = 14, 25, (™ D)
= mb(2m,k) — b (2m,K)
= (m—1)b(2m,k) + by (2m k).

It is easy to verify the following result.

Lemma 22 Let km > 2 be an
p = p(Hom). Then
(D)limy 00 /b(2m, k) =
(2)nmk%bg<;—$k)l) p

integer,and

blzmk) — M~ P;
(4)nmk% ggg; =p-—m+1;
(2mk) m-p

k 3% B<k2)
Let %5, = B<1kl) B%k) .and
21 =22
bij(2m k) = l&nBi(Jk)lm,Lj —12,

whereB(lkl), B(lkz), B(zkl), B(zkz) are matrices of orden.

Now thatb(2m k+ 1) = 15, 2%+ M om

- 1t '@ 5 ( mmllmlm)

(m 1)(b11(2m, k) + b1 (2m, k))
+m(b12(2m,K) + boo(2m,K)),
b(2m k+ 1) = 14, (45,) 1om
= 1 (Boen) (' 3)
= m(by1(2m k) + b12(2m,k))
+ (M= 1)(b21(2m, k) + b22(2m, k),
we have
b11(2m7 k) = b22(2ma k)

b(2m k+2) = 14,75 21om

= (i, (m— 1)1, 8K (™ Dim)
= 2 (m—1)mby1(2m,K) + nPby(2m, k)
b21 2m k

Leadlng to the foIIowmg result.
Lemma 2.3 Letk,m> 2 be an integer. Then

( b(2m,k) )
@ | bzmk+1)
b(2mk+2)

2 1 1 b11(2m,k)
= 2m—1 m m-1 bi2(2mk) |;
2(m—1)mm? (m—1)? / \ bpy(2m k)

b112 m, k)
(2) | bi2(2mk)
b21(2m, k)

(m—1)m 2m—-1 -1 b(2m, k)
= ( (m—1)2 —2m+2 1) (b(Zm,kJrl)).
m? —-2m 1 b(2m,k+2)

(V1,V2,...,Vm, W1, W, ..., Wm)! be a eigenvector of4om
corresponding to the eigenvalue qb(%om),where
ZMvi+2" 1W. =1.Then

(1)p m—"w =m—143Mv;
_ p+1- m
(2)Vm p+1
(3) Wi — Vi = 2420 ang
v — L e+ 52 a-m () N0
kk 12%+1 p(2p+1) )
= 4,4 7m

3 Some propertiesfor spectral radius of
Brualdi-Li matrix

Theorem 3.1 Let
p = p(HBom).Then

m > 2 be an integer,and

(D)Mo BHEET = —p2 4 (2m—1)p — m(m— 1);
(2)liMy_se0 béf;ﬁqu;( =p?-2(m-1)p+(m-1)%
(3)|imk%,bg§2$kk p2—2mp + 2.

Proof By Lemma 2.3(1),

b11(2m,k) = —m(m — 1)b(2m,k) + (2m — 1)b(2m k +
1) —b(2m,k+2), then
bii(2mk) b(2mK)
éémmk)) =-m(m—1) (22 K)
2mk b(2mk+2)
+ (2m—1) (&‘mt)l) - (bgm:: . By Lemma 2.2(2),we
have ok b(2mk
iMoo S — —m(m— 1) limyc o promed
- Dl B i P2
' : b(2mk+2) b(2mk
— (M= 1) + (2m— 1) —limy. (REM2) . b2

=—p?+(2m—1)p —m(m—1).
Using a similar approach,we have obtained (2)and (3).

Theorem 32 Let m > 2 be an integer,and
p= p(QZm%Thin .
: 2m, (2 )
(Dm0 (|2<mnI1 )1) = limy e (2(an )1> =P
(2)liMise0 bb'('é% p, fori,j=1,2.
Proof By Lemma 2.3(2),(3),
|- b|(2m,k)
IMk—0 b 2mk-1)
: bi(2mk) b(@mk-1)y_1 _b(2mk
= limyc e ( t;(<2nn1:k)) - b'((znT,kA))) L b(2(mr,TIlf)1))
=(m-p)(m-p)~'p
Usiﬁg a similar approach,we have obtained
iMoo pgas = p and (2).
Theorem 33 Let m > 2 be an integer,

p = p(%2m),and

(V1,V2,...,Vm, W1, W, ..., Wm)! be a eigenvector of4,m
corresponding to the eigenvalue gb(%om),where
SMovi+2"w =1. Then

Si(ws —vi) = (m—p)2.
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Proof By Lemma 2.4,

ZMi(wi —vi)
sr1-vi(2p+1
= EMIC )
2p+1
= 25— B Sl
i 2p+1 . 1

Z'm1P+1 Ff)+1 Zy (2p+1

—( 20+ HM (PL))2i+1y
p(29+1) )
_ (2p2%+2(1—m)p+1-m) p+lya1
B p(p+1) Yt ( )
m+ 1 1)xm

Now hatg ot 1 — ™21 hence

m i(P;rl)Zifl m(1+2)2™3(my1)(14 3)2M 14 1)
25210 (1+5)2-1)2

4

(2p+1)( (1+ )2m+3

(m+1)(14r )2m+1Jrle ).
We have
0w — i)
= (292+2<1*m>p+17m>( pt )
B p(p+1) 2p11)2

(M(L+2)2™3 — (m+1)(14 5)*™ 1414 1)
_p ((2p2+2(1fm)p+1fm)) ,

~ 2p+1 p(2p+1)

(M(L+ 2)2™2— (M4 1)(1+ 5)°™+ 1)
P (2p%+2(1-m)p+1— —

= 2/[3)+1(( P p(anl)f) m))(1+ )2m-1.

2 _ _
(M(1+2)3— (m+1)(1+ 1)) + izo TS

__p (o _p+1fm>_
~ (20+1) \2p+1 p+1

252 _ _
(M4 5)° - (e (L4 5) + 2 T

= prp (M+2mp — p?)(m-+2mp — 2p* — 2p)
o (2p2+2(17m)p+17m)
(ZP+1)

= i +1 5 (4p* —4(2m—1)p3 + (4P — 8m+1)p?
+ 2m(2m 1)p +nP)

(2p+1 5 (4p* 4 4p3 + (4P + 1) p? + 4mPp +- P

(8mp3 + 8mp +2mp))

(2p+1 ((4p° +4p + 1)p? + 4nPp? + 4nPp + P

—(4p%+ 4p + 1)2mp)

=(m-p)*.
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