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Abstract: A general form of continuous distributions has been characterized by considering two conditional expectations of
generalized order statistics (gos) conditioned on a non-adjacent gos. Further, some of its deductions are also discussed.
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1 Introduction

The concept of generalized order statistics (gos) was introduced and extensively studied by [1].

Let N> 2 be a given integer and M= (my, m,,...,M,_1) eR"L, k>1be the parameters such
that

n-1
yi=k+n—i+> m;>0 for 1<i<n-1.
j=i
Then X (L, n,m,Kk), X(2,n,m,k),..., X(n,n,m,k) are called generalized order statistics from a
continuous population with the distribution function (df) F(x) and the probability density function (pdf)
f (x) if their joint pdf has the form

n-1 n-1

kI TT7j [TTI-FOI™ 00— F o)™ f (xq) (1.1)

ji=1  Ji=1
on the cone F_1(0+) <X <X9 £..SXy < F_l(l) of R".

The model of generalized order statistics contains special cases such as ordinary order statistics
(i=n—-i+Li=12,..,niem=my=.=m,_1=0k=1), kth _ record values

(i=kiem=my=.=m,_1=-1keN), sequential order statistics
(i=(n—=i+Deoj;q,ap,...,aq >0),  order statistics  with  non-integral ~ sample  size
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(i =a—1+La>0), Pfeifer’s record values (¥i = fi; Pr, P2, Pn >0) and progressive type Il

censored order statistics (m; € N, k e N) [1, 2].
Here we consider two cases:
Casel: Mp=mp=---=mp_1 =M (m-gos).

Casell: yj=yj ,i#] foralli,je(,---,n).

For Case 1, the pdf of X (r,n,m,k) , the rth m— gos is given by [1]

X nm i) 09 = ¢ S5 PO 00 [gm (O™

and the joint pdf of X (r,n,m,k) and X(s,n,m,k), 1<r <s<n,is given by

Cs_ = —
Fx e, s, (6 Y) = gt T 001" o R (0]

x [ (F () = ey (FOO)T IR ()Fs ™ £ £(y)

where
F(x)=1-F(x),
S
Cs—1:H Vi
i=1
m+1
_&, mz=-1
)= M*1 xe(0,1),
I , =-1
og % m

X
and g (%) =N (x) = (0) = [ (L) dit.
0

For Case I, the pdf of X (r,n,m,k) is given by [2]

r
fx rnmig =g ()Y &) [F11 ™
i=1

and the joint pdf of X (r,n,m,k) and X(s,n,m,k), 1<r <s<n isgiven by [2]

i=r+1

S _ 7i
sossmsoins £l

x{Z aj () [L-F (1"

i=1

f(x) f(y)
[1-F()] [1-F(y)]

(1.2)

(1.3)

(1.4)

(1.5)
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where
' 1
ai=ai(N=]] ——— ., »j#7, 1<i<r<n (1.6)
j=1 (7] _7i)
JEQ
and
> 1
ai(r)(s): 11 ———,  yj#7i, r+l<i<s<n (1.7)
JEQ
2 Characterizations of distributions when my =my =---=my_1 =m

The conditional pdf of X(s,n,m,k) given X(r,n,mk)=x,1<r<s<nis

fX(s,n,m,k)|X(r,n,m,k)(y| X)

_ Cs—1 [P (F (%) — e (F O™ 1= F(0))s £ (y)
(s—-r-D'c,4 [1— F(x)Jr+

2.1)

Theorem 2.1: Let X be an absolutely continuous random variable with the df F(x) and the pdf f (x) in
the interval («, 8), where @ and B may be finite or infinite, then for 1<r <s <t <n,

E[h{X(t,n,m,k)}| X(r,n,m, k) =x]

= ays E[M{X (s,n,m k)}| X (r,n,m,Kk) = X]+bys (2.2)
if and only if
F(x) =1-[ah(x)+b]° (2.3)
Where h(x) is monotonic and differentiable function and a, b, c are constant such that (2.3) is a df,
t :
CYj

ags = [

* b *
"1 and b =—— (1—ag)
Za1@rcr)) o= g s

Proof: In view of Khan and Alzaid (2004), it is easy to prove the necessary part.

For the sufficiency part, we have

(t-r 1)|cCt_l(m+1)t—r_1 I)(ﬂh(Y)[(lf(X))m+l_(ﬁ(y))mﬂ]t—r_l
b

_ * Ceo_
x[L- F(y)I"t £ (y) dy = ays =L
(s—r-Ylc,_1(m+1)
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<[P RIE Y™~ (F ()™

<[L-F()Ps L (y)dy+bys L-FI™ (24)

Differentiating (s—r) times both the sides of (2.4), w.r.t. X, we get

s f gy KEOD™ = (F(y) ™y ==
(t-s-Dlcg_g M+ [1- F(x)]s+

x[L—F(y)It ™  (y) dy = ags h(x) +bys (2.5)
or,
g (X) = E[R{X (t,n,m,k)}| X (s,n,m, k) = X] = a5 h(X) + byjs

Using the result of Khan et al. (2006), we have
f(x)  ach'(x)

F(x) [ah(x)+b]

Thus

F (x) =[ah(x)+b]°

and hence the theorem.

3 Characterizations of distributions when yj# yj ,i# ]

The conditional pdf of X (s,n,m,k) given X (r,n,m,k)=x, 1<r<s<n is

X (s,n, @, k)X (r,n, @, k) (Y [ X)

_Cs1 v M) 1—F(y)Ti f(y)
ot (S)[l—F(x) iFon Y G

Theorem 3.1: Under the conditions as given in the Theorem 2.1 and for 1<r <s<t<n,
E[M{X (t,n,m,k)}| X (r,n,m,k) =x]
= a5 E[N{X (s,n, M, k)}| X (r,n, @, k) = X] +byjs (3.2)
if and only if

F(x) =1—[ah(x)+b]C (3.3
where

t

* C]/J * b *
ags= ] and bys =——(1—ays)
j:s+1l+07/j a

Proof: It is easy to prove the necessary part in view of Khan and Alzaid (2004) and the Theorem 2.1.
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For the sufficiency part, we have

Vi
Ci1 z a(l’) (t)J' h(y) |:1_ F(y):| f(y) dy

115 -F(0) B-F)
_ i .
o Esi.%la(r)(s)j | Srs | e 4

Differentiating (3.4) w.r.t. X, we have

St a0 {_ NOEQI 1) s WIE W

Cr i [F (o xRy

o
~ a1 Zs:ai(r) (s){— hCALF OO~ f (x)

F0O) f(y) dY}

[F (1"

BhWIF
Al e g

r-li=rs1

F0) f(y) dY}

or,

R e (r) ) e
- FOl ¢ 1.%6‘ R T

<3 e [PROL=FOI 1) |
.;ﬂy‘ T R

«  f(X) Csq

-1 (r)
A i F oo > a0

“Lij=r+1

1) G g (FROE-FOF ()
T )]Cr—l,zr:illl © - FX)Y g

s
After noting that z ai(r) (s)=0, ¢, =¥¢r41Cr_1 and ai(r+1) ®=0ra —yi)ai(r) (t), we get
i=r+1
f(x)

m Yr41l9tr (X) = Gyr42(X)] =

t|s [- I(:() %] Yr+1[9sjr (X) — 942 (X)]

where

gs)r (X) = E[K{X (s,n,m,k)}| X (r,n,m,k) = X]
or,

yr (X) _aas Isir (X) = Gtjr+1(X) —aas Isjr+1(X)

== 0Qys (x) —aas Js|s (X) = ths (3:3)



38 oo A. Khan ,Z. Haque and M. Faizan: A Characterization of Distributions based ...

Noting that ggs(X) = h(x) , we have

gty (X) = 2 h(X) + brls

l.€.
E[N{X (t,n, M, K)} X (s,n, @, k) = X] =ags h(X) +lys (3.6)
Using the result (Khan et al., 2006)
E[N{X (t,n, @, K)} X (s,n, @, k) = X] = gys (%),
we get,

F (x) =[ah(x)+b]°

and hence the theorem.

Remark 3.1: It may be seen that when yj # yj butat mj =mj =m, i, j=1,---,n—1, then [Khan et al.
2006]

() ey _ 1 oy 1

3" 6) (m+1)s—r—1(1) (—r—Di(s—i)!
I SN o R S

Ly S Oy P

and consequently the conditional pdf given in (3.1) will reduce to the conditional pdf given in (2.1).
Thus the Theorem 3.1 will reduce to the Theorem 2.1 with yj =k +(n— j)(m+1).

Remark 3.2: At s=r, result reduces to as obtained by Khan and Alzaid (2004).

Table 3.1: Examples based on the df F(x) =1—[ah(x)+b]°

Distribution F(x) a b c h(x)
i —PyP -
Power function a PxP 0<x<a —a P 1 xP
Pareto 1-aPx P asx<w ad 0 —p/q x¥ q=0
Beta of the first kind 1-(1-%P o0<x<1 1 0 p/q 1-x9 q=0
y 1
-1 1 p X
Weibull 1-e0%°  0<x<oo 1 0 al/q e ™ q=0
xP,c—0
-0/c 1 c
Inverse Weibull e’ 0<x<w ] 1 1 e 0’
]
Burr type 1l L+eX]¥ | —o<X<o 1 1 @+e™>)X
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Burr type 111 (1+x’°)’k’ 0<X<oo ] 1 1 A+x )k
Burr type IV e 1e]”
[1{&} 1 {1 (e2x) 1
X -1 1 1 X
0<x<c
Burr type V [1+ce Xk 1 1 . [1+ce Xk

—ml2<x<7xl2

Burr type VI [L+ceksinxyk 1 L . [1+ceksinhxyk
1
—00< X <00
Burr type VII 27% 1+ tanhx)* ’ _ok g 1 [1+ tanhx]
—0< X <0
Burr type VI 2. 1 k (2) 1 1 (tan"te*)k
T T
1
—0< X <0
Burr type IX - 2 < 1S @+e¥)X
c+e¥)k —1+2 2 2
1
—00 < X <00
_x2 2
Burr type X a-e* )k’ 0<Xx<oo -1 1 1 @-e)k
k
Burr type XI [X—iSiHZﬂ'X] -1 1 1 (X—ZiSiI’]ZﬂX)k
T
T
1
0<x<1
Burr type XIlI 1—(1+9xp)*m’ 0 1 -m xP
0<X<w
Cauchy 1oL tx 1 1 1 tan~* x
V4 Vs 2

—0< X <o
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