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Abstract: The purpose of this paper is to analyze a series-parallel system by using semi-Markov process. There
is a preventive maintenance action provided to the system in order to increase the life time of the system. We
suppose that the failure, repair, and maintenance times are stochastically independent random variables each
having an arbitrary distribution. The kernel matrix associated with this system is constructed. Expressions for
mean sojourn times, steady-state availability, availability function, reliability function, mean time to failure, and
mean time to repair are presented. Numerical solutions of the system are obtained.

Keywords: Semi-Markov process, series-parallel system, preventive maintenance (PM), availability, reliability,
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1. Introduction

Semi-Markov processes and the related Markov renewal processes have been established by Takaces,
Lévy, and Smith in the mid of 1950s.Semi-Markov processes is the generalization of Markov processes by
allowing the times between transitions to be arbitrary distributed non-negative random variables which
may depend on the current state and the next state. These processes are very important where in reality the
life time and repair time in most cases are not necessary to be exponentially distributed. Markov renewal
processes is the generalization of renewal processes.Semi-Markov processes and Markov renewal
processes have many applications (see Asmussen (2003) andJanssen&Limnios (1999)).

Preventive maintenance is defined as the activity undertaken regularly at preselected intervals while the
system is satisfactorily operating (see Sim&Endrenyi (1988)), while repair is the activity to bring the
system to as good as new status after failure occurred. The purpose of maintenance is to extend the unit life
time and avoid costly consequences of failures.

Limnios (1997) presented a dependability analysis (availability, reliability, maintainability, and mean
times) for semi-Markov systems with finite state space by using a new method based on algebraic calculus.
Chen &Trivedi (2001) have analytically studied the system periodic preventive maintenance problem by
using semi-Markov process assuming that the preventive maintenance with generally distributed
parameters. Grabski (2010) presented semi-Markov reliability model of cold standby system and this
model is the modification of the model considered by Barlow &Proshan. El-Said & EI-Sherbeny (2005)
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discussed the reliability of two units cold standby system with preventive maintenance and random
changes in units.Zajac&Budny (2009) presented the reliability model of intermodal transport which
described by semi-Markov processes. They assumed that the probabilities of transition between states are
exponential and presented a discussion on Gamma and Weibull distributions in semi-Markov calculations.
Cocozza-Thivent&Roussignol (1997) studied the evolution of a multi-component system which is modeled
by a semi-Markov process and introduced formulas for the availability and reliability of the system. Also,
they obtained numerical solutions for a two-unit parallel system with sequential preventive maintenance.

In this paper we analyzed a series-parallel system by using semi-Markov process and this system is
some modification of the model used as an example in Alam (1984) and Csenki (1995). In our model, the
system is consisted of two subsystems A and B connected in parallel, where subsystem A consists of
niidentical units connected in series and subsystem B consists of nyidentical units connected in series. Each
subsystem fails when one unit of the subsystem is down and the system fails when the two subsystems fail.
There is a preventive maintenance provided to each unit before it fails. Hence, each unit in the system has
three states: up, maintenance, and down and we assume that the life, repair, and maintenance times are
generally distributed. We constructed the kernel matrix associated with the model and presented the mean
sojourn times. Also, we introduced some other measures of the model such as availability function,
reliability function, steady-state availability, mean time to failure, and mean time to repair. Numerical
solutions, using MAPLE program, were obtained when subsystem A consists of three units and subsystem
B consists of four units. These calculations were determined assuming two cases of the life, repair, and
maintenance times: the case of distribution and the case of exponential distribution.

2. Notations

ni: Number of units of subsystem A.

n.- Number of units of subsystem B.

Fa(t): Distribution function for the failure of subsystem A.

Fg(t): Distribution function for the failure of subsystem B.

F1(t): Distribution function for the failure of one unit of subsystem A.

F,(t): Distribution function for the failure of one unit of subsystem B.

Ga(t): Distribution function for subsystem A to go to under PM.

Gg(t): Distribution function for subsystem B to go to under PM.

Gi(t): Distribution function for a unit of subsystem A to go to under PM.

G,(t): Distribution function for a unit of subsystem B to go to under PM.

Ha(t): Distribution function for the duration of repair of one unit of subsystem A.
Hg(t): Distribution function for the duration of repair of one unit of subsystem B.
Ka(t): Distribution function for the duration of PM of one unit of subsystem A.
Kg(t): Distribution function for the duration of PM of one unit of subsystem B.

S : Ingeneral, [1-S(t)] complement of distribution function.
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3. Semi-Markov Processes
To define the semi-Markov process, we first have to define the Markov renewal processes.

Definitionl.

A bivariate process (Z,,,T,).=x 1S @ Markov renewal process with countable state space S and

kernel Q(t)..x,., Where Q(t) = {Q;;(t):i,j € 5} is a family of sub-distribution functions such

that X;.;@;; () is a distribution function for all i € 5, if it is a Markov process on 5§ X R, such

that T,=0 and
Q) =Pr{Z .y =) Ty —T, <tlZ, =1}
forall n e M,i,j ES,and t € R,.

Definition 2.

A process X(t),.g, Isasemi-Markov process with countable state space S and kernel @(t) if

X(t:]zzn! Tn £tﬁ:::T:":+1
for some Markov renewal process (Z,,T,) with state space S and kernel @(¢t).

4. Model Description

(1) The system consists of two subsystems A and B connected in parallel. Subsystem A consists of
niidentical units connected in series and subsystem B consists of n,identical units connected in series
(see Figure 1).

(2) Attimet =0, the system is up and it fails when the two subsystems fail at the same time.

(3) Each subsystem fails when one unit of the subsystem is down and each failed unit is repaired.

(4) There is a preventive maintenance provided to each unit in the subsystem before it fails.

(5) There are asingle repair facilityand a single maintenance facility available,(i.e., in the same time one
bad unit only belong to any subsystem under repair or maintenance).

(6) All distributions of the time for repair, maintenance, and time to failure are general.

(7) The model has nine states. All possible states and transitions between them are shown in Figure 2.

1 2 |77 Ny

1 2 |----1 Ny
Fig. 1: Diagram of the model

All possible states of the model are given by
Up states : Sy(A Up, B Up), So(A PM, B Up), S3(A Up, B PM), S4(A Down, B Up),Ss(A Up, B Down),
Ss(A PM, B PM),S;(A PM, B Down), Sg(A Down, B PM)
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Down state : Sg(A Down, B Down).

Hg(t)

E. It [ < E_ "t
Fe » Sg - [ = ey
Hy(t) Hz (1) |

Fig. 2: Transition diagram of the model

Up States  [Dolvn State

4.1 Kernel Matrix Determination

We construct the kernel matrix associated with the given model and semi-Markov process which has the
following structure.

0 Q(t)  Qu3(t) Q) @Qy(1) 0 0 0 0 \
Q21 (t) 0 0 0 0 Q5 () Qg7 (2) 0 0
@31 [t:] 0 0 0 0 QEE_(t:] 0 QEB(t:] 0
Qa1 () 0 0 0 0 0 0 Que(t)  Qus(t)
Q(t) = U1 (t) 0 0 0 0 0 Us7 (t) 0 Uss (t)
0 Qea (1) Qg (t) 0 0 0 0 0 0
0 @72 (t) 0 0 Q.5 (t) 0 0 0 0
0 0 Qzz (t)  Qau(t) 0 0 0 0 0 )
Vo 0 0 0u® @® o o o0 o

The functions of the kernel matrix are defined as follows

Qs () = f £, (9F, ()65 (DG, (8

o

Q3 (t) = f G, (t)F, (t)F; (t)dGg (1)

V]

Qus(8) = f Gy (D65 (DF; (DdE, ()

V]
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Qus (D) = f G, ()Gs (DE, (DdF, (8

o

Qu () = j Gy (0)Fg (1)dK, (1), Q26 (2) =J- K, (£)F5 (£)dGg (1)

o o

Q7 (1) =f K, (D)Gg (D)dFg (1), Qa1 (1) =J- Gy (£)F, (D)dKp(t)

o o

Qqe(t) = J- Ky (t)F,(£)dG, (1), Qq(t) = J- K ()G, (£)dF, (t)
0 () = f G, (OF, (DdH, (D,  Qu(® = f A, (OF; (DdG, (2)

Qs (t) = J. EA [tjﬁﬂ[t]df'ﬁ (1), Q51(t:] = J. EA (f]FA(t)dHa(f]

o o

Qe (8) = f By (OF (9d6, (), Qs = f AOIAGIAG

0e(® = [ F(0dKy(0) Qes® = [ Fo (D, (0

o o

00 = [ OdH). 0 = [ Hs (Dak(2)

o V]

0 = [ B0ty Qu(® = [ H,(Ddke(t)

o V]

Qus () = f A, (9dH, (0, Qos (1) = f Ay (DdH,(1)

o V]

where the Fa(t), Fs(t), Ga(t), and Gg(t) functions are given by
FA— [L—F (0] FR () =1—-[1-FK()]™

Ga()— [1 =Gy (£)]™, Gg(2) =1—[1—G,(1)]™

The initial distribution associated with the semi-Markov process is defined as

«a=[1 0 0 0 0 0 0 0 0]

4.2 Availability and Reliability Analysis

To introduce the availability and reliability functions, we divide the state space and the initial distribution
of the semi-Markov process into two states: up (U) and down (D) states. Hence, the kernel matrix and the
initial distribution vector can be rewritten as follows (see Limnios (1997))

a = [y o]

Quy(t)  Qup [‘-L:]) ’

Q) = (Qau[f] Qoo ()
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where, as we mentioned, the up and down states are given by

U= {Sl, Sz, 83, S4, S5, Sa, S7, Sg} and D = {Sg}

Thus, the availability function can be obtained from the following relation (see Limnios (1997)), which is
written in matrix form, as follows.

At) = a[l-Q(8)] ™ x h(t) 15, (1)

Where 1 is the identity matrix, h(t) = I — diag(Q(t)1),and 1,, =[1 1111111 0]"
The inverse [I — Q(t)]™* can be calculated from the following relation

[1-Q()]™ = [det (1— Q()]™* X adj(1— Q(£)) @

Now, to introduce the reliability function, we suppose that the down state is absorbing state. Hence, the
reliability function can be obtained from the following relation (see Limnios (1997)), which is written in
matrix form, as follows.

R(t) =ay[1— Quy(t)]* xhy(t)1, (3)

Where h, (t) is the restriction of h(t)onthe Usetand 1, =[11111111]"

4.3 Mean Sojourn Times

The function
6,(8) = Pr{Tas =T, S tIX(T) = X (To) =13 = ) 0 ()

JES
is the cumulative distribution function of a random variable T; that is called waiting time in state i.
The waiting time T; means the time being spent in state i when we do not know the successor
state. We give expressions for the cumulative distribution function of a random variable T; which

are given as follows.
El
Gi [:t:] = Z QE_;I' [:t:]-" II‘ = 1! 2! e g g (4)
i=1

Hence,

Gy(t) =1 — F (D)F(£)G, ()Gg (1)

6,(t) = 1— R (DK,(9Gs (D)

G3(t) = 1— G () F, (1)K (1)

6.(£) =1 — Hy(t) G5 (DF5 (1)

6:(t) = 1— Hs(G,(DF, ()

Ge(t) = 1- K, (Kz(),  G;(t) =1 - K ()Hg(t)
Go(t) = 1 - Kp(t)Hy(2),  Go(t) =1 —Hu()Hg(t)
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Now, the mean sojourn times are obtained as follows

E(T) = Jux{1 — G, (t)}dt, i=1,2,..,9 (5)

]

RS R ACLACIAGLACE

]

SRS [ ACTAGLAGE:

=)

ZORS RACTACIAGE:

=]

AR I ACTACIAGE:

B = [ A (06, @

o0 oo

R(OF,0dt 5(r) = | Ry@Fp(0dt

]

AOLACERCARY I ACLAGE:

E(T,) = f

V]

E(T,) = f

0

=u]

4.4 Transition Probabilities of Embedded Markov Chain
The transition matrix of the embedded Markov chain P = [pi}-:i, jE S]Of the semi-Markov process is
obtained as follows.
'/ 0 Pz Pz Pra Pis O 0 0 0 \
Pz 0
0

0 0 0 0 Py Py O
P30 0 0 0 P 0 g
Py 0 0 0 0 0 0 Pa Pus
P=|py 0 O 0 O 0 pr 0 pg
0 P Pz 0O 0 0 0 0 0
0 pp, 0 0 py; O 0 O O
0 0 pPgg Pee O 0 0 0 0 )
l\ 0 0 0 pPgy P O 0 0 0

Where pi}. = P*r{ X(Tn+1] = _.F'|X(Tn] = i} = lim:—m: Qi}'(tj
and

P12 T P13 T P1a T P15 = 1, Pag TP TPz =1

P3; T P3 T P35 = 1, Py TPy TP =1
Pgy tPs7 T P55 = 1, Dz TPz =1
Pry TP =1, Pez TPz = 1, Do TP55 = 1

Now, the embedded Markov chain steady-state equations v = vP are given by
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Uy = VyPgy T V3Pay T VPyy T V5Psy
Uy = VyPyy T VPe; + ViPr2

Vg = VyPyg T VPe3 + Valas

Vy = V1Pyg t VPpy T VoPos

Vg = VyPyg T vy Pog + VoPgs

Vg = VUaP3g T V3P3e

Vg = VUyPyy + VsPsy

Vg = V3Pag T ViPse

Vg = V3Pag T VsPse

AndZi_ v, =1

J=1 7]

4.5 Steady-State Availability

The transition probabilities of the semi-Markov process is defined as
m;(t) = Pr{X(¢) = jlX(0) =i}

Tthe state probabilities of the semi-Markov process is defined as
m;(t) = Pr x(t) =j}

The steady-state availability can be obtained from the following relation
g

A=) m, (6)
=1

Wherer; = lim, . ?I}-(tj are the steady-state probabilities of the semi-Markov process and these

probabilities can determined from the following relation

1'.:1}- E(I:,j ,

L ji=12,..,9 (7)
717y E(T)

4.6 Mean Time to Failure and Repair

In order to find mean time to system failure (MTTF), we make a partition on the transition probability
matrix of the embedded Markov chain and the mean sojourn times as follows (see Limnios (1997)).

P=( p2).  E@=[E,MEW)]

Hence, the mean time to system failure and mean time to system repair (MTTR) can be obtained from the
following relations
MTTF = ay[1—Py,] *E,(T),

MTTR = E(Ty)
where
Ey(T) = [E(T,) E(Ty) E(T3) E(Ty) E(T5) E(T,) E(T;) E(T)]"
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5. Numerical Example

We obtain numerical solutions for some measures of the introduced model of semi-Markov process,
when 1y = 3 and n, = 4, in the following two cases.

Case (i)

We suppose that the failure, repair, and maintenance times are distributed as follows.
F)=1-e P2 E(@)=1-ef" 2,

G(t) =1 —e Pt/2,G,(t) =1 —e Pt /2
Hy(t)=1—e Pt 2 H () = 1— e Fet /2

Ky (t)=1—e Pt /2 g (t) =1— e Fet' /2

and given the following data
By B, B, B, B By B, B
0.01 0.015 0.02 0.018 0.025 0.03 0.026 0.034

We obtain the availability function by substituting in relation (1) and using MAPLE program. The results
for the availability function versus the time and the effect of preventive maintenance are shown in Figure3.

——— with PM
0.9z s S withouat PRI

acpy 0927 N

Fig. 3: Comparison of the availability function for the system

with and without PM versus the time (case i)

We obtain the reliability function by substituting inrelation (3) and using MAPLE program. The results for
the reliability function versus the time and the effect of preventive maintenance are shown in Figure 4.
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1.00+ aith PRI
o e~ S without PM
095
050
t ]
Rl g5 \,
] A
020
] ,
0757 \
0 { 2 3 4 5

Fig. 4: Comparison of the reliability function for the system
with and without PM versus the time (case i)

Now, to find the system steady-state availability, we first calculate the mean sojourn times and the results
are given as follows.

[E(T) E(Ty) E(T3) E(T) E(Ts) E(T) E(T;) E(Ty) E(Tu)]=
[2660 3.153 3.559 3.163 3.618 5.116 5296 5.159 5.344]

then we solve the embedded Markov chain steady-state equations and obtain the following results.
v; = 0.1051531067, v, = 0.1727046867, v = 0.1243782374, v, = 0.08923804221,

vz = 0.1136790340, v, = 0.1388838880, v; = 0.1224235752, vz = 0.07101596133,

vg = 0.06252346848

Hence, the steady-state availability probability is obtained by using relation (7) and then substituting in
relation (6) and the result is given by.
A =0.91688

Case (ii
As a special case, let us consider that the failure, repair, and maintenance times are exponentially
distributed as follows.

Fi(t)=1—e " F(t)=1—e"=F,

Gi(t) =1—e™¥5 G, (t) =1 —e7Vsf

Hy(t)=1—e V" Ho(t) =1 — e ¥f

K (t)=1—e V% Ky(t) =1 —e st

and given the following data
¥y ¥a ¥3 ¥a ¥s ¥e ¥z ¥z
0.001 0.002 0.003 0.004 0.008 0.009 0.005 0.006

We obtain the availability function by substituting in relation (1) and using MAPLE program. The results
for the availability function versus the time and the effect of preventive maintenance are shown in Figure
5.
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0.99 -
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T,
0 10 20 30 40 30

fime
Fig. 5:Comparison of the availability function for the system

with and without PM versus the time (case ii)

We obtain the reliability function by substituting in relation (3) and using MAPLE program. The results for
the reliability function versus the time and the effect of preventive maintenance are shown in Figure 6.

ki)

Fig. 6: Comparison of the reliability function for the system
with and without PM versus the time (case ii)

Now, to find the system steady-state availability, we first calculate the mean sojourn times and the results
are given as follows.

[E(T) E(Ty) E(T3) E(T) E(Ts) E(T) E(T;) E(Ty) E(To)]=
[27.77 3448 5555 3125 47.61 9090 7142 7142 5882]

then we solve the embedded Markov chain steady-state equations and obtain the following results.
vy = 0.1375445750, v = 0.1994396338, v = 0.1833927667, vy = 0.04584819169,

vy = 0.07131940929,v; = 0.2017320430, v» = 0.08558329092, vz = 0.05348955679,
v = 0.2165053293

Hence, the steady-state availability probability is obtained by using relation (7) and then substituting in
relation (6) and the result is given by.
A =0.9769



318 %ﬁ:‘a M. A. El-Damcese et al.: Semi-Markov Model of a Series-Parallel...

6. Conclusion

In this paper, we analyzed a series-parallel system by using semi-Markov process. The main advantage of
semi-Markov process is to permit non-exponential distributions for the transitions between
states.Preventive maintenance was provided to each unit of the system in order to increase the life time of
the system. The kernel matrix and expressions for mean sojourn times, availability function, reliability
function, steady-state availability, MTTF, and MTTR were presented assuming that the life, maintenance,
and repair times are generally distributed. Numerical solutions were obtained for some measures of the
model when the life, maintenance, and repair times are linearly and exponentially distributed. The effect of
preventive maintenance were shown in the numerical example.
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