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Abstract: In this paper, two general form of distributions-F (x) = e @) and 1— F (x) = [ah(x) +b]°, x € (a, B) are characterized
through the conditional expectation of power of difference of two gaired order statistics. Further, some of its important deductions
and particular cases are also discussed.
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1 Introduction

Kamps [7] introduced the concept of generalized order statistggss(to unify several models of ordered random
variables, e.g. order statistics, record values, proiyelggype Il censored order statistics and sequential rostiistics.
This common approach make it possible to deduce severabdisbnal and moment properties at once. These models
can be effectively applied in reliability theory and sualianalysis.

The random variables\s), X(1,n,m,k), X(2,n,m k), ...X(n,n,m k), k> 0,me R aren gosfrom an absolutely continuous
distribution function @f) F(x) and probability density functiorp@f) f(x), if their joint density function is of the form

n-1 n—-1
k( [Tv 1= F ()] (x) | [L~F ()] (xn) (@)
) -
on the coné~1(0) < x3 < ... < Xy < F71(2),

wherey; = k+ (m+1)(n—j) forall j,1 < j <n, kis a positive integer angh > —1.

If m= 0 andk = 1, thenX(r,n,m k), ther —th gosreduces to the — th order statistics andLlj will be the jointpdf of
order statisticXyn < Xon < ... < Xpn from df F(X). If m= —1 andk = 1, then () will be the joint pdf of the firstn
upper record values. In view of), the pd f of X(r,n,m k), ther —th gosis given by

om0 = g FOOP 1000 F), @ <x<p @

where F (x) = 1—F(x)
and the jointpdf of X(r,n,m k) andX(s,n,m,k), 1<r <s<n,is

Fanmi xisnmio 003) = g = F O™ (el ()

x [m(F(y) —hm(F ()" Ry (y), a<x<y<pB @)
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where, r
C_1= I_|y| y W= K+ (n_ I)(m+ 1)7
1
hen(X) = {—m(l—x)ml , m=#£ -1
—log(1—x) , m=-1
and gm(X) = hm(x) —hn(0), xe (0,1).

The problem of characterization of distributions has alvégen the topic of interest among researchers. Various
approaches are available in literature. Conditional etgiien of ordered random variables are extensively used in
characterizing the probability distributions. Khan anduA®alih [LO] have characterized some general form of
distributions through conditional expectation of funatiof order statistics fixing adjacent order statistics. Klaual
Abouammoh 9] extended the result of Khan and Abu-SalibO] and characterized the distributions when the
conditioning is not adjacent. Further, Samui|[characterized the distributions considered by Khan ang-8alih [LO]

for generalized order statisticgq9.

Keseling B] has generalized the result of Franco and Rdizij terms of generalized order statistics and charactérize
some general form of distributions. Khanal. [13] established characterizing relationship for the distiitms through
generalized order statistics and characterized sevesalibditions through conditional expectation of functioh o
generalized order statistics.

For more detailed survey on characterization one may refefrranco and Ruiz 4,5], L6pez-Bhzquez and
Moreno-Rebollo 14], Dembihska and WesolowskR[3], Wu and Ouyang 18], Khan and Athar 2], Wesolowski and
Ahsanullah 17], Athar et al.[1] and references there in.

In this paper, an attempt is made to characterize two gefwmak of distributionsF (x) = 1 — e 2" and 1- F(x) =
[ah(x) +b]¢ x € (a, B) through conditional expectation pf-th power of difference of functions of two generalized order
statistics.

2 Char acterization

Let X(r,n,m,k), r = 1,2,...,n begos then the conditiongbdf of X(s,n,m,k) given X(r,n,mKk) =x, 1<r <s<nin
view of (2) and (3) is

c Fyet o
S Dl 1[)8—(2]1 Foop [FO™ = Form =™

f(y).

Theorem 2.1. Let X be a random variable with an absolutely continuous &) and pdff (x) in the interval(a, 8), where
o andf may be finite or infinite, then for £ r < s<n,

1 s—1 s-1 1 1
E[{h(X(& n,m, k)) - h(X(r7 n,m, k))}z‘x(rv n,m, k) - } =0Os= 2'7 )
' a i1=rips=Iy Ml""l y|2+1

(4)

if and only if
Fix)=e 3™ a>oQ, (5)
whereh(x) be a continuous, differentiable and monotonic function.of
Proof. To prove the necessary part, we have
E[{h(X(s,n,mK)) — h(X(r,n,m k))}2[X(r,n,m k) = X|

_ G p Fy ™" Ew ] )
TCa(s—r— 1)!1(m+ )51 /x (hy) —h()* [1_ {W} ] [W} ¢

<

(6)

:
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Let  EY =u, then(h(y) —h(x))2 = % (Inu)2
Therefore RH Sof (6) becomes
= L G ' 2 mH1ys—r—1, ys—1
T a2C_q(s—r—1)!(m+ 1)s—r—1/0 (Inu)” (1—u™") ustdu @)

Now setu™ ! =t, then {) reduces to

1 Cs1 /
@ C_1(s—r—1)!(m+1)s"+2 Jo

1 %
(Int)? (1—t)S "~ tmi11dt. (8)

Since

1 2 1 Vo1 v—1 1 v—1 1
Inu)“u* H(1—u)’ " *du=2 ,V
| tnuea—) BV 3 e 2 e

(c.f. Gradshteyn and Ryzhiké]; pp 543),
wheref(u,v) is complete beta function.

Therefore, 8) becomes

_ 1 Csa
a2Cr_1(s—r—1)!(m+1)sr+2

Vs . r)%rflsfrfl 1 1
’ ¥e ¥e
m-+ 1 k1=0 kZZkl ﬁ + kl m_il + k2

2B(

s—1 s-1
_ 2!% 1 1 .
a i1=ripo=iq Yii+1 Yo+

To prove the sufficiency part, let

E[{h(X(s,n,m,k)) —h(X(r,n,m, k))}2|X(r, n,mKk)=x =0s
B — — sr—1. — _
or e T, ()R [FGO™ = F ™) F ) )y

= gr,S[F_(X)]yHl .
Differentiating both sidesv.r.t x, we get

B Sr—2.— .
et L, () =h)? [FI = (™) F ) F ™ (9 ey

B — — S
e e e 00 [ () —h00) [0 — (™ ) )y

= s [FOOF 2 F (X)rs

or
£(x) Cos B [[FOQI™ = [Fy))™ 2 2 [Fy)* !
MAEX) Cs—r—2)I(m+ 1)s—r—2/x (h(y) —h(x))* T f(y)dy
, Cot B [[F)I™ 2 — [Fy))™ 2 [Fy™?
PN () g [ () ) Eot f(y)dy
f(x)
= Vr+1%9r,s
@© 2014 NSP
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1Sl
a

JZr

After rearranging the above expression, we get

= Vr-&-l%gr,s-

f(x) , 1
Vr+1mgr+1,s+2 h(x) m

f 1 2W033 7

F(x) B E [Ors—Ori1s

or
fx) 1 2N (X355 i

F(X) Wi1[2¢slesl 1 1 2¢sl os1 1 1
2 2it=r 2ir=i1 Y+l Vpr1 @ 2015041 2ip=i Yig+1 Yip+1

L1 a3ty

- 1 s—-1 1
Y1 Y1 Z|2:r Yip+1

b

which implies,

f(x)
Fx = ah (x).

=

Hence the theorem.

Remark 2.1. Settingm= 0 andk = 1 in (4), Theorem 2.1 reduces for order statistics

s—1 s-1
E[{h(xs;n)—h(Xr;n)}zlxr:n=><}=2!i > 2 n%u)ﬁ

a2 i1=ripx=ly (
ifand only if F(x) =e "X xc(a,p).
Remark 2.2. At m= —1 andk = 1, (4) reduces for upper record values
1
E{h(Xu(g) —hXue) P Xom =X = ?(5— ry(s—r-1)
ifand only if F(x) =e @™, xe (a,p).

Lemma 2.1. For any positive integerg andv withne N

1 ] N N v—-1v-1 v—-1 1 1 1
I 1—-u)/ " uF *du=(-1)"n! - — - —,
‘/O(nu)( U) u u ( ) n B(u»v) Z z Ui fd+io U+in

i1=0i=11  in=In-1

9)

wheref(u, V) is complete beta function.

Proof. Lemma can be established using the results of GradshteyRyatdk ([6]; pp 540, 543).
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Theorem 2.2. Under the condition as stated in Theorem 2.1

E[{h(X(S, n,m, k)) - h(X(r, n,m, k))}p|x(r7 n,m, k) - } = gLS«,p
7plis_1s_l... T 11 T (10)
. ap i1=rip=iq ip:|p_1 yi]_"rl M2+1 Mp-‘rl
if and only if
F(x) = e 3, a>0, (11)
whereh(x) be a continuous, differentiable and monotonic functior.of
Proof. To prove the necessary part, we have
E[{h(X(S, n,m, k)) - h(X(r, n,m, k))}p‘x(rv n,m, k) = }
— s—r—1 _— 1
_ Cs1 g o, [E®™ W] )
- Cra(s—r—1!(m41)s -1 /x (h(y) =he)™ 11 F(x) F(x) F(x) dy. (12)
5 —1)p
Let % =u, then(h(y) —h(x))P = %(In uyP.
Therefore RHSof (12) becomes
_ (_1)p Cs1 /1 P (1 mlys—r—1 -1
=% G s T DimiTET (Inu)P (1 —u™+) ustdu (13)
Settingu™! =t, then (L3) reduces to
_ (—1)P Cs1 ! p sr—1;:05._1
=% CaE T 1)!(m+1)s_r+p/0 (Int)P (1-t) tme1 gt (14)

Now using Lemma 2.1, we get

—1)P Cs1 Ys
-8 (-1 P B(T= s 1)
aP C_i(s—r—21)!(m+1)sr+p m+1
s—r—1s—r-—1 s—r—1
1 1 1
iIZO izzll ip:ZH%JF'l mitiz  wmetip
B Esfl s—1 s—1 1 1 1

a ap i1=ri2=|1 ip=lp,1 y|’1+1 y|2+l ylerl .
Hence the 10).

To prove the sufficiency part, let

E[{h(X(s,n,m,k)) —h(X(r,n,m,k))}P|X(r,n,mKk) = X] = grsp
B — — s—r—1,=— -
or e, ()= h60)P [F O™ — (F)I™ T )

= Orsp [F_(X)]V”l )
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Differentiating both sidegv.r.t x, we get

M(x) Co 1 ’ o1 [FOOI™ = [Fy)I™ " Fiy)*
& o D, () —he0) Fl f(y)dy
_ o - 1
f(x) Cs1 B o [[FOOI™ 2 — [F(y)I™ 2> [F(y))*
., f
=W+ F-(X) Orsp
or
—1r sttt st o1 1 1 f(x)
n(x (p .. . +
)P i;m;l ip 1 Sip o Yl Motl  Vip 141 Vi (x) dretse
f(x
=¥+ 7F((X)) Orsp (15)
which implies,
1 1 1
f(X) _ 1 ( ) ap 1 Ell I’ZIZ I]_ .zip,lzip,z Yig+1 Yipt1 y|p71+1 (16)
(X)W1 Orsp — gr+1,s,p] .
Consider,
Osp — O+1sp
p| s—1 s-1 s—1 1 1 1 p] s—1 s-1 s—1 1 1 1
o ar, i1=rip= |1“.ip=|p,1 Y41 Vip+1 Yip+1 o i1=T+1ir= |1“.ip=|p,1 Yii+1 Vip+1 Yip+1
p| 1 s—1s-1 s—1 1 1 1
P Yt1is=r i3=|2“.ip=|p,1 Yi+1 Vip+1 Yip+1
p| s—1 s-1 s—1 1 1 1 p] s—1 s-1 s—1 1 1 1

+= Y Y _F

aP i1=T+1lip=17  ip=Tp_1 Yi+1 Yip 1 ylp+1 aP i1=T+1lip=1  ip=Tp_1 Yig+1 Yip 1 ylp+l

p| 1 s—1 s-1 s—-1 1 1 1

Vii+1 Vi le_1+1

ap errl i1:ri2:|1 ip—l:|p—2

Therefore 16), becomes

fo9 _
® aHh(x).

Hence the sufficiency part.

Remark 2.3. At m= 0 andk = 1, (10) is the result for order statistics

s—1 s-1 s—-1 1 1 1

ELOXen) ~hXn)}Xen =X =25 5 5 - 3 i i i)

I1=rl2=lq Ip Ipfl

ifandonlyif ~ F(x)=e @™,  xe(a,p).
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Remark 2.4. At m= —1 andk = 1, (10) reduces to the case of upper record values

s—1 s-1 s—-1
E[{h(Xus) —hXue) P Xum = = z >
I1 I‘Iz 11 Ip |p—l

1
= §(p+s—r—1)(p+s—r—2)--~(s—r),

_ 17 (pts—r)
S aP I(s—r) ’

ifandonlyif ~ F(x)=e @™,  xe(a,p),
as obtained by Noor and Athat5.
For various choice of andh(x) several distributions are listed (Khan and Abu-Salifi).

Theorem 2.3. Let X be a random variable with an absolutely continuous @) and pdff (x) in the interval(a, 8), where
o andf may be finite or infinite, then for £ r < s<n,

E[{h(X(s,n,m.k)) —h(X(r,n,m,k))}PIX(r,n,mk) = X] = & s p(X)

. (ah(xg“’)pi o (%) ,|_|+ (). an

F(x) = [ah(x) +b]°, a0, (18)

whereh(x) be a continuous, differentiable and monotonic functior.of

if and only if

Proof. First, we shall provel8) implies (L7).

We have,
E[{h(X(S, n,m, k)) - h(X(r, n,m, k))}p‘X(l’, n,m, k) = ]

Cs B
B Cr_1(s—r— 1)!1(m+ 1)s 1 /X (h(y) —h(x))P

Let m =u, then(h(y) — h(x))P = (—1)P (ah( )+b) "1 ubyp,

a

Therefore RHSof (19) becomes

- ah(x)+b P Cs 1 1 % sr—1
‘(_N( 2 )Cr—l(S—r—l)! e, P e e (20)

Now setu™1 =1, to get

E[{h(X(s,n,m,k)) —h(X(r,n,m k))}P|X(r,n,m k) = x|

a

p 1
:(_1)p<ah(X)+b) Crl(s—r—csl)ll e f, AP0 e 1)

Expanding(l—tc<ml+1)
ah(x) +b\" p 1 el

T P _+\Sr ™
( 1) ( a > Cr,1( s—r—1 m+1S rlzo /(1 t) t mrL —dt.
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:(_1)p<ah(xa)l+b>pcr — m+15r.i () (‘%jl) 22)

Simplification of 2) leads to necessary part.
Now to prove sufficiency part, let

E[{h(X(S n,m, k)) - h(x(rv n,m, k))}p|X(r, n,m, k) = ] = EESP(X)
or ;
Gt _Cf;ﬁ(m T _/X (h(y) —h(x)P [[F(I™* = [F(y)™ )" Fw)l* ™ f(y)dy
= &rsp(x) [F(x)]"*". (23)
Differentiating £3) w.r.t x and rearranging the terms, we get
F0) _ 1 &sp()+PH(X)&rsp-a(X) o

) Wi [&rsp(X) = &r+1sp(X)]

or
fy 1 PHX LU (*1)pZip:o( D' (°) M5-raa (g ) + CDP 5P (D (Y M (7557
f) _
(X)) W1 (71)p<ah(;)+b> [Zi:o(— G (i+Tyj>_Zir):o(_l)i(?)nj:r+2<m>]
or |
f 1 ah(x) pZip:O( 1) ()I_lj r+1<|+cyj> Z| ol— 1) ('i))(p*i)l_l]s:prl(i%)
W o0 (e (75) (1 652)
m _ ach(x) Zip:O(*l)i ( )' I'I, r+1<|£chyJ>
00 @RI P o2y ()1 v (5
B acH(x)
- (@h(X)+b)’
Hence (8).

Remark 2.5. At m= 0 andk =1, (17) reduces for order statistics

pp ) s—1 o
El{h(Xen) ~ X)) Pien =X = (1P (TRLE2) 5 (%) M (;25L)
ifandonlyif ~ F(x)=[ah(x)+b]°,  xe(a,B).
Further atp = 1, we have
E[h(Xsn)|Xr:n = X] = @*h(x) + b*
if and only if F(x) = [ah(x) +b]°, xe (a,pB).

where,a* = 157 (Iﬂc(n z)) andb* = —2(1-a),

as obtained by Khan and Abouammoh [9].

Remark 2.6. If m= —1 andk = 1, then (L7) becomes the case for record values

E[{h(xu<s)>h(xu<r>>}p|xu<r>=x}:(ah(x)“’)pig b (?) (£ )H (25)

a 14+C

ifandonlyif  F(x)=[ah(x)+b]°,  xe(a,B).
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Further, atp = 1, (25) reduces to

Elh0) PO == — (22 5 -y (}) () (26)
ifandonlyif ~ F(x)=[ah(x)+b]°,  xe(a,B).
Expression26) may also be written as

El{h(Xy ()} X0 =X = a'h(x) b @)

if and only if F(x)=[ah(x)+bl°,  xe (a,B).
wherea” =13, (g5) andb” = —2(1—a").
Similar results were obtained by Noor and Atha$][and Khan and Alzaid11].

With proper choice of,b,c andh(x) several distributions are characterized. One may refer Khan aneSabi [10] and Khan and
Abouammoh 9].
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