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Abstract: In this paper, we derive general formulas to express the produstamtheta functions as linear combinations of other
products of theta functions. Several known theta function identities follomediately from our formulas. In fact, we derive many
identities for certain products of special cases of theta functions définBamanujan and also we establish several modular relations
for Rogers-Ramanujan functions, septic, nonic and dodecic anaadtiee Rogers-Ramanujan functions.
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1 Introduction To establish our main results namely the four identities in
Theoreml, we use the idea of WatsoB1] which he has
Ramanujan's forty identities motivated  many used to prove some of the Ramanujan’s forty identities.

mathematicians to find general formulas to express thé\/lany_|dentltles in the_ literature and aI;o Some new
product of theta functions as linear combinations of other'dentities follow as special cases of our main theorem. For

products of theta functions. For example, L. J. RogerseX@mple, in Sectior8, we find many identities for the

[28 has found some general identities based onProducts of theta functiong(q), y(q), f(—q) andf.(q)

Schiter-type theta function identities. This approach hasdefined in Section2, and we have recovered many

been generalized by many mathematicians including D
Bressoud 1Q], [11], H. Yesilyurt [33] and more recently

identities established irLp], [14] and [32]. Many known
identities for products of two theta functions found in

L.-C. Zhang B4] slightly generalized this approach but Chapter 16 3| also follow as special cases of our
unfortunately was not able to find any new examples toldentities. In Sectiord, we use our identities to establlsh
illustrate any of his general theorems. S.-L. Chen angS€veral modular relations for the Rogers-Ramanujan
S.-S. Huang 14] derived two theorems for certain functions established by Ramanuj&4]. We also deduce

products of theta functions using G. Watson’s technique>°M€ identities involving septic analogues of the
[31] which was used to establish some of the Rogers-Ramanujan functions obtained by Hat@] [

Ramanujan’s forty identities. Q. Yar82] has used the USing Bressoud’s approach and some new modular
technique of L. Carlitz and M. V. Subbaradd, to relations for thege functions. S!mllar things have been
establish a general identity for expanding the product ofdone for the nonicq] and dodecic analogues][of the

two Jacobi's triple products found irL§]. Recently, z. ~Rogers-Ramanujan functions.

Cao [L2] gave a general theorem to write a productnof

theta functions as linear combinations of other products Lo L
of theta functions. Cao showed that many known2 Some Definitions and Preliminary Results

identities for products of theta functions are special sase

of his main theorem. Throughout the paper, we use the customary notation
(&;0)0:=1,
The purpose of the present paper is to derive new 1
general formulas for the product of two theta functions as (@)= [(1-ad) n>1
linear combinations of other products of theta functions. ' I!:L ’ -7
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(@a)e = im (@),  al <1,

n

(a1,a2,...,8n; Q)w = u(a:Q)w-

]
Ramanujan’s general theta function is defined by

f(a,b) = Z

n=—oo

an(n—&-l)/an(n—l)/z7 labl <1. (1)

The Jacobi triple product identity3] Entry 19] in
Ramanujan’s notation is

f(a,b) = (—a;ab)w(—b; ab)ew (ab; ab)ew. 2)
Using (1), we define
] f(ab) if 6=0(mod 2,
fs(a,b) = {f(—a,—b) if 5= 1 (mod 2.
The function f(a,b) satisfies the following basic
properties 3]:
f(ab) = f(b,a), (3)
f(1a) =2f(aa’), (4)
f(_lva) :Oa (5)
and, ifnis an integer,
f(a,b) = a"(MD/2p"(-1)/2£ (a(ab)" b(ab) ™).  (6)

Ramanujan has defined the following three special cases

of (1) [3, Entry 22]:

pa):—faa— 3 o

n=—oo

()

pa)="faad) =y "*™V=5 g ()

N=—o0 N=—o0

and

(_1)nqn(3n—1)/2'

N=—o0

9)
Also, after Ramanujan, define
X(0) = (—0; o).

We define

f.(q) == f(q,0?) = )3 qnemD/2 - 5 qen-1/2
N=—co n=—o0
(10)

The following identity is an easy consequence of Entry 31
[3]whenn=2:
f(a,b) = f(a’h,ab’) +af(b/a,a®b®).  (11)
The following identity can be found ir8[ Entry 30(iv) ]
f(ab)f(—a,—b) = f(—a® -b?)p(—ab). (12

The famous quintuple product identity, in Ramanujan’s
notation B, Entry 28(iv)] is
f(—a?,—a?q) 1 (f
f(—a)
+af(-a3q,-a’¢?)}.

3+ 32
f(fa,fa_lq) ( a q) a q )
(13)
For convenience, we define

fo = f(—a") = (0" 0",

for a positive integen.
The following lemma is a consequence 8f énd Entry 24
of [3].

Lemma 1 We have

_ f2 _ 2
¢(q)_ ffff’ Lp(q)_ fl’ - f1f4’
f2 f1fs 2
¢(—q) %, Y(—0a) 5, (a) = fifs
_ f1 5\ _ flfg
X(i ) Tzv f(i ) q) E?
2 2
f1f4fs f1fg

We use the following lemma very often in this paper:

s_r
mm-1)(s—r)

Lemma2letm= { S } ,I=m(s—r)—r, k=—-m(s—

ry+sandh=mr— 5 , 0<r <s Here[x
denote the largest integer less than or equal to x. Then,
(i) f(a",q)=a"f(d,qd,

(i) f(-=a",—¢%) = (-1)Mq "f(-d,—d").

For a proof of Lemm&, see P].

3 Main Results

In this section, we prove the following main theorem by
a method similar to the one used by Watsa#] o prove
some of Ramanujan’s identities. As special cases of our
theorem, we recover many theorems found id][ [14]

and 32].
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Theorem 1For any integersg, h,u,v,l andk > 1withg+h=5 >0,g—h=D1>0,u+v=%>0,u—v=D3 >0,
and §; = I (k—1)S, we have

[5]
f(€1q9781qh) (£20", €29") Z Sza2+aD2)/
* oy 65(k-1) (q{(kSZ+D2><k '>+D1+2352k 0}/2 gl (kS=D2)(k—1)~D1-2aS (k— |)}/z)
x t510 (q{SQIk+2a52I—D1+ID2}/2’q{Szlk—ZaSZI—s-Dl—IDZ}/z) (14)
8 2
= Z (_1)a52q(523 +aDy)/2
(%]

a=|"

SR A (q{(k52+D2)(k 1)=D1+2855(k-1)}/2_ o (kS~D2)(k1)+D1~2aS, (k- I)}/Z)

X f5,15 (q{szlk+2a52l+D1+ID2}/2’q{SZIk—ZaSQI—Dl—IDg}/Z) (15)
%
Z Sza2 aDy)/2
(4]

SR A (q{(ksszz)(k*|)*D1+2352(k*|)}/2’q{(k52+D2)(k*|)+D1*2332(k*|)}/2)

X f5,15 (q{szlk+2aszl+D1—ID2}/2’q{SZIk—ZaSZI—D1+ID2}/2> (16)

_ [i] (_1)a62q(82a2—aD2)/2
(%]

a=|="
SR A (q{(ks2 D2)(k—1)+D1+2aSp(k—1)}/2 ¢ (kS+D2) (k—1)~D1~2aS (k— |}/2)
X f5,15 (q{szlk+2aSZI—Dl—ID2}/2’q{SZIk—ZaSrZI+D1+ID2}/2> . (17)

Hereg € {-1,1}, & = 14 [x] denote the greatest integer less than or equal to x.

Proof.Using (1), we have

fad, ad)f(ed' ed)= Y £leq(Sum™+Damt 1”40z /2 (18)
mri=—c
_ i gfwggq(sln?—Dlmﬁ-Sgnz-‘ngn)/Z (19)
mH=—co
= % g?ggq(slmz*Dlm‘FSanszn)/z (20)
mA=—co
= % ££n££q(SlszrD1m+Szn27D2n)/2. (21)
mA=—oo

In these representations, we make the change of indicedtinygse
Im+n=kM+a and (I-k)m+n=kN-+Db,
wherea andb have values selected from the complete set of residues mkdjiven by
—k —K k
{&].[%], - -101. . [ [3])

Then
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m:MfN+(a;b) and n:(kf|)M+|N+(k*')++'b.

It follows easily by the above equations tleat b, and san=M — N andn= (k—1)M +IN+a, Where[ ] <a< [2]
Thus, there is one-to-one correspondence between the abtpafirs of integergm,n), —co < m,n < oo, and triples of
integers(M, N, a), — < M,N < o, [£K] <a < [X]. From (18), we find that

f(erf, glqh) f(e2q", £20Y) = si\/I+NSék—|)M+|N+aq(sl(M—N)2+D1(M—N)+Sz((k—l)M+IN+a)2+D2((k—I)M+IN+a))/2.

(22)

EI

SinceS =I(k—1)S andg = (-1) 2z

5

, fori=1,2, the above identity can be written as

} a%-+aD.
f (200, 20" f (€20, £20") 1)%3q %72 S22 120; (_1)(51+52(k—l))Mq((k(k—I)SZ)M2+(D1+2a(k—I)Sg+(k—I)D2)M)/2
a=| Tk M=o
% 51+52| ((IkSz)N2+(ZaISZ—D1+ID2)N)/2

which is same asld).
In a similar way, on usingl©)-(21), we obtain (5)-(17).

SinceS; >0, > 0,k> 1 andS; =1 (k—1)S, one can easily show thit> | > 0. Observe thatls) can be obtained
from (14) on changing to k— 1. Throughout the paper, we use the following notations:

1-¢
2’ o
Theorem 2For any positive integers k and |, such that 0 < | < k, we have

8 (exd ) (£20) = (1) 0 g g ()2 gl
DG (DR (DR D) (14 (5 () (e
|

— 41, 5=

=~

[N

2
2 _ (ke _
+2 % (1) o,y (Q T KT2) g2y 5 o (g (F23) of k29, (23)
a=1
Proof.Settingg=h=1(k—1) andu=v =1 in (14) and using 7), we find that
k
?
¢ (e1d ™) (£20) = Z 120268 5,45 41y (VK2 gk D2 £ o (K42 2y (24)
a=[5k

l\)

Now we consider two cases accordmg to the parity. of
Case 1. Whenk is even, we have

2 _ (ke _
(@) = F f61+62(k—l)(q(k D(kt22) (k1) (k Za))f61+6zl (qf(<+22) g (k-22))

(N '>)¢(( 1oreldk), if a= 0
A/ o, aih 1) (LGP o1 (1,07%), if 2=
o (~a), 10 < a< g

Now, using @), (5) and @), the identity 24) can be written in the form
¢ (e1d ") (e20) =0 ((~1)
(- 1)525 K2 /4 4014 (—1)00+ (k) (1 4 (— 1218 )y (K gy (2)

I+ (k1) (k |))¢((_1)51+62|q|k)

7\—
N

+2 (k=1)(k+2a) I (k+2a)

gk k-2

(—1)22g® f5,48,k-1)(a g2 (25)

MN\

fs150(d

a=1
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The identity @5) is same asZ3) whenk is even.
Case 2. Whenk is odd, with the similar arguments, we derive

¢ (£2d “ V) (e20) =9 ((—1) 22N ((—1) 2+ )

)

e ) 3 e -
+ZZ(71)a52qa f51+52(k—|>(0|<k (kt22) (k1) (k 2a))f61+52| (qf (<+22) gf(k-22)
=1

which is same a2@) whenk is odd.
Combining these two cases, we complete the proof of the ¢neor

Corollary 1.(Cao [12, (2.7) p. 4485] when € = 1, Yan [ 32, Theorem 3.1] and Chen-Huang [14, Theorem 1] when € = 1)

0 (eq™ b (q) =6 (eq™ V)P (™™ D) + 5 5 (™) (MM

2]

42 z qazf(gqm+172a)7gqm+l+2a )f (sq m(m+-1) 2ma’ gqm(m+1)+2n~a)7 (26)

4 if e =1and m odd;

where & = { 0, otherwise.

Proof.Settingk =m+1,1 =1, &1 = € and&; = 1 in Theoren®, we deduceZ6).
Corollary 2.(Cao[12, (2.8), p. 4485] when gy = &, = 1)

¢(10” ) (£20) =92((—1)2 2 %) 4 (1)1 2(14 (~1)2+% )" Y2 (")
) Iil(_Dadzqaz f§1+52| (q2I2+2Ia, q2I272Ia). (27)
a=1

Proof.Puttingk = 2l in Theorem?2, we obtain 27).

On employing the identitie§(q,°) = x(q)w(—¢®) and f(q,q%) = ¢(—q®)/x(—q) in Theorem2, we easily deduce the
following corollary.

Corollary 3.
¢ (—a) ¢ (q) =9 (—),
$?(—q) =¢ (o) —4ay?®(q*)
¢ (—o) ¢ (q) =0 (—0°) ¢ q)+2qw( )w(qﬁ)x(—Q)x(—qZL
¢

)
)
) q (
(~a%) ¢ (@) =2qw (—o°) (fq )+¢(=a'%) ¢ (~d),
)
)
)

2(_ 36
é (q9> ¢ (q) :¢2 (q18) +2q4X2 (qe) wz (_q18) +2q)<(p(q) +4q9w2 (q%) .
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Theorem 3For any positive integers k and |, such that 0 < | < k, we have
lll(£1q|(k_'>)lll(82Q) —f, (q( 1)(2k+1-1) q(k—l)(2k—1+l)> g (ql(3k—l+1)7ql(k+l—1)>
k1 2 1 2 _ _ _
+(_1)B+622§ <1+(_1)k) q(k +h-2d+212-20)/2¢ (q(k 1) (4k+1 I),q(k H( 1))

~

My

[

(_1)a62q2a2—a
1

x fg (ql(kfl+1)7ql(3k+l—1)) n
% {f (q(k—l)(2k+1—l—4a)’q(k—l)(Zk—l+l+4a)) g (ql(3k—l+l—4a)’ql(k+l—1+4a))

®
Il

Rt <q(kfl)(2k+1fl+4a))q(kfl)(2k71+lf4a)> g <ql(3kfl+l+4a)’ql(k+lflf4a)) }7 (28)
wherea = &+ (k—1) and B = 9+ J,l.
Proof.Settingg =3I (k—1),h=1(k—1), u=3 andv= 1 in (15), we find that
k
w(slql(k W(eq) = [5] a(‘;qua +af, <q(k—l)(2k+1—l+4a) q(k—l)(2k—1+l—4a)) g <ql(3k—l+1+4a) ql(k+l—1 4a)).
%(
(29)
Now we consider two cases according to the pariti. of
Case 1. Supposk is even. Define
(@) ::q2a2+a fq (q(k—l)(2k+1—l+4a)’q(k—l)(Zk—l+I—4a)) g (q' (3kfl+1+4a)7ql(k+l—1—4a)> .
Then
(0) =fq (q 1)(2k+1-1) 7q(k—l)(2k—1+l)) x fg <ql(3k—l+1)7ql(k+l—1))7
k 2 2 _ _ (- _
d<2) :(_1)ﬁq(k +h-2Ak+212-20) /2 <q(k 1)(4k+1 I)7q(k H( 1)) fs (ql(k I+1)7ql(3k+l 1)).
In the last step, we have useg) (vith n = —1. Thus, identity 29) is equivalent to
lll(£1q|(k_'>)lll(82Q) —f, (q( 1)(2k+1-1) ,q )(2k— 1+|)> s (ql(3k—|+1)7ql(k+l—1)>
+ (_1)B+522q(k2+k—2kl+2I2—2I)/2 fo (q(k—l)(4k+1—l)7q(k—l)(l—l))
L—}
x fg (ql(kfl+1)7ql(3k+l—1)) n z (_1)a52q2a2,a
a=1
% {fu <q(k—l)(2k+1—l—4a) q(k—l)(2k71+l+4a)> g (ql(3kfl+l—4a) ql(k+l—1+4a))
(30)

1P, (q( 1) (2k+1—1+4a) q(k—l)(2k71+lf4a)) fg <ql(3k—l+1+4a)’ql(k+lflf4a))}.

Identity (30) is same asq8) whenk is even.
Case 2. Supposk is odd. As inCase 1, we establish that

w(glql(k— ))lﬂ(€2Q) —f, (q(kfl)(2k+1fl),q(k—l)(2kfl+l)> fg (q' (3kfl+1)7ql(k+l—1)>

+ %(_1)6162(]2&2—&1
a=1
% {fa <q(kfl)(2k+1flf4a),q(kfl)(2k71+l+4a)) g <ql(3kfl+lf4a)’ql(k+lfl+4a))

Pty (q( D@kt1-1+4a) glk—1)(2k-1+] 4a)) fg <ql(3kfl+1+4a)’ql(k+lflf4a))}_ (31)

Combining B0) with (31), we obtain 28). This complete the proof of the theorem.
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Corollary 4.(Yan [ 32, Theorem 3.4]), (Chen and Huang [ 14, Theorem 5] when € = 1)

m

(3]
w(a)w(ed™ =y(eq™ )¢ (eq?’ ”‘*”H%qz""z*af(qza,sqm”*za)f(eqzm(m”*“”‘a,eqzm(”‘”)*“”""), (32)
a=1

where & — —1,ife =1and m odd;

11 otherwise.
Proof.Settingk=m+1,1 =1, & = € and& = 1 in Theorem3 with considering two cases according to the parityrof
(i.e., even or odd) and then usintlf, we arrive at 82) after some simplifications.

On employing the identitie$(q,°) = x(q)w(—g®) and f(q,q%) = ¢(—q®)/x(—q) in Theorem3, we easily deduce the
following corollary.

Corollary 5.
Y- () =9 (- (-,
¢ (a)=¢ (q“)+2qw (a®),
Y (- g (@) x (@) =¢ (—a") w(—a) x (@) +ax (—a") ¢ (a"?) ¢ (),
Y (o) w(@x(—a) =¢ (") ¢ () x(—a) +ax (a*) ¢ (—a™?) ¢ (—?),
Y (—) w(a) =f () f(q),
2 ¢ (—a°) ¢ (—0*) 31 (0 24
¥ (a°) ¢ (a) TEES) +20°¢ (o) @ (97,
W () g (q) =¢ (—**) ¢ (—a*) +a¢ (—a®) ¥ (—9"),
v (@) w(a =6 (o) v () +ad (@) v(a?).
Corollary 6.
¢(81q2'<k">)tl.l(€2q %] )a62q2a2+af (qk 1)(2k-+1-+4a) q(k 1)(2k—1— 4a)) g (ql(2k+1+4a)7ql(2k—1—4a))7
o
(33)
5] i
(1+£2)¢(£1q'( a62qa +af, (q( )(k+1+2a)’q(k—l)(k—l—Za)> fs (ql(k+1+2a)7ql(k—1—2a))’
o (34)
(1+£1)(1+gz)w(ql(k—l))w(q % )aézq(a +2)/2, (q? (k—1) (k+1+1+2a) q2 (k1) (k—1-1- 2a))
a= T]
<q2 (I+1+2a) .q2 I(2k—|—1—2a)>7 (35)

wherea = &+ (k—1) and B = 01 + Sl

Proof.Settingg=h = 2l(k—1), u= 3 andv = 1 in (14), we obtain 83).
To prove B4), we putg=h=1(k—1), u=2 andv =0 in (14). Identity 35) follows from (14) by settingg =I(k—1),
h=0u=1andv=0.

Using Corollaryg, one can easily deduce the following theta function idessit

© 2014 NSP
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Corollary 7.
(—a) @ (@) =f (—) f(—a),
¢ (g (a)x x( o) =¢ (~) ¢ () +2au (@) @ () X (-a) x (~).
W2 (a) =y (%) ¢ (a).
20 (P) P (@) x (—a) =¢ () ¥ () x () + ¢ (—a°) ¢ (—®) X (a),
v (@) w(a) =6 (o) w () +ap (@) ¢ (@),

The proof of the following corollary is similar to that of Gutary 6:
Corollary 8.

_ 2 _ D) (K] — .
w(glql(k '>)¢(£2q2) _ Z (— 1)a52q2a fq (q(k I)(2k+|+4a)7q(k 1)(2k—1 4a)> fs <ql(k+l+4a)’ql(3k I 4a)>7 (36)

(—1 )a62qa2f (q( )(k+|+2a)’q(k—l)(k—I—Za)) fg (q|(|+2a)7q|(2k7|72a)), (37)

a:[T]
x fg (ql(2I+l+4a)7 ql(4k 2-1 4a)>7 (38)
k
(1+€2)¢'(€1ql(k7|))4/(q4) _ 2] (_1)a62q2a2+2afa <q(kfl)(2k+l+2+4a)7q(kfl)(2k7I7274a))

{7

x fg <ql(k+l+2+4a)’ql (3k—|—2—4a)) ‘ (39)
wherea = &+ &(k—1)and 3 = 9+ d,l.
Using Corollary8, we can easily derive the following theta function ideesti

w(d*) ¢ (a)x(—q ) X(@w (=) ¢ (—q") +aw (a*) ¢ (o®) x (—a"),
¥ (@) ¢ (o) =w2(c) +ap (o) w (a°).
@ qle) =q¢ (o®*) @ (**) + o'y (a*°) ¢ (9*?)
¢ (—a®) w(—a?) x(q*) , ap (—**) w(—o?) x (d°)
+ 16 + 8 )
X (=a'®) X (=)
Y (d") @) =f(a,q)f (q3,q5) :

Corollary 9.(Cao [12, (2.12), (2.14), p. 4486] when € = 1 and Yan [32, Theorem 3.8])

[msd

¢(€q2m) w(q) = 2 anzfaf (Eq2n12+m+4ma7 £q2n12+3m74ma) f(£q2m+1+4a7 £q2m+374a)7 (40)
{7
o
W(egd™w(q) = Z q2a -af (£q2n12+4ma’ £q2mz+4m—4ma) f(‘gq3m+1-~-4::17 Eqm+3—4a)' (41)
(5

Proof.To prove 40), putg=h=2mu=3,v=1,k=m+1,l =1, = ande; = 1in (16) (orin (17)).
Settingg=3m h=mu=3,v=1,k=m+1,l =1, & = ¢ ande = 1 in (16), we get 41) immediately.
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Corollary 10.
R .
w(gqm)¢(q2): Z q2a f <£q2 +3m+4rra’£q2 +m—4ma> f(gqm+2+4a’£q3m+2—4a), (42)
=[]
2 e 2a? mP4-2m+-2 m—2 2a+1 2mt1-2
20(ETg() = 5 o (a AR g A f(gpt P, (43)
(%)
5 I
2¢ (eq")@(a?) = o2 (g™ 2™, e 22 f (e g2 R), (44)
=[]
I
w(£1q|2)w(£2q) _ (_1)a62qa2+2af51+62(k7|) (q| (3I+l+4a)7ql (5I7174a)> f51+52| (q| (5I+l+4a)7ql (3I7174a))7 (45)
a=1-1
2 l 2_ _ _
¢(£q2' W(q) = Z q2a af2(£q|(4| l+4a)’£ql(4l+l 4a)), (46)
a=1-I
2 I 2 _ _ _ _
2Lll(q4| Yw(q) = Z Gt (q|<2| l+4a)’ql(6l+l 4a)> f(qI(GI 1+4a)7ql(2l+l 4a))’ (47)
a=1-I|
[
26(eq)y(q) = Z q(azfa)/zf (EQZI(Ha)’quI(Hlfa)) f(eq 2, eq+1-a). (48)

a=—1|

All the identities in the corollaryLO follow easily from Theoreni. Identities @2), (43) and @4) can be found in32] as
Theorems 3.11, 3.12, and 3.16 respectively. Identid&s dnd @6)-(48) appear as the identities (2.13) and (2.9)-(2.11),
respectively, in12] whene = 1. Identity @5) seems to be new.

Here and in the sequel, we use the notation

fea = { {(g fEo" ®

wheref(—q) andf.(q) are defined by9) and (L0), respectively.
Settingg=2l(k—1),h=1(k—1),u=2andv=1in (14) and (L5), we obtain the following new corollary:

Corollary 11.
f(£1q|(kf|))f(£2q) _ Z (_1)a62q(3a2+a)/2fa (q(kfl)(3k+l+l+6a)/27q(kfl)(Skflflfea)/Z)
x fg (q' (2k+l+1+6a)/27ql (4kfl—1—6a)/2) 7 (50)

2
_ Z (—1)3%qE+a)/25, (q(kfl)(3k7I+l+6a)/27q(kfl)(3k+l—l—6a)/2)

< 5 (q' (-1+1462)/2 (2k+l—176a)/2) : (51)

wherea = &1+ (k—1) and B = 01 + ol .
Settingk = 2l in (50) or (51), we obtain
[
f(elq'z) f(£20) = Z (_1)a62q(3a2+a)/2 f5.+5 (q' (7I+1+6a)/2’ql (5I7176a)/2> 545 (ql(5I+1+6a)/27ql(7I7176a)/2).

a=1-|

(52)
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Using Corollaryll, we can easily derive the following theta function ideeti

f(q) =f (-a?) x (q),
P2 (=a)x (~c) =6 (~c°) ¢ () —2ax (@) x (~6®) ¥ (~*) @ (P)
f(—=0?) f(—a) x (—®) =92 (—a°) —a¢ (—°) @ () x (—0°) —20°¢? () X* (—),
¢ (~c®) f(~a)=F (~a*) x

(—a?) {¢ () —aw (=) x () }.
f(—0) ¢ (—0°) =qu (-°) f (@) x (—a) + F (—a*) & (™) X (—q).

The following new identities involving product of two thetanctions, follow directly form {4) and (5), where

a:=40q+&k-I)andB =+l :

4
bl i) = 5
|

2

)

(— 1>a62q3a2+afa (q(kfl)(3k+1+6a), q(kfl)(3k7176a)) fg (ql (3k+1+6a)7ql(3k—176a))
(53)

_ 2 _ _ - -
f(gquI(k '))¢(szq3): Z (_1)a62q3a f, (q(k I)(3k+|+6a)7q(k 1)(3k— 6a)) fs (ql(2k+l+6a)7ql(4k I 6a))’ (54)

(~1) ad q6a2+3afa <q(k—l)(6k+2I+3+12a) : q(kfl)(6k72l —3—123))

x g (q' (4k+21+3+12a) 7 q' (8k—2l —3—12a)) (55)

_ (71)a62q6a2+3afa <q(k—l)(6k—2l+3+123) , q(k—l)(6k+2I—3—1Za)>

S
i [f ; <}ql(8k—2I+3+12a)7qI (4k+2|—3—12a)) ’ 50
(1+ &) f(erd “Ny(q?) = 2] k (—1)3e%Paa+l)/2 <q%(kf|)(3k+l+3+6a)7q%(k—l)(3kfl—3—6a))
oz
X [fj(}qél(2k+l+3+6a)’qil(4kI36a)> o
— gk}(_l)aégqsa(aﬂ)/zm <q%(k7|)(3kfl+3+6a)’q%(kfl)(3k+I7376a))
otz
% f?(q%l(llkI+3+6a)7q%l(2k+l36a)> 7 o

(— 1)a62q6a2+2afa (q(k—l)(6k+3l+2+1 ), q(kfl)(6k73l —2—123))

x5 (q' (3+3+2+122) ¢f (9k73|—2712a)) (59)
-5 (— 1)+ 2ag, <q(k—l)(6k—3l+2+123)7£q(k—|)(6k+3|—2—123))

(q' (9-31+21122) J(3+3 —2—12a>) ’ (60)

© 2014 NSP
Natural Sciences Publishing Cor.



J. Ana. Num. Theor2, No. 1, 1-15 (2014) www.naturalspublishing.com/Journals.asp NS 2 11

%]
1+ e)P(@* D) f(e0) = Z
k
21
« fy (q%(k—l)(3k+3l+l+6a q?(k—l)(3k73I7176a))

a62 q (3a%+a)/2

. <q%|(3l+1+6a) q%uek—sl—l—ﬁa)) (61)
2] 3a2+a)/2
R

« fy (q%(k—l)(3k—3l+l+6a)7q%(k*|)(3k+3|*176a>)

<t <q%|(6k—3|+1+6a)’q%|(3|—1—63)) , (62)

The following theta functions identities follow easily fro

(57):
f(—a) =x (—a) f (),
2f(—q)y(a) =y (- f(a)+f(-q*
o (~°) w(@)x (—a')x (@) = ¢ (~') ¢ ()
+2qy (—c) w (o

S—
>
N
|
o
N
SN—

4 Applications to Modular Relations

In this section, we find many applications for our identities
established in SectioB We also establish many modular

Here we establish the following list of modular relations
for the Rogers-Ramnujan functions:

G()G(g*) +aH(a)H (q") = x*(a) = ]m
(65)
G(g™)H (a) — P°G(q)H(q"®) = x (o), (66)
2 9y fz(—q3)
G(a)G(q”) +a"H(qH(q") = TEHEIE
(67)
2 3, X(=9°)
G(a9)G(a°) +aH(q)H(a”) = X’ (68)
6 B 6 X(=0)
G(q°)H(a) —aG(a)H(a) X’ (69)

G(a)G(a®)H2(0?) + gH (a)H (o?) G*(aP)

relations for several functions of the Rogers-Ramanujan F(—cf)

type.
4.1 Modular relations for the
Rogers-Ramanujan functions

The well-known Rogers-Ramanujan functio@g,R3, 26],
are defined by

A L W { e s )
G '_nZo (G (0,9%)e f1 - (63
and

o gt 1 f(-q-q"
" '_n; G (BRE. oY

(eaE e
< {20(@u(e)— ()9}, (74)
G(a)G(q°)H(a°)H (d) + H(a)H (o*)G(a*)G(a)
G
f(—?) f(—a®)p(-a")
< {2w(@y(@) -a w(@)e(e) }. (75)

Identities 65)-(73) are due to Ramanuja4], which can
be found in P] as Entries 3.2, 3.5, 3.6, 3.7, 3.8, 3.11,
3.12, 3.13 and 3.20, respectively. Identigbl has many
proofs, first proof was by Roger2§], also proved by
Watson B1], Gugg [L8], Son [30], Yan [32], Chu and Yan
[17]. Andrews W, p. 27] has shown that6p) follows
from a very general identity in three variables found in
Ramanujan’s lost notebook. The identiti€&6)-(70) first

In his Lost Notebook 24], Ramanujan recorded forty proved by RogersZ8]. W. Chu [15] gave a new proof of

beautiful modular relations involving
Rogers-Ramanujan functions without proof. For

the (66). Identity 66) was also established by N. D. Baruah,
aJ. Bora, and N. Saikiag8] and Baruah and BoraT].

beautiful history of the 40 identities, we refer the reader Generalizing slightly the approach of Roge2§]| Zhang

to see the excellent monogra@] pf B. C. Berndt, et al.

[34] proved four general theorems from which the
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identities 65), (66), (67), (70), and 1) follow as special 4.2 Modular relations for septic analogues of

cases. Unfortunately, he was not able to find any newthe Rogers-Ramanujan functions
examples to illustrate any of his general theorems.

Identities 71) and (72) were first proved by Bressoud in
his doctoral dissertatiorlp]. Watson B1] gave a proof of
(73) which established later by Cha%], Gugg [1Lg], Son
[30] and M. D. Hirschhorn 21]. Here we present new

proofs of these identities as an application of our results A(Q) :=

established in the previous section.

Before proceeding to prove the above results, we prove

the following lemma:

Lemma 3.
f(—o?,—0*) =f(a®, ") — *f(a,9"), (76)
f(—a,—a") =f(a",a"®) —af (c®,d""), (77)
f(—?,0®) =f(—®, ") — P f(—q,—q"), (78)
f(a,—q*) =f(-a’,—g") +qf (- ,—qﬂ), (79)
f(—0?)G(q) =f(—q",—g*") +af (—q’,—¢*), (80)
f(—q?)H(a) =f(—a*", —q"°) + @’ F(—a,—?%), (81)
f(—q)G(o?) =f(q’,q°) —af (¢, q13)7 (82)
f(—aq)H(e?) =f(a*,a") —af (q,q™), (83)
f(a®,a") =f(—d*)G(q")H(q) (84)
f(a,9°) =f(—”)H(g")G(q).

Proof.Identities {6)-(79) follow easily from (1).
Identities 80)-(83) follow from (13) with replacingq by
q'%, g'% o°,g° anda by g, q’, —q, —g?, respectively with
using @). Proofs of last two identities can be found in
[30, Theorem 3.2]. Second identity irB4) was also
proved by the authors iri] (3.13)].

Proof of (65)-(75). To prove 65), we setk =5,1 = 3,
&1 =-1ande =1 in (54), and then we use8() and
(81). Identities 66) and (70) follow from Theorem3 on
settingk=5, =4 andg; =& =—-1andk=5,l =3 and
& = & = —1, respectively, and then employing6] and
(77) in the resulting identities. Puttingk = 5, | = 2
g=-1l=1landk=5,l=1¢ =-1,&=1in (50
and then employing 80) and 1) in the resulting
identities, we obtaing7) and ©8). Settingk =5,1 =1,
g=10,h=2,u=2,v=1ande; =& =—1in (14) and
then employing §2) and 83) in the resulting identity, we
obtain @9). To prove 1), setk=5,1 =1,g=16,h= 8,
u=5,v=1,& =-1and& =1 in (14), and then use
(80) and 1) in the resulting identity. Setting= 5,1 =3,
g=15h=3,u=2,v=1, =1ande =—-11in (14)
and then usingg82) and @3) in the resulting identity, we
deduce 72). Settingk=5,1 =4, =—-1ande; =1 in
(39), and then using78) and (79) in the resulting identity,
we obtain 73). Last two identities 74) and (75) follow
from (35), by settingk =5, =4, 2, ande; = & =1,
respectively, and then applyindl?d) and @4) in the
resulting identities. This completes the proof.

In[20], H. Hahn considered the following septic analogues
of the Rogers-Ramanujan functions:

[

g _ @’ q%a)e
n; (6% 6%)n(—0; )2n

(02,0%)e
ded) g
e A C e S e
Bla) = n;) (@ P)n(—gd2n (Z0P)e
M
i o 0
and
B 0 q2n(n+1) 7(q7’q,q6;q7)oo
B nZo (B P)n(—0GDansr (0o
_f(fqafqa)
i = @)

Identities 85), (86) and @7) are due to Rogers2[],
Later, Slater 29 offered different proofs of these
identities. Hahn2Q] established several modular relations
involving A(q), B(g) andC(q) including 88) and 89). In

this section, we not only give new proofs &8) and 89)

but also we establish two new modular relatior®)@nd
(92) for septic analogues of the Rogers-Ramanujan
functions. Following Hahn, for simplicity, we use the
following notations. For positive integer let

Ani= A(qn)7 Bn = B(qn)’ Cni= C(qn)7

and

AL

Theorem 4W\e have

A24C1 — G°BaaPs + GM°C24By = e (88)
A6Cs — B16As + 0°C16Bs3
_ —_o? e _ 16
_X( Q)))((((_ZG))))((((_ZZ)“))(( a%) (89
AcBs— CoPe— GPBeCe :x(—Q)ﬁ:g‘z‘gi((—qg) . (90)
AoC; + BsAj + qCsB; = S (91)
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To prove our Theorerd, we need the following lemma,

which can be proved easily usingyl):

Lemma 4 \We have

f(-a”,—a'%) +af (—a°, —¢%),
f(—a?,0®) =f(—q™, —q") — o F (-, —¢*),
f(a®, —a*) =f(-a",—q"°) + *f (—q, —¢*").
Proof of (88)-(91). Settingk=7,&1=—-1,&,=1andl =
6, 3, 2, respectively, in TheoreBand then using Lemmé&
in the resulting identities, we obtaiBg)-(90). Settingk =

7,1 =4, =—1ande; =1 in (39), and then employing
Lemma4 in the resulting identity, we deduc@X).

f(g,—aP)

4.3 Modular relations for nonic analogues of
the Rogers-Ramanujan functions

Baruah and Bora7] considered the following nonic
analogues of the Rogers-Ramanujan functions:

[

5 (G Dane®™ (a6

D =
@ Lo (630%)n(030%)2n (a30%)e
_ f=q' -
fs
(92)
< (G Aan(1— 2™ (?.q’,9% %)
nZJ (a303)n(a%0)2ns1 (0 0%)eo
_ f(=e?,—d")
fz
(93)

and

~(0,68,0% %)
(a30%)e

f (_Q7 q8)

S e D)

2 (g d)zn 1" MY
F(qg):= =
@ ZO (0% 03)n(a%0%)2n+1

Identities ©2), (93) and ©4) are due to W. N. Baileyq].

Theorem 5\We have

f2f2
D1Dg+ q°E1Es + qPF1Fs = m —-q, (95
f2f2
D2D7 + GPEzE7 + PR = m —q, (96)
3 6 f2
DeD3 +q°EsEz + g FsF3 = 12 —-q, (97)
18
3 6 f5 1
DsDs+g°EsEs + °FsFs = m —4q, (98)
2 f2 fe?
D1D2 +gE1Ex +g°F R = W (99)
6
fifaf
D24Fs + q°E24D3 — ' F24E3 = f; f: fi +4q, (100)

1 fifafoofso
D + 2E Dt — 9F Es=———F— 7,
16F5 + q"E16D5 — q"F16E5 q qf2 f15f40f48(

101)
1 fifafafse
D7Eg+ *FDg — PEsFg = = — —— 2,
[ 8- TEF q qfafaifasfag
(102)
10, 21 f1f4f8f32 3
D3oF1+ g E3zoD1 — g Fs0Ey = e T , (103)
2f3f16f96
4 9 f2£3
D14F1 +q*E14D1 — °F14E1 = — 212 +q, (104)
fofafzfan
DgFs + EgD3 — q°FgE: _1 filfi (105)
® : =7 qfzféfig’
D2E; — gE2F1 +gRD1 =1, (106)
DsF1 + gEsD1 — °FsEy = 1, (107)
f2f3fsfqiof
DsF; +qEsD] +0°FsE] =22 3>~ =~ 1,
f1f5 fiof1s
(108)
f3fgfgf
D3E; +qE3F1+0F; Dy = 2-2- 22 2% 1. (109)
f1fafafd

In the above list, identities96)-(98), (100, (103),

(104), (106) and (L07) have been established by Baruah

and Bora [] and the others are new.
To prove Theorend, we need the following lemma which

In [7], Baruah and Bora established several modularfo|lows easily from (1):

relations involving D(q),E(q) and F(qg). They also

established some modular relations involving quotients of-emma 5We have

these functions. Some of these relations are connected

with the Rogers-Ramanujan and o6itz-Gordon (—a%.a") :f(_q137_q23) T f(—a°—a*),
functions. Here, we present different proofs for some of f(—a*,®) =f(—q*", —q*°) — q* f (—q,—q*),
these modular relations using our identities, as well as we s

establish several new modular relations (), E(q), f(a.—a®) =f(-q". ~a®) +af (~a’, ~¢*),

F(q). f(a, ) =f(-o®, —a') +af (-q,—q").

We define, for any positive integen, Dn = D(q"),

E,:=E(q"), R/ :=F(q"), D :=D(—q"), E := E(—q") Proof of (95)-(109. Settingk=9 andl =1, 2, 3, 4 in

andF; :=F(—q").

(34), we obtain 95)-(98), respectively. Putting= 3,1 =1,
&1 = —1ande; =1 in (53), we obtain 99). Settingk =9,

© 2014 NSP
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eg=-1,&=1and =3,4,7, 8, respectively in Theorem
3, and employing Lemma& in the resulting identities, and

then replacing) by —q, we deduceX00)-(103). Similarly, fg‘
we obtain (04) and (L05) using @6), with k=9 andl = 2, Vit = (112)
6, respectively. One can establistDf) and (L07) using . 5
(39 with k=9,1 =1, 5, respectively, aneh =1,&, = —1 Yi— X = fafs (113)
and then employing Lemm& in the resulting identities. f2f2£2,
Settingk = 9, | = 4, 8, respectively, and; = —1, & = £2§2 252
1 in (36) and then employing Lemm& in the resulting Yi+oPXs = 42 —q?- 3 38 (114)
identities, we obtain1(08 and (09). faf5fis f5 i
fof3 f4fef2
X1Ys — P XgYy = 12 _ 36 115
1= a7t f1f3fafs f1fafiofig (115)
2
] ] YiYo + Xy Xo = fzzj - fs f24, (116)
4.4 Modular relations for dodecic analogues of fife " fif2
i i 21 f3f12f15f
the Rogers-Ramanujan functions ViYs + oo xg = a1 gz fafizfisfeo (117)
f1f2f10 f1fsfefa0
2 3 faf f2
YiYs — q* X Xg = f22f3 _ faff _ 2476136 7
Here, we consider the following Rogers-Ramanujan type fife fifsfafe [EREREFAEE
functions of order twelve which called dodecic analogues (118)
of the Rogers-Ramanujan functions: f2f,fg
YE+oPXE = 3, (119)
frfafr
_ o (01 -g"Ha" ™2 (g,9',9"%0"). s oy faff
X(q) == 20 : = : Y? — oPX? = , (120)
= (G A)2n-2 CHOR f21312,
f(—=a,—q') f4£8
_ , Y4* 4x4: 6 , 121
f(—a) Lo s (121)
(110) fgf2 fgf
Y2 -G = oo —2q0 2 122
4 — QX4 fg?fffIZ f§f24 ( )
and
Identities (112)-(117) were established by Baruah and
© (—: @) n1(1+ )™ 5.q,0'2 qt2). Bora[6] and (15, (119 and (120 have been established
Y(q) = el )n. rltd)d” _ (@ a ) by Robins p5] and Gugg L9 and the others seem to be
= (@ )zn (@ Qoo new.
_ f(-9°,—q") Proof of (112-(122). Puttingm=2 ands = —11in (42), we
- f(-q) obtain (L12). To prove (13, we first prove {20). Putting

(111) k=2,1=1,& =—-1ands; =1 in (54), we obtain {20).

The proof of (13 follows easily from (12 and (20).

o ) Settingk=6,&=-1,&,=1andl =1, 2, 3in (34), we

wherg thg later equalltl_es are due to Sla@9] [ Robins  gptain 17, (116 and (L14), respectively. Putting = 4,
[25] in his Ph.D. thesis has established four modular| _ 1 ¢ — 1 ¢ =1,g=9,h=0,u=2 andv=1

relations for dodecic analogues functions using modular, (14), we obtain (15). Settingk = 4,1 =1, & = —1
forms. Later, Baruah and Bora 6] established many gnqe, — 1 in (50), we obtain {18). Puttingk = 2, | = 1,

modular relations involving some combinationsXfq) ¢ — "1 ¢ = 1 in (53), we obtain {19). Identity (121)

andY(q), as well as relations that are connected with thesg|ows immediately from {19 and (L20). Settingk = 4
Rogers-Ramanujan functionsplBitz-Gordon functions,  gnd1 = 2in (54), we get (22).

septic analogues and nonic analogues functions. More

recently, in his Ph.D. thesis1f], Gugg has given

alternative proofs of Robins’s four identities.

We establish some of the modular relations for dodecicAcknowledgement

analogues found by Baruah and BoBadnd Robins 25].

We also establish some new modular relations involving

X(q) and Y(qg), using our identities. For simplicity, we The authors are thankful to the University Grants
define, for any positive integen, X, := X(q") and  Commission, Government of India for the financial
Yo :=Y(q"). support under the grant F.510/2/SAP-DRS/2011.
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