J. Ana. Num. Theoi3, No. 1, 9-13 (2015) %N =S¥\ 9

Journal of Analysis & Number Theory
An International Journal

http://dx.doi.org/10.12785/jant/030102

Application Of Fox-Wright Generalized Hypergeometric
Functions to Multivalent Functions

ABDUL RAHMAN S JUMA* and M. K. MAKHOOL

Department of Mathematics, Alanbar University, Iraq

Received: 20 Jun. 2014, Revised: 12 Oct. 2014, Accepted:c22014
Published online: 1 Jan. 2015
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1 Introduction the spectrum of interior domain. The operafdi/) has
. . _ ® m n .
Consider the subclaggn, p) of functionsf(z) € o of the series representatidiV) = ZO @ V' which converges
form " in the normed topology]. For complex parameters
f(Z):Zp— Z akzka (nvpeN) (1) aj i
k=n+P alv"'7aq<x#oa_17_23"'”:17"'7q>
i

analytic and multivalent functions in the unit digk(1) =
{z: |z < 1}. The functionf(2) is said to be starlike of and

orderd(0 < 6 < p) if and only if . .
Bla"' 7BS<B_J_ #07_17_27"' 1J :17 75)
re(2@Y L5 (zew) ) %
f(2) ’ ' we define the Fox-Wright generalized hypergeometric

function [B] (see alsoT], [9], [13], [14]),

qu[(alvAl)v I (aCIqu); (Blv Bl)v Tt (B57 BS); Z]
asl(aj,Aj)1q: (Bj Bj)1siZ

-1
q S i
I (aj+AjK) I (Bj + BjK) — (5
Definition : Let H denote a Hilbert space on the complex

S
plane . LetV denote an operator oH. For a complex- (Aj>0(j=1,---,q); Bj>0(j=1,---,8);1+ ¥ Bj—
valued functionf analytic on% (1), let f(V) denote the . =1
operator ortl defined by the Riesz-Dunford Integral [ 5 Aj>0).

=1

On the other handi(z) is said to be convex of ordé(0 <
0 < p) if and only if

Re<1+zlf,/;((z?) >0, (ze¥) (3)

_ 1 _y)-L IfAj=1(j=1,---,q)andBj=1(j=1,---,5), we
V) = 27 /C(Z" V) () “) have the relationship

where I is the identity operator o],C is positively — wqs[(aj,1)1q; (Bj;1)1,52 = gFs(a1, - ,aq; B1,-- . Bs; 2)
oriented rectifiable Jordan cantour # (1) and contain (6)
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where 4Fs is generalized hypergeometric function and

we [BO-r(B)

Flay-Tla) (<s+1;0.s€ Ng=NU{0}; ze 7 (1)).

Now let g,s € N and suppose that,---,aq and

B1,-- -, Bs are also positive real numbers. Then, we define

the function
a®[(aj,Aj)1q; (Bj:Bj)1s,Z = wWzqUs[(aj. Aj)1q; (Bj Bj)1s1Z
17

and consider the linear operator
L{(aj,Aj)1q: (Bj.Bj)1s] : @ — < defined by

L{(aj,Aj)ra; (Bj»Bi)1s f(2) = qsl(aj,Aj)1q; (B Bj)1siZ * f((27))

For simplicity, we write

L[G]_] f (Z) = L[(alaAl)v T (GQ?AQ); ()Bl’ Bl)7 Tty (st BS)] f ((28))

We note that special cases of this operator were

investigated by Dziok and Srivastava],[ by letting
Aj=1(j=1---,9andBj=1(j=1,---,9 in 7, and
includes the Noor Integral operat@]

Now we define the class of functiorw/f,v)(a,ﬁ)
consisting of functions defined byl which satisfy the
condition

it 1,

L] £(V)
Re{wu[aﬂfw)

wialiy F P O
for a > 0,0 << pand for all operato¥ such thatV == @
and|| V|| < 1,0 being the null operator dH.
We need the following,
Letf(zg =2~ 5 aandg(z) =2 3 b
k=n+p k=n+p
then the Hadamard produtt g is defined as

Z akbkzk.
k=n+p

(fxg)(2) =2~ (10)

2 Coefficient bounds

At first, we prove necessary and sufficient condition for

the functionf(z) as defined byl to belong to the class

" (a,B). |
Theorem 2.1: Let a functionf (z) € T(n, p). Thenf(z) €

///F(,W(a,ﬁ) if and only if

« (1+a)—k(ap+pB)
“kak(<1+a>—p<ap+ﬁ>

) <1, (11

k=n+p
0 << p,a > 0and where

(a1 +Aa(K=n)]---T (aq+Ag(k—n)]

Proof : Let f € ///év)(a,ﬁ). Using the fact for reay
Re(w) > a|w— p|+ < Rew(1+a€”) — pae’] >

and lettingw = % in 4, we obtain

e Ll

W(Pr ae’) — paeiy) >B

or

(V)P =3 aa(v)¥
Re k=n+p
(v

)(P(V)P =5 kaoi
k=n+p

(k) (V) (1+ a€?) — pae? - ﬁ) >0

SettingV =rI (0 <r < 1) and lettingg — 17, yields

(1-Bp)+(1-p?)ae —§ (1+aeV—kpaeY—Bk)acoi
k=n+p > 0

p -5 kaok
k=n+p

By mean value theorem, we have

Re((l—pp)+(l—p2) ad —E (1+aeiV—kpaeiV—[3k)akok> >0

k=n+p

Therefore,

[ee]

> ((1+a)—k(pa+B))aok < (1+a)—p(B+ap).
k=n+p

Conversely, forf € ///F(,V) (a,B), itis enough to show that

L[oa] £(V)) Llaa] f(V))
\X/L’[lal]f(V) a ( \X/L’[lal]f(V) P +B)‘

L[og] f(V)) Llaa]f(V))
\X/L’[lal]f(V) * ( -« \X/L’[lal]f(V) - p‘ _B)'

by using the facRe(w) > o < |[w— (p+a)| < |w+ (p—
B)I.

_ _LagJf (V)
Now letM = L o TV then

Llay]f (V) L[oa] F(V)
= |Wllagfon TP RO m**’H
1
~ WL ad f(V)]

[Laa] (V) + (p—B)(WL'[an] f (V) — aM [L[aa] (V) — pW (WL [ ] F (V) |

1

= Wi |V, 2 AoV (p-B)x

k=nt-p
(pwp— S kakaka> —aM[vP -y a0 VX — p(pWP — > koka V)
k=n+p k=n+p k=n+p
1
= WWP+ (pP—B)p(V)P —aVP+ap(pWP)

© S (14 (- Pk+a—apioac

Ok= , keN. ke
Pt Bl ni T Bleniion il (1-a)+p(p-B+a 5 (1+a) —k(B+ap) +kp)aoi
(12) A SR p>*k:;+p< +a) —k(B+ap)+kp)akoka
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1 /

WL ay]

~aML{a] (V) — pWL ] (V)
VP

WL [ag] £ (V)]

+ > (~kp+(1+a)—-k(B+ap))adi
k=n+p

Itis easy to verify thal — R > 0if (11) holds, and the
proof is complete.

|1-p(p+B)—a+ap

3 Extreme Points and Distortion Bounds

Now we obtain the extreme points for the class

4" (. B)
Theorem 3.1: Let f1(z) = z° and

(1+a)—plap+B)

fu(2) = - ((A+a)—k(ap+B))ok

wherek>n+p.n.pe N, thenf %éw>(a,B) if and
only if f(z) can be expressed in the form

0

f@=Mf@+ Y MAf(2 (13)
k=n+p
where
Ait Y A=1 (A1=0A=>0). (14)
k=n+p

Proof : Let f can be expressed by the for8, then

[ee]

(14 a) — p(ap+) A

P p_
fa=has 3 M (s a-Kapo)o
=Zp()\1+ i Ak) — i thkzzp— i thk (15)

k=n+p k=n+p k=n+p

where

o (d+a)—plap+B))A
“~ (T+a)—Kap+B))ox

Since
2 (A+a)-Kka@phlo, 2, .
2, @ra—plapr) 7, 2 Mot

then we conclude thdt e //lém (a,B).
Conversely,let € %SV)(G,B), then byl1

(1+a)—plap+pB)
[(1+a) —k(ap+B)lok’

< k>n+p,neN,

so, if we set

[(1+a) —k(ap+B)lok
(1+a)—plap+B)

Ak. Then

A= a <1,

andA;=1— 3
k=n+p

5 a
k=n+p

2 (L+a)—plap+B)A
[(1+a) —k(ap+B)]ok

f(z2) =2°—

— P

k=n+p

—P T AP (D)
k=n+p

= <1— Z )\k> P+ Z ATk (2).
k=n+p k=n+p

Next, we derive the distribution bound fofas] f (V).
Theorem 3.2: Lef € ///F(,V)(a,ﬁ). Then
(1+a)—plap+B)
(1+a)—(n+p)(ap+p)
(1+a)—plap+B)
(1+a)—(n+p)(ap+B)

Proof : Sincef %év)(a,ﬁ), then it follows from13that

rP—yrpPtn

< ||L[aq] F(V)|| < rP4rPED

- (1+a)-plap+B)
2 = Ta)— (nt p)(ap+ )
Therefore,

IL[a] f(V)[| = [rP— Y aoirt]
k=n+p
< rPgyPtn aK Oy

(1+@)-pap+p) o

<rP4+
(1+a)—(n+p)(ap+B)
and
ILfa f (V)| = rP= % aoir
k=n+p
> rP—rPtn 3 a0k

(1+a)—p(Pa+p)  pin
(I+a)—(n+p)ap+p)

4 Radii of Starlikeness and Convexity

Now we obtain the radius of starlikeness and convexity for

the C|aSS///F()V)(G,B).
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Theorem 4.1 : The radius of starlikeness for the dlass
5" (a,B) is given by,

1
s —y)[(1+a)—k(ap+B k=p
rl(aa ﬁ)A ) IJ7 p7 y) - Infk |:E(F;_+Qg(_ p(c;)p+‘(3(;]?k_&; O-k:| .

Proof : For 0< y < p, we want to show that

zf'
|T —p|l<p-vVy
or equivalently,
o k- rk-p © Kk
Ek_n+p(oo P)ak poy= K=Y arkp < 1
1— SkensparkP k=ript

By 11litis easy to see that the above inequality holds if

oo < [B=r0) Kap-p))]
{T+a)—pB+ap}k—y)

Now, sincef is convex if and only ifzf’ is starlike,
then we have:
Theorem 4.2 : The radius of convexity for the class

//léw (a,B) is given by,

() apeB)(p-ya] =1

infy k(k—y)[(T+a)—p(ap+B)]

rZ(a7B7)\7u7p7y) =

5 Neighbourhoods

Now we extend the concept of neighbourhoods o

analytic function for the clas%p (or B). Goodman 6]
introduced this concept and,
Ruscheweyh1(].

Let a > 0,0 << p,A > —1,0 > 0, we define the

d-neighbourhoods of a function(z) = z° — zkjmrpakzk
and denote bwg"é‘(f)(z) consisting of all functions

92 =2"- ¥ b satisfying

k=n+p
S (1+a)—k(ap+pB)
Oklax — byl < 9.
kzﬂ) T+ a)—plap+ ) %™
Theorem 5.1 Let f € ///éw(a,ﬁ), then

Ny H(F) .5 (a.B).

Before proving this theorem we need the following two

lemmas can be found the proofs i].

then generalized by

Lemma5.2fe.zy (a,B) = LY@ 20 7c % — {0}
whereg(z) =2 — 5 bZ€and
k=n+p
(1+a)—k(ap+B)
M= @ a) —ptaptp) ™

Proof of Theorem 5.1 : Sincé e //[éw)(a
Lemmab5.1, we have

f(Z) +&ZP c ///év)

,B), then by

1+E (a7ﬁ)7
therefore, .
f
(%*w(z)) #0
then f(2) 1+ £
—p Z)+¢Z
2 (12w 20
andso (tew)@
ES
(1+&)zP 1+E 70
Let“(f*;upxa
|(f<1+)(f>)+1+s)|> fEaimbiesd " tpal > Bl >0,

which is a contradiction withé| < 8, however we have
‘(f*w)( 2)

Y e eNgH(h),
k=n+p '

h(z) =2 —

fthen

‘ fh*Lp

| < Zk—n+p|ak e.<||bk||zk|
o (+a)—kap+pB)
(1+a)—plap+B)

So we obtain™%@ . 0, and by Lemma 5.2 we haves

(a.,p).

|ak — e ok < O.

6 Some Properties of Class# (V) ,(a,8)

Theorem 6.1 : Letfi(z) = 2 — ¥ a;Z belongs to
k=n+p

///éw)(a,ﬁ) and 0< Aj < 1 such thatg Ai = 1, then the

functionG(z) = E)\ifi( ) is also |n//lp (or B).
i=1

Proof : Sincefi(z) € ///é (a,B), then byllwe have

Lemma 5.1 : If for every complex numbe¥ with
€] < o6(0 < o) and f € ///ém(a,ﬁ) then ® (1+a)—k(ap+B) .

o<1l (i=1---.m
%ﬁfzp 5 (a,B). kzﬂj 1+a)—pkp+B) ( )
(@© 2015 NSP
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G(Z)ZZ)\ ifi(z 21)\' <Zp k%pak’i zk)
233 (e)?
- —k;p(;mak,i>2k

Now
3 e enin (8e)o
(3 g e <o

thenG(z) € ///F(,V)(a,B).
(1]

Here we introduce an integral operator due to Bernardi

Le[f] = p+e/f Otldt (e> —p).

Theorem 6.2:1ff € J//p ( ,B). ThenL¢[f] also belongs

[3] J. Dziok and H. M. Srivastava, Classes of analytic fuorcsi
associated with the generalized hypergeometric function,
Appl. Math. Comput., 103 (1999), 1-13.

[4] K. Fan, Julia’s lemma for operators, Math. Ann., 239 (97
241-245.

[5]C. Fox, The asymptotic expansion of generalized
hypergeometric functions, Proc. Landon Math. Soc. (Ser. 2)
27 (1928), 389-400.

[6] A. W. Goodman, Univalent functions with analytic curyes
Proc. Amer. Math. Soc., 8 (1957), 598-601.

[7]1 G. Murugusundaramoorthy and T. Rosy ,Subclasses of
analytic functions associated with Fox-Wright's genezedi
hypergeometric functions based on Hilbert space operator,
Stud. Univ. Babe-Bolyai, Math., 56(3), (2011),61-72.

[8] K. I. Noore and M. A. Noore, On integral operators, J. Math
Anal. Appl., 238 (1999), 341-352.

[9]1J. Ram, and S. Chandak, Unified fractional derivative
formulas for the Fox-Wright generalized hypergeometric
function. Proc. Natl, Acad. Sci. India, Sect. A, Phys. Sci.
79(1), (2009),51-57 .

[10] S. Ruscheweyh, Neighbourhood of univalent functions,
Proc. Amer. Math. Soc., 81 (1981), 521-527.

[11] S. Shams and S. R. Kulkarni, Certain properties of ths<l
of univalent functions defined by Ruscheweyh derivative,
Bull. Cal. Math. Soc. 97 (3) (2005), 223-234.

to ///p ( .B). [12]H. M. Srivastava, Some Fox-Wright generalized
o hypergeometric functions and associated families of
Proof : Letf(z) =2°— 5 a, then convolution operators, Appl. Anal. and Discrete Math., 1
k=n+p (2007), 56-71.
2 o [13] C. Wei ,D. Gong, and H. Hao, A family of summation
Le[f] = p+e tP— Z aktk t&1dt formulas on the Fox-Wright function, J. Math. Anal. Appl.,
Z Jo ep 393(1), (2012),316-327.
- z [14] E. M. Wright, The asymptotic expansion of the genediz
_ bte ( 1 thre _ Z 1 aktk+e> ] hypergeometric function, J. London Math. Soc., 10 (1935),
z p+e Gkt e o 286-293.
_ E—Fe
e
mep it Abdul Rahman

Sincee> —p,k > n+ p > p, then2E < 1. So we have S. Juma He received the

k+e = PhD degree in Mathematics at
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By assumptiorf e%p (or B).ThusLg[f ]e//f)v)(a,ﬁ)
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