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Abstract: In this paper, we would like to propose an extension of bivariate Poisson integer valued GARCH (shortly, BINGARCH)
processes to periodically time-varying coefficients one. In these models, the parameters are allowed to switch periodically between
different seasons. The main motivation of this new model is capable of modeling bivariate time series of counts. So, a necessary and
sufficient condition for the periodically stationary in the mean, is established, while providing the closed-form expression for the mean.
Furthermore, we show that the conditional maximum likelihood estimator (CMLE) of the parameter of the model is strongly consistent
and asymptotically normal.
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1 Introduction

Bivariate (multivariate) integer-valued GARCH time series models, proposed by Liu [6], are capable of capturing the
serial dependence between two time series of counts, which has many applications, such as, in epidemiology,
environmental, biology, accidents analysis and many others. These models are based on time-invariant parameter
assumption, in addition a few attempts to model BINGARCH time series of counts, for example, Liu [6] considers
BINGARCH models constructed via the trivariate reduction and proves the stationarity and ergodicity under certain
conditions. Andreassen [1] verifies the strong consistency of the CMLE of BINGARCH models. Lee et al. [5] considers
the problem of testing for a parameter change in BINGARCH models and shows the asymptotic normality of CMLE.
However, it was widely recognized that many economic, financial and environmental integer-valued time series, exhibit a
periodicity feature in their some specific structures which cannot be taken into account and described by time-invariant
parameter integer-valued time series models. So, it is possible to consider a BINGARCH model whose coefficients are
periodic in time series exhibiting structural changes in season (see Bentarzi and Bentarzi [2], for more qualitative
discussion and references therein). Now firstly, we give a necessary and sufficient condition for the periodically
stationary in the mean. Secondly, the aim of this paper is to analysis the asymptotic properties of the CMLE of periodic
BINGARCH models.

The main contributions of this paper can be summarized as follows. In section 2, we set out the main assumptions
underlying introduce the periodic BINGARCH model. In the next section, we give a necessary and sufficient condition
for the periodically stationary in the mean, thus, the closed-form expressions for the mean is obtained. The consistency
and asymptotic normality of the CMLE is proved, in section 4. Section 5 concludes the paper.

2 The model and main assumptions

Let X, = (X,(]),X,(Q) ) be the bivariate random vector of counts at time ¢, where (X,(])) - and (X,(Q) ) ., e the two
> >

time series of counts with the conditional distribution following a Poisson distribution with conditional mean l,(]) and
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k,(z), respectively. So, a periodically correlated integer-valued process (X,) defined on some probability space (2,3, P)
is called a periodic bivariate Poisson INGARCH (p,q) process with period s > 0 (shortly, PBAINGARCH; (p,q)), if it is
given by

Xz |<%7l ~BP 21(1)711(2)7‘]51)

: (2.1
A= (A AP) = ao() + X AOX, i+ B By (0 A

In (2.1), %, is the o—algebra representing knowledge of the full past up to time 7, the parameters
ay(t) = (aél) (t),agf) (t)) JAi(1), Bj(r), 1 <i<p,1<j<qare?2x2 matrices and ¢ = Cov (X,(l),XZ(Q)‘%,l) are
subject to the following assumptions

Assumption 1Are non-negative coefficients with ¢. > 0.

Assumption 2Are periodic in t, with period s, i.e., aq(t) = ag(t+ms), A;(t) = A;i(t+ms), Bj(t) = Bj(t+ms) and
O =@ imsfor1 <i<p, 1< j<qgandmeN.

Since PAINGARCH; (1, 1) models are typically used in applications, thus, we focus more on the course of the first-order
PABINGARCH;,. Now, setting t =sn+v,v=1,...,s and n € N, for PBINGARCH; (1, 1) with periodic notations, can be
replaced with the following equivalent form

Xsthv |£m+v71 ~BP ()’v(r:J)rva Afs(jlw ¢V) (2.2)
&er»v =4 (V) + Al (V)Xer»vfl + Bl (V)A’ sn+v—1

where A1 () = (ax (-)) <4 <2 and By () = (bu (-)) <4 1< - A lot of models can be defined from (2.2) includes, as special
cases,

i.Standard ZINGARCH, (1,1) : This model, obtained by assuming the functions g (.), A1 (.), Bi (.) and ¢. constant, or
equivalently by assuming that the s = 1 (see, e.g., Liu [6]; Cui and Zhu [4]).

ii.Periodic integer-valued GARCH models (PINGARCH, (1,1)): This model, obtained in a univariate random vector of
counts at time 7 (see, e.g., Bentarzi and Bentarzi [2]).

Remark.First of all, it is worth noting that the symbolic X, | % _| «~ BY (l,(l) , l,(z), ¢,) represents the bivariate Poisson
distribution whose probability mass function is given by

(10 -0)" (1 ~0)"
x1! ' xz!

P (X,(l) :XhX,(z) :xZ‘ y‘H) = exp{i (/1[(1) Jr)L1(z) 7 ¢l)}

y Z;l/(;xz CJl;ICJl;2i! (7(1(1) B d)t)@()‘?m _ ¢t) 7

where ¢, < k,(l) A QL,(Z).

Remark Recent explanations of bivariate Poisson distribution allows for modeling dependence between Xl(]), X,(Q) and
¢, so there are really three random variables Zt(l), Z,(Z) and Z,(3), which follow independent Poisson distributions with

parameters 37(1) — ¢, 37(2) — ¢y, ¢, respectively, such that Xt(l) = Z,(l) +Z,(3) and X,(Z) = Z,(Z) +Zl(3) (see, Cui and Zhu [4]
for more qualitative discussion).

Remark.The model proposed in this paper is capable of capturing dependence between the two time series (X,(l)) and

(X,(z)) , provided that one of the following requirements have to be met: ¢. > 0, or the coefficient matrices A (.) and B (.)
are not both diagonal.

© 2023 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. Lett. 10, No. 1, 77-82 (2023) / www.naturalspublishing.com/Journals.asp NS e 79

3 The desired outcome of the periodically stationary in the mean

In this section, we shall focus our attention on giving a necessary and sufficient condition for the PAINGARCH; (1,1)
process (X,) satisfying (2.2) to be periodical stationary in the IL; sense. This probabilistic property has also been studied
in the symmetric periodic case PINGARCH(1,1) (e.g., Bentarzi and Bentarzi [2]) and periodic bilinear case
PINBL,(1,0,1,1) (e.g., Bentarzi and Bentarzi [3]). Therefore, we can obtain the closed-form expression for the mean of

PABINGARCH;(1,1) process. Next, the periodical stationary in the L; of the model in this paper is given in the
following theorem

Theorem 1.The PAINGARCH; (1,1) process defined by (2.2) has a periodical stationary in the mean, if and only if,

pri=p ([ 0 (41 ) +B1 () < 1. 3.1)
Moreover, under this condition the mean is given by, for allv € {1,...,s},
E{Xgiv} = E{E{X 1y [ Fontv1}}
= (1o~ TL s 4 =D+ B 06=0)) " Lot (T (A =04 B (1) g v,
Proof.The idea of proof is to use the conditional mean of the process (X,), we find E{X,} = E{A,} and

E{d}=ag(t) +A1()E{X, 1} +Bi()E{A,_}
=ay(1)+ (A1) +B1(1)) E{A, 1},

by iteration, we obtain E {X, } = {TT,_{ (A1 (t —u) + By (t — u)) } E{X,} + Y AT (A (t = D)+ By (1)) Y ag(t —u),
with the convention [T, A (v) = I (), from which, using periodic notation, we have, forall v € {1,...,s},

End = {TT00 " =)+ Biv =) FE X} + Yoy ™ {TTi (41 (= D)+ By (v = 1)) fag (v — )
={IT =0 +Biv—u) } { [T g A1 =)+ Bi(v =) } E X0}
L we—w+Bi—w)} Lo {5 A1 =D +B1 (v=1) fag(v—u)
LTI @ =08 =) Y L T 41 -0 4By (- 1) Yy,
thus E{X,,,},v€{l,....s}, converges, as n — oo, if and only if the Condition (3.1) holds.H

Example 1.In this example, the Condition (3.1) for some subclass with particular case are simplified, where we find

Specification Pi E{X,}
Standard; (1,1) p(A1(1)+B(1)) <1 (I —Ar(1) = Bi(1)) (1)
PINGARCH, (1,1) || TI'Z) (a1 (0) + b0 (v) <1 | (1=p) " 222 H{IT (an (D + by () Yol (v —u)

Table 1: Conditions (3.1) for the existence of E {X,} for certain models.

4 Estimation

In the present section, we consider the conditional maximum likelihood estimator for estimating the parameters of
PAINGARCH; model gathered in vector 8’ := (_’I,Q’z,q)’) €0 =0, x 0 x 0 c R where

Qll — (QE)I)/,QEl)/7gg2)/,bgl/)/7 b?)/), le — (Q(()z)/,le)/,Qéz)/,le)/,béz)/) and 9/ — (¢1,_._7¢S) with
a) = (a(f>(1),...,a<f> (s)) d” = (@i (1),.ai; (5)) and bY) = (b (1),....b; (s)) for all i,j = 1,2. The true

4 i
parameter value denoted by 8, € ® C R'!S is unknown and should be estimated. The period s are assumed to be known
and fixed. For this aim, let {X,,...,X,,;;n = sN} be an observations from model (2.2). Then, constructing the logarithm
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of the conditional likelihood function based on the observation {X;,...,X,}, up to a constant free of 6, by
Len (Q) = Z;\le Zé;%) lst+v (Q) with

1(9) =x"10g (4 (©)~ 1) + %108 (47 (0) — 00 ) - (4 @+ 47 (0) - 9)

i

(1) Ay (2) ;
+10g ZXt /\Xt C (2)l ¢[

S\ ) (e )

Hence, we obtain the CMLE of 6 by 6 9 = ArgmaxL (0)= Argmln( »(0)). So, we consider an approximate version

Ly (), using an arbitrarily chosen initial Value ll, Lyv(8) =YY X })ls,ﬂ (8). Next, the partial derivatives of ; (0)
are expressed as: Vgl, (8) = A, (0) E, (8) and Vil, (6)=A4,(8)VgE, () +U,(8), where

1
2" (0) 1 O O Ve il (8))
A (8):= | Ou A% (8) 14 QE4 VE(8):=| vo,22(8,) |
3 0
Ol Ol 47(8) :
_ () /
ui() = (U ©) o EOE®).
wherein
(k)
]+A[(k)(9)_ 0 X - 51 (Xta&z(g(ka;bf) k=12,
0= & (X4, (0).9) (A (00 -9)
& (X, (0),61) ONT

1+Y3 4% (8) =

6 (X, 4:(0).9)9 o (X2, (8),0) =Ly ™ CLiy iy 1Y (2,(0),61),
-1

v(2,(0).0)=0 (") -0) (37 (@)-0) .
and

AV 11 9(X.4(0).9) .
Uf,?<ﬂ>=ﬂf<k>(gk)¢t—(%(k ey 0 (0) = 0 (X, 2, (6).0) (2, (6).0) 1 i /<2

éZ(Xza&z( ) ¢Z)
éO (_za_z (_) ‘PI)

j i j—1 i j—1
U (©)+U (@) +U3 ()= U (@) +U7 (@) +U,[3 (8) =

0 (X, 4, (6),0) = ~(1rxaa @)

o200
( (8;)— ‘Pz)
0 X} Uz(.{) ()= Ut(j) (6) ()“t(l) 00+ (8,) - 2¢’) +0, 19 (X4, (8).91) (1 L A" (Q)) ’

with the standard symbolics, /() denotes the identity matrix and O; ;) denotes the matrix of order k x / whose entries
are zeros, for simplicity we set O := O x) and Oy := O(x ). ® (resp. ©) is the usual Kronecker (resp. Hadamard)

product of matrices. Vg (resp. Vé) be the vector (resp. matrix) of the first (resp. second)-order partial derivatives. A similar

assumptions in Andreassen [1] and may easily be adapted to use with the periodic case, so the CMLE is strongly consistent
and asymptotically normal under the following regularity in adapted or new assumptions

Assumption 36, € ® and O is a compact subset of RS

Assumption 4a (.),A1,6(.) and By ¢(.) have non-negative entries and By g(.) is full rank for all 6.
Assumption 5¢, (8) < u; (v) Aua (v) where (uy (v),us (v)) = (I2) —Al’g(v))ilgo’g(v)for allve{l,..,s},0€0.

Assumption 6There exists a m € [1;+oo] such that HA],Q(V)Hm—f—ZI*’”fl |Bre)||,, < 1forallve{l,..s}, 6€0.
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where, for a matrix Me R**? ||M||, denotes the m—induced norm of matrix M for m € [lI;+o], ie.,
M), = max{||MuHm/Hu|| ,u € R?} and [|uf,, is the m—norm of the vector u. When || M||, is the maximum absolute

column sum 1 of M, |M]]., is the maximum absolute row sum. To achieve desired goals in this section, we will need the
following intermediate results gathered in the next three lemmas

beo

2.),,(i) (8,) is twice continuously differentiable with respect to 0, (i = 1,2) and satisfies

Bl (s vursie] ) Yo Sl (s o2
v=1 m v=1

Lemma 1.Under Assumptions 3—6, we have

1. i {SUPHA%H»VH} < e and Z E{SupHisH»v
v=1 [ISLC)

2
) <°°7
m

0,€0; 0,€0;
3 () (0 > (5.0 (0
l l l
sup | Y Ve, (30, (6)~2,(6)|| < Leas. sup y z Vi, (AL @) -4 8))] <1k as.
8;€0; ||r=1v=1 m 9;€0; ||1=1v= m
where L standfor a generic positive integrable random variable and x € (0;1) be a generic constant.
s50p | £ 5 (Rgin(8) - Ay (0))|| <L as
0e0 ||t= lvf m

4.0'Vy 7(, (0,0) =0=w0=0.
S.Thereist ¢ Z such that A, (8) = A, (8,) a.s. = 6 = 0.

Lemma 2.Under Assumptions 3—6, we have

1.max (0)|.sup |4 (g)]) <KX, [|+1, max <sup 0 (8)|, sup |7 (g)]) < K||X,|I? for some positive
0€O 6cO gee ! gee!
constant K. » ' »
2.5up ‘A,(’) (8) — A (Q)’ —0as. and sup U2 (0) ~ T (g)‘ —0as.
0co pco! " :

Lemma 3.Under Assumptions 3—6, we have

1. {Vgl, (89),% } forms a periodically stationary martingale difference sequence.

{supHvezs,+v 80) (Vo (8))']| }<ooand ¥ E{SUPHV%;lsHv(Qo)
6cO v=1 6cO -

< oo,

N s

3p11m‘ ]sNt):: );, (sl+v(90) st+v(00)) =0

= 0 and plim sup
m 6O

& T E 95 (lne (80) ~ v (80))

t=1v=1

m

N ~ N
4. liﬂm (—— Y Z \Z ols+v (9)) 21(8,), where 8 is any intermediate point between 8, and 8y, and the matrix I (8,,)
n—soo

civen by 1(8,) = K3, Ea { Vol (8) (Volu+s (89))'} = = Eiy Eo, { Viluss (80)}
The main results of this section is the following theorem
Theorem 2.Suppose that (X,,t € 7,) is generated by (2.2), then under Assumptions 3—6, we have En is strongly consistent
and \/n (En —Qo) = N (0,171 (8y)) as n — oo,

Proof.The proof of Theorem 2 is based on the previous three lemmas.ll

5 Conclusion

In this paper, we have introduced a new model for count data, called bivariate Poisson integer valued GARCH model with
periodically time-varying coefficients, which is a natural extension of the standard model with time-invariant coefficients,
constructed by using trivariate reduction method of independent Poisson variables. Thus, we investigated the features of
this new model, we found the necessary and sufficient condition for the periodically stationary in the mean, and the CMLE
for the parameters are considered and asymptotic properties of the estimators are established.
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