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Abstract: In this study, we focus at Bayesian analysis of the unknown shape parameter of the Inverse Power Lomax distribution using
various loss functions and different priors, such as Gamma, Power density, and Uniform. LINEX loss function, Entropy loss function,
Weighted Balance loss function, and Minimum Expected loss function are the four loss functions considered. A simulation study is
carried out using R to assess the behavior of Bayes estimates based on their MSE, and ultimately, a real-world data set is used to test
the efficiency of the suggested estimators.
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1 Introduction

In life testing, the Lomax distribution is one of the most often used probability distributions. A large number of problems
in econometrics, biological sciences, survey sampling, engineering sciences, medical research, and life testing can be
solved using the inverse distributions. Some researchers have explored the statistical inference of inverse distribution
in recent years. Harris [1] models company failure data using the Lomax distribution for income and wealth. Because
of its broad applicability, the Lomax distribution is widely employed in biological investigations and the distribution of
computer file sizes. According to Rady et al. [2], the power Lomax (PL) distribution can be derived from the Lomax

1
distribution by using the power transformation Z = Y B, where Y follows the Lomax distribution.The PL distribution pdf
is defined as follows:

Fza A B) = aBreP 1A +B) iz a A, B >0 (1)

The pdf of inverse power Lomax (IPL) distribution can be obtained with the help of transformed variable Z by making

use of inverse transformation X = % , which is defined as

B —a-—1
f(x;a,k,ﬁ)‘a—Bﬂ“”(H’“T) %, 0,4, 8 >0 )

Where o, A, B are shape, location and scale parameter respectively.

The cdf of the inverse power Lomax (IPL) distribution is defined as

ﬁ —
F(x;o,4,B) = <1+XT> ;x,0,A,8 >0 (3
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The IPL distribution’s reliability function is as follows:

x B -
R(x)=1—<1+7> ;x, 0,4, B >0 “)

Prior knowledge about a model parameter is represented by a probability function in Bayesian inference. As a result, we
must proceed cautiously when gathering past information. Prior information, in a broader sense, is a method of
summarising the existing data. Because there is no single method for selecting a prior distribution, the effect may be
minor, and there is always the potential of finding the optimal solution using distorted prior data. We utilise
non-informative priors when there is very little explanatory information about the unknown parameter. However, if
enough data on the parameter(s) is available, it is preferable to employ informative priors.

When studying scenarios with an actual non-monotonic failure rate, the IPL is particularly adaptable. As a result, the IPL
model may be applied to many real-world data modelling and analysis tasks, as seen in Reference [3]. Hassan and
Abd-Allah [3] investigated a IPL distribution’s statistical properties to facilitate engineering applications. Hassan et al.
[4] demonstrate the potential applicability of the shortened power Lomax model using flood data. The truncated power
Lomax distribution can provide better fits than certain other similar distributions, according to this application. Schabe
[5] studied Bayes estimates under asymmetric loss. Yadav et.al [6] studied Reliability estimation for inverse Lomax
distribution under type-II censored data using Markov chain Monte Carlo method. E-Bayesian estimation of
two-component mixture of inverse Lomax distribution based on type-I censoring scheme was studied by Othman and
Reyad [7]. Dey and Sudhanu [8] presented a Bayesian estimate of the parameter of the Maxwell distribution under
various loss functions. For Bayesian analysis, Kazmi et al. [9] compared the class of life time distributions.They used a
variety of loss functions to examine the properties of Bayes parameter estimators. The priors for the expotentiated
expotential distribution under several loss functions are compared by Afaq et al. [10].

In this study, we examine the Bayesian estimators of the parameter of the inverse power Lomax distribution using three
different priors (Gamma, Power density, and Uniform) under four different loss functions (LINEX, Entropy, Weighted
balance and Minimum Expected loss function). The likelihood function for the inverse power Lomax distribution and
posterior distributions derived under various priors, are presented in section 2. In section 3, we developed Bayes
estimates using different variety of loss functions and priors. Section 4 contains a simulation study. In section 5, we
showed how real-life data can be used. Finally, the paper is concluded in section 6.

2 Priors and Posterior distributions

Let x1,x7,...,x, be a random sample of size n taken from the Inverse Power Lomax distribution. Then the likelihood
function for the given sample observations is

P
anﬁn n xEﬁJrl) 7a2?:]log<l+ o )

2 L7 —ve
=l <1+'T>

Bayesian estimation necessitates the selection of suitable priors for the parameters. To obtain the related posterior
distributions, we use two non-informative priors and one informative prior in this study.

Lix;a,A,B) = ()

2.1 Posterior distribution under Gamma prior
The gamma distribution as a prior distribution of o with parameters a and b is given by

baaafl ba
') e "“yoa,b>0 (6)

gi(ala,b) =

The posterior distribution for the parameter « is calculated using the likelihood function (5) and the prior (6) and is given
by
L X, )L, (04 ,b
Pi(afx) = — (x' B)*gi(ctla,b)
fO L(x7 a7)’7ﬁ) * 21 (Oc|a,b)d(x
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a"B" n x§ﬁ+]) x7 b a1
Tnilm (XZZ llog 1 T * T(@) eXp(fb(x)
=7
(afx) =
ooa"B” B+l x? paga—1
Jo T l( 75> aYi log| 1+~ ||* T(@ exp (—ba)da
1+-L

a9 =lexp | —a b+ YL, log

(1+7%)
b+ Y, log (HJ#)
(

) AT
at)=Texp | —a (b—f—Zl’-'llog l—i—xiT))

do

i <
(

fo“’a(nJra)fl exp |—a

I'n+a nta

—B
)

sntagy (nta)—1 exp (_ OCS)

Pi(ox) = 7
1 (etlx) Fnta) , @)
n xfﬁ
where S=b+3" log ( 1+~
2.2 Posterior distribution under Power density function prior
The Power density function as a prior distribution of o with the rate parameter a. Then its pdf is given by:
gz(oc|a):aa“7];a>0,a>0 8)

The posterior distribution for the parameter o is calculated using the likelihood function (5) and the prior (8) and is given

by
L(x;o, A, B) * g2(t]a)

Py(alx) =

o\|\x
PR = = a1, p) » salala)da
n n (ﬁ+]) 7ﬁ
a)ﬁ I, X"jexp {a):l’.‘llog< L >] xao!
)
)

nRn <ﬁ+l ﬁ
(;oaxg ) (x' = eXP[ ay; 1108( —,1 )] *aod!
14+ >

A
x-ﬁﬁ |
< — llog<1+ b ))
= y =
Jeata-Texp a(z, llog(lw‘;1 )) do

A AN T
ata)-lexp (x< ' log 1+xiT)>
n

Lnta nta

e

Ry (n+a)— exp (—aR)
I'(n+a) ’

a(}’l‘*’d)*l exp |—a

Py(alx) = ©))

-B
where R =Y"_, log (1 + X,T)
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2.3 Posterior distribution under Uniform prior
The Uniform distribution as a prior distribution of ¢ is given by:
gla)<1;,0<a<1 (10)

The posterior distribution for the parameter ¢ is calculated using the likelihood function (5) and the prior (10) and is given
by
L(x;o, A, B) x g3(cx
Py = LB 5 85()
fO L('x’ o, A’aﬁ) *83 (a)da
apr AP

T HHWCXP [05):?1108 1+"T>}*1

I+

Py(atlx) = 5 B+
oo 0B :
Jo 7 T 4( XT5> exp [O‘Zil log
145

A

oexp |—a ():l’-’l log
( da

Jo arexp |—a | XL log <1+J#>

aexp|—a (Zl’.’] log

t.ﬁﬁ
EE)

T aexp (—aT)
'(n+1) ’

Pi(a)x) = (11)

B
where T =Y log <1 + X")L >

3 Bayesian estimation under Different Loss Functions
In this part, we used several priors to derive Bayesian estimates for various loss functions. Four loss functions are examined

while estimating Bayes estimates: LINEX loss function, Entropy loss function, Weighted balanced loss function, and
Minimum expected loss function.

3.1 Bayesian Estimation by using Gamma prior under different loss functions
3.1.1 Bayes Estimator under LINEX Loss Function
The Linex loss function which is asymmetric, was introduced by Varian [11] and is given by
L(é,a) = exp(qi(é — @) — (& — @) — Lig,c £0 (12)

By using Linex loss function as given in (12), the risk function is given by
R(é.a) = EL(&,00)] = [ explqr(6— ) —c(&— o) = 1).Pi(al)

Sn+aa(n+a)71 exp (7(15)

I'(n+a) dot

:/ [exp(qloz).exp(—ql(x)—céz—i—ca—1 .
0
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do

n+a q (n+a)—1 snta (n+a)— _
S a exp (—as) d(x n / coc o Texp (—asS)
I'(n+a) I'(n+a)

oo gnta gy (nta)—1 exp (—OCS)
—(cb+1 do
(c&+ )/0 I'(n+a)

= /Omexp (q]OZ).eXp(*QIOC)

= A SHagmt )l exp (— S+ qy) grta
= o da o+1) -
/0 explq100) I'(n+a) —(cl+l)te / I'(n+a)

exp(—aS)do

(n+a+1)—1

Srz+a

N c A
:eXp(QIG)W—Fg(H—Fa)—(COC‘F])

Now solving (éf % — 0, we get

S+q1) +a

ex a
13(611) ql( S

Taking log on both sides, we obtain the Bayes estimator as

Opr = 1 {log (i) + (n+a)log <ﬂ)] (13)
q1 q1 S

3.1.2 Bayes Estimator under Entropy Loss Function

Dey et al. [12] defined the Entropy loss function (ELF) of the form:

o a
Lia)=|— | -1 — =1 14
@=[(%)-ve(2) ] a9
where ¢ is an estimator of o.

By using Entropy loss function as given in (14), the risk function is given by

R(6, @) = E[L(&, )] = /Om [(g) ~log <g) - 1] ()
L1(8) ()|

o /& n+a q (n+a)—1 _ n+a q (n+a)— _
:/ (g)s o exp ( ocS)da_/ log(d )S o Pexp( ocS)da
0 0

I'(n+a) I'(n+a)
Jr/- log Srz+a (nt-a)— exp(fOCS)ifc"’ S”ﬂlOC(nJra)ileXp(f(XS)da
I'(n+a) 0 I'(n+a)
N 5y, Y(ta)
= 0. -1 —
an+a—1 g(e) + I'm+a
Now solving % =0, we get
S 1
—=0
n+a—1 &
R n+a—1
= OELF =g (15)
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3.1.3 Bayes Estimator under Weighted Balance Loss Function

The weighted Balanced loss function (WBLF) used by Nasir and Aslam [13] is given as

L(a) = (a&)z (16)

o

where & is an estimator of « .
By using Weighted balance loss function as given in (16), the risk function is given by

R(&, ) = E[L(&, )] = /Om <°‘ - 6‘>2.P, ()

) o2 a sntag(nta)-1 exp (7 OCS)
7/0 K@)Hz(a)} Trta) dot

oo [ o2 Sn+aa(n+a)71 exp (*OCS) 2 e Sn+aa(n+a)71 exp (*(XS)
= / -— o— — / ( da
0o \@&? I'(n+a) a Jo I'(n+a)
oo gntay(nta)—1 _
/ exp(—as) do
0 I'(n+a)
_ 1 (nt+a)(nta+l) 2(n+a) 4
Ca? 52 a S
Now solving % =0, we get
—2(n+a)(n+a+1) 2 (n+a)_0
a3 52 TeTs T
R n+a-+1
= Qwpir = % (17)
3.1.4 Bayes Estimator under Minimum Expected Loss Function
Tummala and Sathe [14] defined the minimum expected loss function (MELF) as follows:
A 2
a—o
L(a) = % (18)

where & is an estimator of « .
By using Minimum expected loss function as given in (18), the risk function is given by

R(6. @) = E[L(&, )] = /Ow @%.mm@

= [/a? a srtagnta)=lexp (—as)
(@) @) | = e

oo /A2 n+a q(n+a)—1 _ /1 n+a q(n+a)—1 _
:/ (%) St exp ( aS)docfZ(ﬁc/ < >S o exp ( (xS)da
0 0

I'(n+a) o I'(n+a)
oo Qn+a q(nta)—1 _
+/ S exp ( (xS)da
0 I'(n+a)
2
=a’ > a—>

(nta—-1)(n+a-2) (n+a-1)
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Now solving aRgZ’a) =0, we get

2682 28

(n+a-1)(n+a-2) (m+a-—1)

(n+a—2)

= OpmELF = S

19)

3.2 Bayesian Estimation by using Power density function prior under different loss functions
3.2.1 Bayes Estimator under LINEX Loss Function
By using Linex loss function as given in (12) and the Posterior distribution as given in (9), the risk function is given by

R(&,0) = E[L(6, )] = /Om exp(q1 (& — ) — c(&— a) — 1).Py(celx)

Rt~ exp (—aR)
I'(n+a)

:/ [exp(qlo?).exp(—qla)—céc—i—coc—1}. do
Jo

Rn+aa(n+a)71 exp (*(XR) das /m CaRn+aa(n+a)71 exp (*OCR)
I'(n+a) 0 I'(n+a)

< RMag(ta) =l exp (—oR)
da—(co 1/
(ca+1) 0 I'(n+a)

—exp(q1d) | exp(-q1)

do

. Rn+a c .
= eXp(Q]a)W + ﬁ(fl‘i’a) — (COC+ 1)
Now solving aRéﬁOfga) =0, we get
. c R+ q1 ) n+a
exX 10) = —
p(q100) o < R

Taking log on both sides, we obtain the Bayes estimator as

b =~ [log (i) T (n+a)log (M)] 20)
q1 91 R

3.2.2 Bayes Estimator under Entropy Loss Function

By using LINEX loss function as given in (14) and the Posterior distribution as given in (9), the risk function is given by

R(&, @) = E[L(&, )] = ./Om [(g) ~log <g) - 1] Py(alw)
1) () | e

o /A n+a q (nta)—1 _ o0 . pntapy(nta)—1 _
_ / <a> R""q exp( OcR)da B / log(a)R o exp( OcR)da
0 .

o I'(n+a) I'(n+a)
il Reqta)=Texp (—aR) = R ag(ta) = exp (—oR)
+/ log(a doc—/ do
e R g Forra)
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) Rntag(nta—1)—1 —aR oo pta g (nt+a)—1 —aR
:/ (@) o exp(—a )daflogéc/ o exp(—o )d(x
0 I'(n+a) 0 I'(n+a)
Rn+a roo (+) ]
+7/ log(a).exp(—oR).o"™ " " do — 1
Tnra) o g(a).exp(—aR)
~ R ~ Y(nta)
=0.— —logbt+ ——>—1
n+a—1 ogu+ I'n+a
Now solving % =0, we get
R 1
—==0
n+a—1 &
R n+a—1
aELF:T (21)

3.2.3 Bayes Estimator under Weighted Balance Loss Function
By using Weighted Balance loss function as given in (16) and the Posterior distribution as given in (9), the risk function

is given by
o—a

R(&,a):E[L(a,a)]z/:( . )Z.Pz(oc|x)

R~ exp (—aR)

/om[(g_j)“z(g)] T(nta) do

) /oo( Rn+aa(n+a)71 exp(f(xR) Ja
0

-[ o\ R**0a ) exp (—aR)
o \a? I'(n+a) 0 I'(n+a)
ooanLaa(tha)fl —oR
+/ exp (o )doc
0 I'(n+a)
_ AL/OO Rn+aa(n+a+2)flexp(_aR)da_ %/w Rn+aa(n+a+l)flexp(_aR)da+]
a2 Jo I'(n+a) & Jo I'(n+a)
_ 1 (nt+a)(nta+l) 2(n+a) 4
a2 R? & R
Now solving % =0, we get
—2(n+a)(n+a+1) 2 (n+a)_0
a3 R? @R
1
(ntatl) 22)

= Qwpir = R

3.2.4 Bayes Estimator under Minimum Expected Loss Function

By using Minimum Expected loss function as given in (18) and the posterior distribution as given by (9), the risk function

is given by . ,
R(&, @) = E[L(&, 0)] :/O ("‘;720‘).P2(a|x)

= [/a2 o Reqta) =T exp (—aR)
A1) 2 (E) | T s
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o /A2 n-+a q (n+a)—1 _ 0o n-+a q (n+a)—1 _
:/ (Oc_2> R'""q exp ( aR)d(x—Zéc/ (l) R'""q exp ( (xR)da
0 a 0 \«o

I'(n+a) I'(n+a)
oo prta (n+a)—1 _
n / o exp (—OR) Jo
Jo I'(n+a)
=’ K 2a—R
T (n+ta—-1)(n+a-2) (n+a-1)
Now solving % =0, we get
20R? 2R
— -0

(n+a—1)(n+a-2) (m+a-1)

(n+a-2)

= OumELF = R

(23)

3.3 Bayesian Estimation by using Uniform prior under different loss functions
3.3.1 Bayes Estimator under LINEX Loss Function
By using LINEX loss function as given in (12) and the Posterior distribution as given in (10), the risk function is given by

R(&, ) = E[L(&, )] = ./Omexp(ql(d — o) —c(d—a) — 1).P(alx)

T o exp (—aT)
I'(n+1)

:/ {exp(qloz).exp(fqla)fcﬁchc(xf1]. da
0

A [ T o exp(—aT) = Trlatexp(—aT)
=ex o .exp(—qi1a doc+/ co da
Pl )/0 P 0 C(n+1)
© T g exp (—aT)
—(ca+1 d
(ca+ )/0 T(n+1) “
T n+1 (l’l+])
=ex o +c —(cb+1
P80 | | U (ot
Now solving aRéﬁOfga) =0, we get
R c T+q1)n+l
ex o)=—|——
p(qi0) qn( T
Taking log on both sides, we obtain the Bayes estimator as
. 1 c T+
Opr = — [log (—) + (n+1)log ( 6]1)} (24)
q q1 T

3.3.2 Bayes Estimator under Entropy Loss Function

By using Linex loss function as given in (14) and the Posterior distribution as given in (10), the risk function is given by

R(6, @) = E[L(&, )] = ./O'w Kg) log (g) - 1] Py(alw)

1) s (3) - | P e
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7/ < >T”+1(x exp(—aT) d(x / log (@) T o exp (— (xT)da

T(n+1) T(n+1)
T o exp (—aT) T o exp (—aT)
log(o do— d
+/ o8 T(n+1) A INCES))
Tl oo < Tl g exp (—aT)
=(0)— | o"! —oT)do —1 65/ da
( >r<n+1>./0 exp(—a)doc —loge | - ——

Tn+1

+F n+1)

/ log(a).exp (—aT).a" " da —

. T v+l
=0.—TIn—log(&)+—-—1
nl'n n —log(&) + I'nm+1
Now solving % =0, we get
T 1
———=0
n o
R n
= OFLF = (25)

3.3.3 Bayes Estimator under Weighted Balance Loss Function

By using Weighted Balance loss function as given in (16) and the Posterior distribution as given in (10), the risk function
is given by
a—a

M&ﬂ):ﬂudﬂH:%i< y >?%mu)

[ 1(G) -2 @) ey

_/.w a2 TnJrlOCneXp(—OCT) o 2/00( )Tn+lan+lexp(_a7~)d +/.oo TnJrlanJrlexp(_aT)da
Jo \a2 I'(n+1) a Jo I'(n+1) C(n+1)
_L(n—i—])(n—f—l)_z(n—i—l)_’_l
a2 T2 o T
Now solving aRéﬁé’a) =0, we get
—2m+1)(n+2) 2 (n+1)
&3 T2 T35 T =0
N n+2
= Owpir =~ ) (26)

3.3.4 Bayes Estimator under Minimum Expected Loss Function

By using Minimum Expected loss function as given in (18) and the posterior distribution as given by (10), the risk function
is given by

o (A N2
maﬂy:mumaﬂzé-gzﬁlfum@

[1(&)-2(8) ] Pt

_/“’ a* T”“a”exp(—aT)da_zd/“’ 1 T"*‘a”exp(—aT)da+/°° T”Ha”eXp(_aT)da
Jo \o? I'(n+1) 0o \o I'(n+1) 0 I'(n+1)
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T2 T
=a2 20— +1
nn—1) (n)
Now solving aRé%a) =0, we get
72 T
= 20 =2.—
nn—1) n
R n—1
= OMELF = ( T ) 27

4 Simulation Study

A simulation study using R software was carried out to assess and compare the performance of the estimates under various
priors and loss functions. The algorithm used is as follows:

1. Choose a sample size of n = 20,60, 80,100, 120, 150,200 to represent small, medium and large samples from inverse
power Lomax distribution using Quantile function i.e.exp (%‘ Jdog(u) — 1)<%1), where u ~ U(0,1).

2. The parameters of the inverse power Lomax distribution are fixed at & = 1.5, =0.5,4 = 1.

3. Generate the values of hyper parameters a and b randomly from uniform and gamma distribution respectively.

4. Iterate 1000 times and value of parameter was calculated under each prior.

The results obtained are represented in the tables below:

Table 1: Mean Square Error of o under different priors and loss functions

Gamma prior Power density prior Uniform prior
n
Opr. Oprr Owprr  OmeLr | OB Oprr  OwsLr  OMELF Opr, Oprr OGwaLF  OMELF

20 02785 0.2278 0.4626  0.1413 | 0.5631 0.4906 0.8577 0.3453 | 0.6485 0.5729 0.9654 0.4148
40 0.1557 0.1366 0.2155 0.1038 | 0.2377 0.2139 0.3156 0.1704 | 0.2622 0.2374 0.3442  0.1915
60 0.1320 0.1202 0.1671  0.0997 | 0.1786 0.1648 0.2209 0.1398 | 0.1923 0.1780 0.2362  0.1520
80 0.1245 0.1159 0.1495 0.1006 | 0.1572 0.1475 0.1861  0.1298 | 0.1667 0.1567 0.1965  0.1385
100 0.1095 0.1030  0.1279  0.0916 | 0.1332 0.1260 0.1539  0.1131 | 0.1400 0.1327 0.1613  0.1195
120 0.0862 0.0814 0.0994 0.0731 | 0.1029 0.0976 0.1175 0.0884 | 0.1078 0.1024 0.1228  0.0930
150 0.0542 0.0512 0.0622  0.0461 | 0.0640 0.0607 0.0728  0.0551 | 0.0670 0.0636  0.0760  0.0579
200 0.0270 0.0254 0.0310  0.0228 | 0.0318 0.0301 0.0362 0.0272 | 0.0333 0.0315 0.0378 0.0286
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Fig. 1: Mean Square Error of & under Gamma prior
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5 Real Data Analysis

A real life data set is used to illustrate the proposed method in this section. The survival periods (in days) of 72 guinea
pigs infected with virulent tubercle bacilli are represented in this data set. Bjerkedal [15] observed and reported this data
collection.The data are listed as follows:
0.1,0.33,0.44,0.56,0.59,0.59,0.72,0.74,0.92,0.93,0.96,1,1,1.02,1.05,1.07,1.07,1.08,1.08,1.08,1.09,1.12,1.13, 1.15,
1.16,1.2,1.21,1.22,1.22,1.24,1.3,1.34,1.36,1.39,1.44,1.46,1.53,1.59,1.6,1.63,1.63,1.68,1.71,1.72,1.76,1.83,1.95,
1.96,1.97,2.02,2.13,2.15,2.16,2.22,2.3,2.31,2.4,2.45,2.51,2.53,2.54,2.54,2.78,2.93,3.27,3.42,3.47,3.61,4.02,4.32,
4.58,5.55.

Hassan and Abd-Allah [3] used the above data set to fit the inverse power Lomax distribution. By using
non-informative priors i.e. Power density and Uniform prior and informative i.e Gamma prior under different Loss
functions i.e. LINEX loss function, Entropy loss function, Weighted Balance loss function and Minimum Expected loss
function, the Bayes estimates and Posterior variance of the posterior distribution are as follows where posterior variances
are in parentheses.

6 Conclusion

We compared mean squared error under various loss functions using non-informative and informative priors in Table 1,
and observed that the informative prior (Gamma prior) gives lower mean squared error, making it a suitable for the inverse
Power function.In comparison to all the loss functions studied here, the Minimum Expected loss function is better because
the mean square error is lower. As the sample size grows, the mean square error decreases.

Also, from Real data analysis (Table 2), When the Bayes posterior variances of several loss functions are evaluated, the
Minimum Expected loss function has the lowest Bayes posterior variance. As a result, we find that the Minimum Expected
Loss Function is the preferable alternative.
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Table 2: Bayes estimates and Posterior variances

Prior LINEX ELF WBLF MELF

1.6014 1.5881 1.6325 1.5659
Gamma

(0.00014) (0.00010) (0.00024) (0.000006)

] 1.63763 1.6241 1.6696 1.6014
Power density

(0.00026) (0.00021) (0.00040)  (0.00014)

1.6489 1.6355 1.6809 1.6128
Uniform

(0.00031)  (0.00025) (0.00046)  (0.00017)
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