Progr. Fract. Differ. Appl. 8, No. 1, 1-38 (2022)

=

http://dx.doi.org/10.18576/pfda/"080101”

Multidimensional Fractional lyengar Type Inequalities
for Radial Functions

George A. Anastassiou

Department of Mathematical Sciences, University of Memphis, Memphis, TN 38152, U.S.A.

Received: 2 Oct. 2020, Revised: 2 Mar. 2021, Accepted: 7 Jun. 2021
Published online: 1 Jan. 2022

Abstract: Here we derive a variety of multivariate fractional Iyengar type inequalities for radial functions defined on the shell and ball.
Our approach is based on the polar coordinates in R¥, N > 2, and the related multivariate polar integration formula. Via this method
we transfer author’s univariate fractional Iyengar type inequalities into multivariate fractional Iyengar inequalities.
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1 Background
We are motivated by the following famous Iyengar inequality (1938), [1].
Theorem 1.Let f be a differentiable function on |a,b] and |f' (x)| < M. Then

—a)? — f(a))?
[ 103 0-ar@ | < Mo LETLEAN

ey

We need

Definition 1.(/2], p. 394) Let v > 0, n = [V ([-] the ceiling of the number), f € AC" ([a,b]) (i.e. f"*~V) is absolutely
continuous on [a,b)). The left Caputo fractional derivative of order v is defined as

1

Dra (x) = m /ax (x—t)"—v—lf(n) (t) dt, )

V x € [a,b], and it exists almost everywhere over [a,b].
We need

Definition 2.(/3], p. 336-337) Let v > 0, n = [Vv], f € AC"([a,b]). The right Caputo fractional derivative of order v is
defined as

Dy_f(x)= % /x ' (=2 (2)dz, 3)

Y x € [a,b), and exists almost everywhere over [a,b].

In [4] we proved the following Caputo fractional Iyengar type inequalities:
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Theorem 2.(/4]) Let v > 0, n = [V] ([-] is the ceiling of the number), and f € AC" ([a,b]) (i.e. f"~V) is absolutely
continuous on [a,b)). We assume that D}, f,D}_f € L« ([a,b]). Then

i)
g n—1
./abf(x)dx— Z (kJ: i {f(k) (a) (t—a)kH + (—l)kf(k) (b) (b—t)kﬂ} <
maX{HDrafHL”([a’b]) ' HDI"/’fHLw([aab])} v+l v+l
r(v+2) {(t—a) +(b—t) }, (4)
Vielab].

ii)att = #, the right hand side of (4) is minimized, and we get:

n—1 EPAY.Sx!
/f dx_kzo(kjl) (b2k+)1 [f(k)(aH(_])kf(k)(b)}

max { IDEaf |1 (a.0)) ||szf||Lw([a,b])} (b—a)"*!

r(v+2) v )
iii) if f®) (a) = f% (b) = 0, for all k =0,1,...,n — 1, we obtain
b <max{HD:afHLw([a,b])’HDxffHLw([a,b])}(b—a)v+] 6
| i < T 7 ©)
which is a sharp inequality,
iv) more generally, for j =0,1,2,...., N € N, it holds
1 b—a\*"! k+1
. (k) vk KL (k)
¥ ( N) (44179 (@) + (-1 - 0 )]
max{anfnL(ab o)} (b—a\""!
< ([a V1 v+
< (ST (N) = ™
v) if fO (@)= f® (b)) =0, k=1,....,n— 1, from (7) we get:
b b—a\,. .
[ reoae= (250 ) s+ - 0] <
max{HD*afHL ([a,b]) » fHL ab} b—a V+1[-v+l+(N_~)v+1 8)
I'(v+2) N / / ’
j=0,1,2,....N,
vi) when N =2 and j =1, (8) turns to
b—a
ar- (") @+ 1) <
max 4 || DY, fl ,||D"7f|| v
aJ Ww(ab))  Wo—I | Loa([a b)) [ (D —a) ©)

r'(v+2) 2v ’
vii) when 0 < v < 1, inequality (9) is again valid without any boundary conditions.

‘We mention
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Theorem 3.(/4]) Let v > 1,n= [v], and f € AC" (|a,b]). We assume that D),,f,D}_f € L ([a,b]). Then
i)
flx 9 @) (1= a) T+ (=1} (b) (b= 1) || <
[ roaE | |
maX{HD*af”Ll([a,b])a||DZ7f||LI([alb])} v v
Fvil) [(t=a)"+(b=1)"], (10)
Vit € la,bl,
ii) when v =1, from (10), we have
[ 1w @ -+ 50y -] <
1N 2, (e B —a)s V1€ la,b], (11)
iii) from (11), we obtain (v =1 case)
b b—a
/af(x)dx( 3 >(f( R ‘ 172, oy B =) (12)
iv)att = “TH’, Vv > 1, the right hand side of (10) is minimized, and we get:
b n—1 1 (b—a)k+1 © o)
[ @ ¥ gy PO @+ G0 0] <
max{HDrame([a,b])’ bffHL]([a,b])} (b—a) %)
r'(v+1) v-1 7
v) if 9 (a) = fO (b) =0, forall k=0,1,....n—1; v > 1, from (13), we obtain
b max ”DrafHL ([ab])a”D[‘;ffH (la b—a)¥
/a Fx)dx| < { }(v+]) Ly(| .,b])} ( 2v701) 7 (14)
which is a sharp inequality,
vi) more generally, for j =0,1,2,..., N € N, it holds
1 b—a\r"! Jt-1 (k) k k1 (k)
[r@a-T o (5) [P0 @ o= )
max{nD:afnLl([a,bD,||Dx,f||Ll([a‘bD} boa\" ,
< v < v > Y+ V=)', (15)
vii) if f® (a) = fO (b) =0, k=1,....,n— 1, from (15) we get:
/ ras— (P50 U@+ V- ) 0] <
maX{HD::afHLl([a,b])7HDl\7lff||L]([ab])} b—a\" ., v
j=0,1,2,...,N,
viii) when N =2 and j =1, (16) turns to
b b—
[ 1war= 50 @) <
maX{HD::afHLl([a,b]) ; HDz‘;ffHL]([a,b])} (b—a)¥ 17
I'(v+1) 2v-l a7
© 2022 NSP

Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

G. A. Anastassiou: Multidimensional fractional Iyengar Type

‘We mention

Theorem 4.([4]) Let p,qg > 1:

’ L+l =1, v> L n=[v];f€AC"((a,b)), with DY,f,D}_f € Ly ([a,b]). Then
l
b n—1 1
_ (k) KLk (k) okl
[ F@dx= ¥ g [ @ o 1O ) -0 <
max ¢ [1D%af ey ian)) 112511, (0
{ toie) 1P g . }[(t—a)”h(b—t)”ﬂ, (18)
I'(v) (v+;)(p(v—1)+1)p
YVt € |a,b],
ii)att = #, the right hand side of (18) is minimized, and we get:
b S N RO k (k)
[, F W= X ey Y @+ G0N 0] <
max {10 o) 1P oy (b— )"+ .
ro)(vei)ev-n+nr 27
iii) if f®) (a) = f0 (b) = 0, for all k =0,1,...,n — 1, we obtain
b _ max IDYaf 1, (fap)) - || Pb—f Vi
/f(x) ; { oe) IS sy } (o va,)l | 0
a r(v)(v+;)<p<v—1>+1>p 2"
which is a sharp inequality,
iv) more generally, for j =0,1,2,.... N € N, it holds
1 b— k+1
| [ roa-F ot (55 [j”'f(k)(aml)"(zvj)k*'f<’<)<b>}|
max 3 DY, fllz, a1 P f NV
< {” o] HL'T }(bNa) -, @1)
I'(v) (v+;)(p(v—1)+1)p
v) if fO (a)=f® () =0,k=1,....n— 1, from (21) we get:
b b—a\ . .
" rwas— (50 r @+ -1 0] <
max | [[DY 11, (ja)) > 1P S _a\"*s
{105y | 'h?}(ﬂﬁﬁ -], )
ry)(v+d) (pv=n+1)p

for j=0,1,2,...,N,
vi) when N =2 and j =1, (22) turns to

(%3%) r@+ro)| <

mn {12 oy 18y } -0 -
rv)(v+3) (p(v—1)+1)p et

vii) when 1/q < v <1, inequality (23) is again valid but without any boundary conditions

@© 2022 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 8, No. 1, 1-38 (2022) / www.naturalspublishing.com/Journals.asp N S 5

We need the following different fractional calculus background:
Let a > 0, m = [a] ([-] is the integral part), B = —m, 0 < < 1, f € C([a,b]), [a,b] C R, x € [a,b]. The gamma
function I is given by I' (@) = ["e~'#*~'dt. We define the left Riemann-Liouville integral ([2], p. 24)

(&7 f) (x) = ﬁ/ﬂx (x—0)* £ (1)dt, (24)

a < x < b. We define the subspace CZ, ([a,b]) of C" (|a,b]) :
Ce, ([a,b]) = { £ € C" (b)) : /i g S € € ([a,b]) } (25)
For f € C¥,_([a,b]), we define the left generalized a-fractional derivative of f over [a,b] as
Dgt+ . (JaJrﬁf m ) (26)
see [2], p. 24. Canavati first in [5] introduced the above over [0, 1].
We have that D f = f";neN.
Notice that DY, f € C([a, b])

Furthermore we need:
Let again @ > 0, m = [a], B = a—m, f € C([a,b]), call the right Riemann-Liouville fractional integral operator by

a 1 b a—1
UEN 0= Fgg [, -0 @7)
X € [a,b], see [6]. Define the subspace of functions
cf (a,b)) == {F € " ((a,b)) : ;P €€ (lab]) } 28)

Define the right generalized a-fractional derivative of f over [a, D] as
_ I
Dy f= (=1 (5,205 29)

see [6]. We set Dy_f = f. We have Dj_f = (—1)" f"); n € N. Notice that Dy_f € C([a,b]).
We mention the following Canavati fractional Iyengar type inequalities:

Theorem 5.(/7]) Let v > 1, n = [v] and f € C;, ([a,b]) NCy_ ([a,b]). Then

i)
1
| / flx (k+1) [ @ = DR @) -] | <
maX{HDX+me([ b)) HBfoH }
A4, oo, ([a,b
F(v+2) ([ ]) {(t_a)vﬂ + (b_t)v+1i| , (30)
Vi€ la,b],

ii)att = “—er the right hand side of (30) is minimized, and we get:

<

b n—1 —a k+1
/ f(X)dx_kz‘f)(kll)! 2 2k+)1 @+ (D' )]

ax { ||D21/+fHoo,([a,b]) ) } —vi a,b])} (b - a)v+1
r(v+2) v

€1y
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iii) if f®) (a) = f0 (b) = 0, for all k =0,1,...,n — 1, we obtain

, w05 {102 ey [P
< 2
/a fx)dx| < r(vi2) v (32)
which is a sharp inequality,
iv) more generally, for j =0,1,2,.... N € N, it holds
b—a\! k+1
. (k) Nk kL (k)
‘/f S () @ ot )
max{uszu T o .
4 b)) b—a VA1 S|
< _
< v ( = ) = (33)
v) if fO (a)=f® (b)) =0, k=1,....n— 1, from (33) we get:

/abf(x)dxf <bN“

max{ |05 [
I'(v+2)

[if (@) +(N=j) f(b)]| <
) |

by
o <bNa) [j”'+(N—j)”'}, (34)

j=0,1,2,....,N,
vi) when N =2 and j =1, (34) turns to

var- (") @+ )| <

mx {102 oy [Py § 5

r(v+2) 2V (33)
‘We mention
Theorem 6.(/7]) Let v > 1,n=[v], and f € C; ([a,b])NC}_([a,b]). Then
i)
fx f(k> f— a1 (1 kf(k) B (b— 1)t <
‘/ MH])[ (@ (=) 4 (=1 () (b~ 1)
max {0y [PV A )
v i) [(t—a)"+(b—1)"], (36)
YVt € |a,b],
ii) when v = 1, from (36), we have
b
| F@de=[f @ 6 —a)+ £ () (01| <
172, ey B =), V1€ [a,b], (37
iii) from (37), we obtain (v =1 case)
b b—a
[ rwar= (25 ) 7 @-+70)] < 17y gy ) 69
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iv)att = “TH’, Vv > 1, the right hand side of (36) is minimized, and we get:

b n—1 1 (b—a)k+1 © o)
[ r@ar= ¥ g PO @+ G0 0] <
w5 {102 Ay o [P, o} 6 ,
L(v+1) vl (39)
v) if fO (@) = fO (b) =0, forall k=0,1,....n—1; v > 1, from (39), we obtain
b <max{||Da+fHLl a,b)) Dy, fH } b—a) ,
/a f(x)dx’ - r(v+l) vl (40)
which is a sharp inequality,
vi) more generally, for j =0,1,2,...., N € N, it holds
1 b—ua k+1
fix () [ <a>+(1>k<Nj>k“f<k><b>|
[roa-E ()| |
max{nDaJnLl R L N S v
< o) ( v ) YN =D, (41)
vii) if f® (a) = fO (b) =0, k=1,....n— 1, from (41) we get:
b b—a\ .. .
[ rwar= (50 s+ - s 0] <
max {122 o [P, s o v
v i) < N ) Y+ =0T, (42)
j=0,1,2,....N,
viii) when N =2 and j =1, (42) turns to
b,
2@ )| <
max{HDaJerLl b)) ’ b— fH }b a) i
L(v+1) V-1 (43)
We mention
Theorem 7.([7]) Let p,g > 1: 5+ 7 =1, v>1,n=[v]; f € C}, ([a,b]) NC}_([a,b]). Then
i)
b n—1 1
f d o f(k) f— k+]+ 71 kf(k) b b*tkjL] S
[ F@a= X g P @6t 0 e -]
max {121, 1, |
L) =2 ((1—a)" 7+ (b—1)"7], (44)
r)(v+d)pv=n+1p
Vi€ la,b],

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

G. A. Anastassiou: Multidimensional fractional Iyengar Type...

ii)att = #, the right hand side of (44) is minimized, and we get:

1 (p-a)t! ) k #(k)
9di= Y g [N @+ 00| <
max{||Da+fHL ) D, fH (lab } b—a) v+
1 1 ) (45)
rw (v+;)(p(v—1)+1)ﬁ 2"
iii) if f®) (a) = f® (b) =0, for all k= 0,1,...,n — 1, we obtain
/bf( )d ‘< maX{HDt‘l’JerLq([ ‘ b= fH ([a,b } b— Cl)erll’ (46)
X)dx| = )
a re) <V+%)(p(vfl)+1)l_l’ 2V~
which is a sharp inequality,
iv) more generally, for j =0,1,2,...., N € N, it holds
1 b—a\"! St 1 (k) k k1 (k)
L/f Y (550) @ e )
max{u%fm T 2 T PN ]
ql HLq{[f’bD (bNa) [jv+;+(N—j)”F}, (47)
I'(v) <v+;)(p(vfl)+1)n
v)if f9 (a) = fO (b) =0,k =1,....n— 1, from (47) we get:
b b—
[ s (M5 )@+ s )| <
maX{HDX+fHL ([a,b])”BZ*fH } bh—a\"ts ; ;
- — ( N“) =) 48)
rv(ved) -1+
for j=0,1,2,....N,
vi) when N =2 and j =1, (48) turns to
b b—
rwar- ("3 @) <
D) .\ID; vl
{H fHL beLq([a,b])} (b—a)"» 49)
1 v_1
F(v)(v+;)( (v—1)+1)7 2"

We need
Definition 3.(/8]) Let a,b € R. The left conformable fractional derivative starting from a of a function f : [a,) — R of
order O < o0 < 1 is defined by

fr+et—a)' )= r)

(Taf) (1) = lim - (50)
If (T4f) (¢) exists on (a,b), then
(T.f) (a) = lim (T f) (2). 5D

t—a+

@© 2022 NSP
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The right conformable fractional derivative of order 0 < o < 1| terminating at b of f : (—oo,b] — R is defined by

fr+e®=0"") =10

(47/) () = —tim . (52
If (T ) (t) exists on (a,b), then
(47r) @) = tim (477) @). (53)
Note that if f is differentiable then
(Tef) (0 =(=a)* f (1), (54)
and
(b)) ==-0"" 1) (55)

In the higher order case we can generalize things as follows:
Definition 4.(/8]) Let o € (n,n+ 1], and set B = o« — n. Then, the left conformable fractional derivative starting from a
of a function f : [a,%) — R of order o, where f\") (1) exists, is defined by
(Tef) () = (T3 (), (56)

The right conformable fractional derivative of order & terminating at b of f : (—eo,b] — R, where f () (t) exists, is defined
by

(4r) ) = =0 (™) ). (57)

Ifa=n+1then =1 andTZHf:f(”“),
If nis odd, then ZHTf = ff(”H), and if n is even, then rthle = f(”“)_
Whenn =0 (or a € (0,1]), then B = @, and (56), (57) collapse to (50), (52), respectively.

We need
Remark.([9]) We notice the following: let & € (n,n+ 1] and f € C"*' ([a,b]),n €N. Then (B :=a —n,0< B < 1)

(T8 () () = (T5) (6) = (v =)' P 100 (), (58)
and
(LT(n) @ = (0 ((Tr™) (x) =
() D B0 P ) = ()" -0 TP (). (59)
Consequently we get that
(T8 (M) ), (4T() () € C(la,b])
Furthermore it is obvious that
(T& (M) (@) = (4T()) ) =, (60)
when 0 < f8 < 1,i.e. when o € (n,n+1).
We mention the following Conformable fractional Iyengar type inequalities:

Theorem 8.(/10]) Let o € (n,n+ 1] and f € C""' ([a,b]), n €N; B = a —n. Then

i)
b n 1
‘/a f(l)dt—];)(k+1)' |:f(k) (Cl) (Z_a)k+1 +(_1)kf(k) (b) (b_z)k+1:| <
I (B)max { [T¢ ()l o) 16T ()]
{ F(ai;]) H - ’b]} [(z—a)““+(b—z)°‘“], 61)

@© 2022 NSP
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Vz€la,b],

i) at z = 42

, the right hand side of (61) is minimized, and we get:

NS
e @ 0 o)

<

r (ﬁ)maX{IIT?x Mg 15T Do } (5 — )

I'(a+2) 00 (62)
iii) assuming % (a) = f® (b) = 0, for k=0, 1,...,n, we obtain
b T (Bymax 3 [T (Nl o) s 16T ) leo o 1 (6 — a)*!
R e
which is a sharp inequality,
iv) more generally, for j =0,1,2,.... N € N, it holds
b—ua k+1
(k) dtl o vk (k) k1
=Y () PP @F e e
r(/s)max{nTz(f)nm,[a,b],HzT<f>||m,[ayb]} b—a\ ¥ [ -
v) if O (a) = fO (b) =0, k = 1,...,n, from (64) we get:
b b—a\,. .
[[rwa- (50 v @+ v o) <
) max (T Do 1T O o} (a1
T2 < - > =, (65)
j=0,1,2,...,N,
vi) when N =2 and j =1, (65) turns to
b b—
[rwar- (23 @+ s <
T (B)max { T ()l [ET e} (b — 2y “

I'la+2) 20
We mention L, conformable fractional Iyengar inequalities:

Theorem 9.(/10]) Let & € (n,n+1] and f € C"*' ([a,b]), n € N; B = o —n. Let also py,py,p3 > 1 : % + é + % =1,
with § > % + % Then

i)
/f k+1) {f(k)(a)(z_a)lwrl+(_])kf(k)(b)(b_z)k+l} <
max{uTz( s BTN, 0 o
P (pint D7 (pa(B— 1)+ 17 (a4 1)
[(z—a)a+ﬂll+1’|2+(b— s +1,2]7
© 2022 NSP
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Vz€la,b],
ii)at z = “+b , the right hand side of (67) is minimized, and we get:
(b—a)*" 1w k (k)
— <
k+1) o [FY @+ (D9 ()] | <
max{”T?x( P ps s [[aT ¢ )Hﬁs’[avb]} (b—a)™ 7% (68)
i 1 1 ’
W (pint DB (2B 1)+ 0% (a4 fr k) 24w
iii) assuming f®) (a) = f% (b) =0, for k=0, 1,...,n, we obtain
f y max{HTa( g BT Ol pyian} o a) 5% .
! T ) 1 ’
w (pint )P (2 (B= 1)+ )7 (kL) 2%
which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds
1 b—a k+1
() ¢ 1y vk (k) ke
Y () [PO@r e - ]|
max{||T‘&(f)Hm a,b] > ||b )Hp3,[a,b]}
— L L
n (pnt DT (pa (B = 1)+ 17 (et -+ 1)
oL+ L
(bN“> nr {J‘”‘*EHN ﬂ"‘***ﬂ, (70)
v)if f0 (a) = f®) (b) =0, k= 1,...,n, from (70) we get:
b b—a\,. .
rar- (250 ) i@+ V- )£ o) < a
max {8 () o [T s
L L
n(pin+ 17 (p2(B= 1)+ D)7 (a4 -+ )
b—a +1’I+_ + +_ o+ L
7 1P
<N> {J BN 2}’
for j=0,1,2,....N,
vi) when N =2 and j =1, (71) turns to
b b—a
| rwa—(52) @+ 1) <
max {IT% (s oo [T sy} (p—a)® 75 )
L L L :
! (pin+1)77 (p2 (B — 1)+ 1) <a+pil+pi2) 29773
We need
@© 2022 NSP
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Remark.We define the ball B(0,R) = {x € R : x| <R} CRM, N >2, R> 0, and the sphere
SV= {xeRY: |x|=1},

where |- is the Euclidean norm. Let d@ be the element of surface measure on S¥~! and

is the area of SV—!

For x € RN — {0} we can write uniquely x = r@, where r = |x| >0 and @ = 2 € S¥!, |o| = 1. Note that fB or) Ay =

wf\;\f is the Lebesgue measure on the ball, that is the volume of B (0,R), which exactly is Vol (B(0,R)) = F’E 22 Ij\]’

Following [11, pp. 149-150, exercise 6], and [12, pp. 87-88, Theorem 5.2.2] we can write for F : B(0,R) — R a

Lebesgue integrable function that
R
/ F(x)dx:/ (/ F(rw)r"’ldr> do, (73)
B(0,R) sN=1\Jo
and we use this formula a lot.

Typically here the function f : B(0,R) — R is radial; that is, there exists a function g such that f (x) = g(r), where
r=|x|,r €[0,R],Vx€B(0,R).

~—|

We need

Remark.Let the spherical shell A := B(0,R,) —B(0,R;), 0 <Ry < Ry, AC RN, N >2, x € A. Consider that f : A — R
is radial; that is, there exists g such that f(x) = g(r), r = |x|, r € [R1,Ry], V x € A. Here x can be written uniquely as
x=r®, wherer = |x| >0and ® = 7 € =1, see ([11], p. 149-150 and [2], p. 421), furthermore for F : A — R
a Lebesgue integrable function we have that

/AF()c)dx:/S}\Fl (/RTZF(ra))rN]dr) do. (74)

oy (RY —RY) _ x% (RY —RY)
N r&+1)

Here

Vol (A) =

(75)

In this article we derive multivariate fractional Iyengar type inequalities on the shell and ball of RY, N > 2, for radial
function. Our following results are based on the presented background results.

2 Main Results

In the rest of this article we consider the functions:

i) f : A — R which is radial, i.e. there exists g such that f (x) = g(r), r = |x|, r € [R1,Rz], ¥ x € A; where A is the
spherical shell A := B(0,R,) —B(0,R;),0 < Ry <Ry, ACRN, N >2, also

ii) f : B(0,R) — R which is radial, i.e. there exists g such that f (x) = g (r), where r = |x|, r € [0,R], V x € B(0,R);
where B (0, R) is the ball, B(0,R) CRN N >2 R > 0.

We will employ the related function / (s) := g (s) sV !, where s € [R1,Ry] or s € [0, R].

We present the following multivariate Caputo fractional Iyengar type inequalities:

Theorem 10.Let the radial f : A — R. Let v >0, n = [V], and h € AC" (|[Ry,R,]) (i.e. K"~V is absolutely continuous on
[R1,Ry]). We assume that DY h, Dy, _h € Le ([R1,R2]). Then

i)
[ T —

@© 2022 NSP
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21
(=1 n™ (Ry) (Ry — 1) <
} } r)
v v
art MY { HD*R‘h L ([R1 R2)) D 1 Lw([Rth])}
r %) r'(v+2)
(=R (R 1), (76)
Vite [R] ,RQ] s
ii)att = R‘erR2, the right hand side of (76) is minimized, and we get:
Rr—R k+1
[ £oray- s
(k+ 1)! 2
n¥
h% (Ry) + (= 1) n0 (Ry) <
[ } }F (%)
Ny maxy ||DYp h ,HD" _h }
n¥ {H Bl o)1 ey ) S (R — R (77)
F(%) I'(v+2) 2v-l ’
iii) if K0 (Ry) = h®) (Ry) = 0, for all k=0, 1,...,n — 1, we obtain
2
() dy} < :
r(3)
(RZ _RI)VJrl
maX{HDrthHLw([R,,Rz]) ’ ||D1‘$2*hHLw([R] ,Rz])} T(v+2)2v1’ (78)
which is a sharp inequality,
iv) more generally, for j =0,1,2,....N € N, it holds
/ d 1 R, — R, k+1
FO)dy— (k+ DAY
21
(7700 (Ry)+ (1) V= )0 (R)] } ST | <
r(3)
o o[t 50
2> UL ([R1Ry)) > La([RR))
r %) L(v+2)
Ry — R\ VT
(—ZN ‘) -, (79)
v) if RO (R)) = h®) (Ry)) =0, k=1,...,n— 1, from (79) we get:
Ry—R 2m?
2— Ry .
- [/h(R1) + (N = j) h(Ry)]
(%) @
DV HDV
< 2nt ™ { H wl Lo([R1R2)) wl Lw([RlaRZ])}
(%) I'(v+2)
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( 2N l> |:jv+1 (N J)v ]:| ’
j=0,1,2,...)N,

(80)
vi) when N =2 and j =1, (80) turns to

|/Af(y)dy(Ran)(h(Rth(Rz)) s

<
N f—
r(3)
max< ||DY, h Dy, _h
n? {H (o o)) TR quRl,Rzn} (Ry—R)"*!
N v—1 ) @1
r ( 5 ) I'(v+2) 2
vii) when 0 < v < 1, inequality (81) is again valid without any boundary conditions.
Proof.By Theorem 2 and (74). See in the 3. Appendix the general proving method in this article.
We give
Corollary 1.(to Theorem 10) Let the radial f : B(0,R) — R. Let v >0, n = [v]|, and h € AC" ([0,R]). We assume that
DYyh, D}_h € Lo ([0,R)). Then
i)
w1 (k) [ k1
dy— A (0)5 T 4
./(o,R) Y kgb(knLl)' { (0)
21
(=1 O (R) (R -1} } =75
r(3)
¥ maxy |[Dloh] |Dk-Al]
21?2 #0" | Lo ([0,R]) * 1 R="1 1| Lo ([0,R])
r® L (v+2)
[IVH n (R—t)VH} , (82)
Vrel0,R],
ii)att = §, the right hand side of (82) is minimized, and we get:
n—1 1 Rk+1
dv — - -
/B(O,R)f(y) Y {,(Z() (k+1)! 2k
P
[h<'<> (0) + (—1)F A (R)] } <
N f—
r(3)
4 max ||D" h|| HD" hH v+l
m?2 0" Lo ((0,R]) * I R="|Leo(jO.R])) f R (83)
1"(7%’) r'(v+2) 2v-1’
iii) if K0 (0) = K% (R) = 0, for all k =0,1,...,n — 1, we obtain
T
£0)) <
/B(O,R) r)
RV+1
\% \4
max { DAl o.x1) - 1Rl 0 R])} v (34)
which is a sharp inequality,
© 2022 NSP
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iv) more generally, for j =0,1,2,....N € N, it holds
n—1 k+1
1 R
dy — -
fron 002 55 (7)

k18 (@ 1R (N — R0 (R 21
[ R0 0+ (1) (V= ) ()}}F(%

2py Max { ||Dr0hHLw([O,R]) , HD;)?*hHLw([O,R])}
r (%) r(v+2)

<5>V+1 [jv+1 _‘_(N_j)VH} , (85)

0=

N
v) if 9 (0) =h® (R) =0, k=1,....n— 1, from (85) we get:
[ f 00~ (5) 0=
JB(O.R) VTN / r%)

2y ma‘x{HDXOhHLN([o,R])7 D;)?thLN([o,R])}
(%) rv+2)

<5>V+l [jVHJr(ij)VH}, (86)

j=0,1,2,....,N,
vi) when N =2 and j =1, (86) turns to

w=

T
/B ox) f(y)dy—Rh(R) I

IN

|

)

xt max ([P, o [OF-Hl oy } R )

r&) Ir'(v+2) V-1’

vii) when 0 < v < 1, inequality (87) is again valid without any boundary conditions.

Proof.Based on Theorem 10, just set there R; = 0, Ry = R, the assumptions now are on B (0,R), and use (73).

We continue with
Theorem 11.Let the radial f : A — R. Let v> 1, n= [V, and h € AC" ([R},R,]) (i.e. h"*~V) is absolutely continuous on
Ry ,il)ez]). We assume that Drth, Dl‘érh € Ly ([R1,Rz)). Then
' v ®) k1
./Af(Y)dy— {kZO S {h (R)(t—Ri)™ +

s ol g 17 )
2 ULy (R ,Ra)) 2 Li([R1.Ry])
r%) rv+1)

(1 =R)" + (Ry—1)"], (88)
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Vite [R[,Rz],
ii) when v = 1, from (88), we have

o1
Jo Oy =) = R)-+h(R) (Ro 1)) | <
21 ,
r%) Hh HL]([Rl,Rz]) (R —Ry), (89)
Vite [R[,Rz],
iii) from (89), we obtain (v =1 case)
’/Af(Y)dy—(Rz—Rl)(h(R1)+h(Rz))F(%) <
2
F(2 H HL] ([R1,R2)) (Ry—Ry), (90)

iv)att = @, Vv > 1, the right hand side of (88) is minimized, and we get:

(R _R)k+1
‘/f dy{ (k+1) —

1 R+ 0" R0)] } oy

IN

|=| NI=

T
r

) max { HD*R] HLl([IIil,(Ii/z]—)’j ‘J)Dl‘ézh’ Ll([Rl,Rz])} (R22:71§1)V | 91)

v) if O (R)) = k™) (Ry) =0, for all k=0, 1, ...,

olz| o=

n—1,v > 1, from (91) we obtain
1wl
r()

max { HDrthHLl([Rl,Rz]) ’

NIZ

(R, —Ry)"
Moo} Ty T2 ©2)

which is a sharp inequality,
vi) more generally, for j =0,1,2,....N € N, it holds

[rom-{E e (552

B8 R+ (- DF V= 0O (Ro) |} &
max { HDrthHLI([Rl,Rz]) ’

h }
Ll([RlaRZ])

(Rz;]Rl)v [+ (v=0)"], ©93)

=

v

27 Ry—

r

D=
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vii) if K% (R)) = h®) (Ry) =0, k = 1,...,n — 1, from (93) we get:

Ry — R, . .
‘/Af(y)dy< W) U R)-+ V(R

¢ ol 1)
2 VL (R Ro)) 2 Li([R1,R2])

- 21
() rv+1)
Ry—R\"
(%) [+ W=, (94)
j=0,1,2,...,N,
viii) when N =2 and j =1, (94) turns to
3
dy—(Ry—Ry) (h(Ry)+h(R <
Ji )= (ke = R0) (1R b (2)) | <
DY DY
n? maX{H ' Li([R1.R,)) thHu([Rl,Rzn}(Rle)v (95)
r%) r(v+1) v-2

Proof.By Theorem 3 and (74). See in the 3. Appendix the general proving method in this article.

We give

Corollary 2.(to Theorem 11) Let the radial f : B(0,R) — R. Let v > 1, n = [V], and h € AC" ([0,R]). We assume that
DYyh, Dj_h € Ly ([0,R]). Then

i)
n—1 1
dv — h(k) 0 k+1
/mefy g {kzb(kﬂ)'[ O
(_l)kh(k) (R)(R_t)k+1:|} 277"%
r(3)|~
2t max {12 oy 10% ey oy}
r%) r'(v+1)
[tV +(R—1)"], (96)
Vit el0,R],
ii) when v = 1, from (96), we have
o %)
dy—h(R)(R— <
Jrony 01 =h ) (R=0) s | <
N
Sk R, 97)

@ Hh/HL.([o,R])

vVt e[0,R],
iii) from (97), we obtain (v =1 case)
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N
2wz,
= Lo m) R (98)
I (7) 1([0.R])
iv)att = §, Vv > 1, the right hand side of (96) is minimized, and we get:

& (k1) 2k

n—1 1 Rk+1
/B(O,R)f(y) i { L

max { 1DYoh |, 0.1 > PRl 0 R])} RY

%
r) r'(v+1)

v) if k%) (0) = kK (R) = 0, for all k

e (99)
0,1,....n—1, from (99) we obtain

/ f(y)dy‘ < Z
B(O.R)

RV
max{HDl’ohHL,([o,R]) ; HDl‘é*hHLl([O,R])} W,
which is a sharp inequality.

(100)
vi) more generally, for j =0,1,2,....N € N, it holds

/B(o,mf(y)dy{"z] 1 '<§)k+l

=

2
[0 0) + (—D* (v = 0 ()| } F’(})
2
max { HD::OhHL] ([0.R]) * ||D1ve—h||L1([o,R])}
I'(v+1)

(5) =01,

vii) if A% (0) = kO (R) =0, k= 1,...,n — 1, from (101) we get:

<

(101)

R 271'%

dy— (=) (N=j)r(R
/B(O,R)f(y) Y (N)( DA )F(%)
- 272 max{"D¥0h||Ll([0,R])’||D1‘$*hHL1([OR])}

~r®) r(v+1)

R \%
(N) [+ =0T,

j=0,1,2,...,N,

(102)
viii) when N =2 and j =1, (102) turns to

/ f(y)dy—Rh(R) S
B(0,R)

T maX{HDrohHLl([o,R})’HDIve—hHLI([OR})} RY
r ) r(v+1) V-2

(103)
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Proof.Based on Theorem 11, just set there R; = 0, Ry = R, the assumptions now are on B (0,R), and use (73).

We continue with

Theorem 12.Let the radial f : A — R, and p,q > 1: %—i—% =1,v> é. Letn=[v], and h € AC" ([Ry,R;]) (i.e. K1) is

absolutely continuous on [Ry,R,]). We assume that D}p h, Dy, _h € Ly ([R1,R2]). Then
i)

n—1 1
‘/Af(Y)dy— {kz(,)m [h(k) (Ri) (r—R) '+

N
2m2
(=1 RN (Ry) (Ry — )" <
e
\% v
2n? maX{HD*R‘h (R ra)) [ Lun],Rz])}
r(%) rv)(v+1) (pv=1+1ys
(=R 7+ (Re=1) 7], (104)

Vite [R] ,RQ] s
ii)att = @, the right hand side of (104) is minimized, and we get:

1 (R _R )kJrl
‘/f { T

[ (R) + (=1 (Ry)] | =

w=

<

—
S
N

Vv
Ry —

max-< |[DYy h ) ’

{H R Ry &) quR],Rz])}(Rz—Rl)””
X I v-1-1
F(V)<V+;)(P(V*1)+1)” 2

iii) if K% (Ry) = h®) (Ry) = 0, for all k=0, 1,...,n — 1, we obtain
N
T2

‘/f dy‘ r¥)2-i

max { D%, Al iy ) HDIV?z*h||Lq<[R1,Rz]>} '

>
: (105)
r(3)

1
(R2 7R[)V+E

F(v)(v+;)(p(v—1)+1)7')’

(106)

which is a sharp inequality,
iv) more generally, for j =0,1,2,....N € N, it holds

‘/f . { (k+1) (Rzz;Rl)kH

|:jk+1h(k) (Ry) + (— 1 (N — j)E 1 50 (Rz)] } 27
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v
DR27

max { HDL’R h }
! Ly([Ry,R>])

) ry)(v+i)(pr-1+1p

1
Ry—R\ "7 [yt 1
< N l) -, (107)

=

2n Ly([Ri,Ra))

r(

)=

v) if B (R)) = h®) (Ry) = 0, k=1,...,n — 1, from (107) we get:

=

Ry, — R . .
|/Af(y)dy< W) U+ V(R

14
Ry —

©=

21
I

%
maX{HD*th Lq([RlﬁRz]y Ly([Ry aRZ])}

) rm (v pv-1+1)

1
Ro—R\"7 1 Avd
< 5 ) =] (108)

<

w|=

j=0,1,2,....,N,
vi) when N =2 and j =1, (108) turns to

’/Af(ywy—(RZ—R1><h<R1>+h<Rz>>F(§)

\4
szh

ma DYy, h , 1
X{H R L, (R Ro)) H Lunthn}(Ran)”P (109)

) rv) (v+;) (p(v—1)+1)7 vl-g

vii) when 1/q < v <1, inequality (109) is again valid without any boundary conditions.

olz| v=

i

Proof.By Theorem 4 and (74). See in the 3. Appendix the general proving method in this article.
We give

Corollary 3.(to Theorem 12) Let the radial f : B(0,R) = R. Let v >0, n=[v], and h € AC"([0,R]); p,g > 1: 5 + 1 =1,
V> é. We assume that DYyh, Dy_h € Ly ([0,R]). Then

i)
n—1 1
o R R (9] k+1
/B(O,R)f(y)dy {kzo(kﬂ)! (1) (0) ¢+
Zn%
(= 1) %) (R) (R — 1) <
e
2t max {[[D%h o IRl o) }
= 1 : (110)
FG) rw(v+d)erv-n+nr
|:tv+%+(R_t)V+l—l,:|,
Vte[0,R],

ii)att = §, the right hand side of (110) is minimized, and we get:

n—1 1 Rk+1

./B(O,R)f(y)dyi {kZO (k+1)! 2t
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o
[h<k> (0)+ (=1 a (R) } } -
re|-
i
o5 max {105, o) IR0y} RV a1
N 1 -1
PG ro(v+d)ev-n+nr 27"
iii) if k% (0) = h®) (R) = 0, for all k = 0,1,...,n — 1, we obtain
P
F) dy} S T
_1-1
B(0,R) In (%) 2V 7
i
RV+5
max {IDYoh ., 0. [ k-] } , (112)
(0K Lall0R) (v) (v+% (p(v—1)+ 1)%
which is a sharp inequality.

iv) more generally, for j =0,1,2,....N € N, it holds

/B(O,R)f(y)dJ’{nz:l 1 ' <R>k+1

k+1h(k) 0)+ (-1 k N— k+lh(k) R 27‘[% <
[ O+ (=1 = B }

2t maxd D%, oy IRl oy
r(3)

rv) <V+;) (p(v71)+1)717

1
R\ Ppr 1 1
(N) =]

v) if k) (0) = h® (R)

(113)
=0,k=1,....,n—1,from (113) we get:
N
R 2m2
dy— N—j)h(R
/B(O’R)f(y) y (N)( J) ()F(%)
2t maX{HDrohHLq([o,R])v k- o,R])}
SF N 1 1
7 T (vei) -1+
R\"H7 v+ v+l
(N) [+ = e, (114)
j=0,1,2,...N

vi) when N =2 and j =1, (114) turns to

=

/ £()dy—Rh(R) —
B(0.R)

rml=

2=

)
ax { ||Dr0h||Lq([O,R]) ; HD;)?*hHLq([O,R } RVt

e
’ (115)
TG ro(v+i)ev-n+yr 27

vii) when 1/q < v <1, inequality (115) is again valid without any boundary conditions
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Proof:Based on Theorem 12, just set there R; = 0, Ry = R, the assumptions now are on B (0,R), and use (73).

We continue with multivariate Canavati type fractional Iyengar type inequalities:

Theorem 13.Let the radial f : A — R. Let v > 1, n=[v], and h € Cy , ([R1,Ra]) NC¥,_ ([R1,Ry]). Then

k=0

i)
n—1
A (y)dy{z k—:l)! {h(k)(Rl)(tle)kHﬁL

(=DA% (Ra) (R — 1) 1]} 1_27([;)

DY hH
Rao- o,[R1,R;]

{HDRI+ H JR1R:]

o M
r&) rv+2)
{(I_RI)VH +(Rz—t)”'}, (116)

Vite [R[ ,Rz] ,
ii)att = @, the right hand side of (116) is minimized, and we get:

(R R )k+l
‘/f dy{ (k+1) —

N
T2
1 R+ 00 )] } oy | <
2
-V
x max{HDRl*hva[Rth]’ DthHoo,[Rl,Rz]} (Ry—Ry)""! (117)
(%) L (v+2) v
iii) if KM (Ry) = h®) (Ry) = 0, for all k =0, 1,...,n — 1, we obtain
N
T2
'/f dy‘ M)
2
—v (RZ_RI)V+I
maX{HD}élJthw,[R],Rz]’HDR2hHm[Rl R2]}W, (118)

which is a sharp inequality,
iv) more generally, for j =0,1,2,....N € N, it holds

o\ ke
|/f e { ()

00 )+ v e} 2| <
2
e N L
r (%) (v+2)
(Rz;}R1)v+l [jv+l +(N—j)v+]}, (119)
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NS ¥ 23
v) if R (R)) = h®) (Ry) =0, k=1,...,n — 1, from (119) we get:
N
Ry—Ry\ ;. . 22
dy— h(R1)+(N—j)h(R
}/Af(y) v (B e 6 i) 2
Dk g [P
2”% maX{H Rﬁh o,[R1,Ry)’ Ro " 0,[R1,Ry]
S 7N
r(3) r(v+2)
Ry—R\""'r 4 AV
(T) = (120)
j=0,1,2,....N,
vi) when N =2 and j =1, (120) turns to
nr
[ £0)dy= (R =R) (h(R) + (R2)) 2| <
| A r(3)
Dk g [P
Y max{H Ry w(RLR] R,—N w [RURY (szRl)VH 1)
r%) r'(v+2) v-1
Proof.By Theorem 5 and (74). See in the 3. Appendix the general proving method in this article.

We give

Corollary 4.(to Theorem 13) Let the radial f : B(0,R) — R. Let v > 1, n=[v], and h € Cy, ([0,R]) "Cy_ ([0, R]). Then
i)

n—1 1 .
/B(OyR)f(y) dy — {Z m [h(k) (0) <14

k=0
27r¥
(1A% (R) (R— 1) <
Iy
S { N A .
r(%) r(v+2) '
[t”' + (R—t)”'} : (122)
Vte[0,R],
ii)att = %,

the right hand side of (122) is minimized, and we get:

[W (0) + (—1)kn® (R)} } ”

r(3)

- max{HD(‘)’Jthw,[o,R]’ Bthm,[O,R]}RVH

12
() F(v+2) T (129
iii) if k% (0) = h®) (R) = 0, for all k = 0,1,...,n — 1, we obtain

o= NIz

N
2

T
IIRCCE e
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D). h Dy h __R 124
max P8l o [P ) T p T (124)

which is a sharp inequality.
iv) more generally, for j =0,1,2,....N € N, it holds

n—1 1 R k+1
B(O,R)f(y)dyi {kz;) (k+1)! <ﬁ)

N
, . 212
T ) (D= ) RO (R) | GIE
2
N R o .
r) r(v+2)
R\'! V1 AV
(ﬁ) = (125)
v) if k% (0) =h® (R) =0, k=1,...,n — 1, from (125) we get:
N
R 27?2
dy— (= )(N—j)h(R
/B(O!R)f(y) y (N)( J) ()F(%)
ot ™ {108 (PR )
< 126
() r'(v+2) (126)
R v v+1 v+1
(5) [roew-pm).
j=0,1,2,...N,
vi)when N =2 and j =1, (126) turns to
N
F)dy—Rh(R) = | <
B(O.R) r&)|—
y max{HD(‘)’+hHm [P, }Rm
. 127
r&) F(v+2) 2v-1 (127
ProofBased on Theorem 13, just set there R = 0, R, = R, the assumptions now are on B (0, R), and use (73).
We continue with
The.())rem 14.Let the radial f :A —R. Let v>1,n=[v], and h € Ck, + ([R1,R2]) N Ck, _ ([R1,R2]). Then
i
n—1 1
[0ty =3 % s (1 ) =)+
A = (
2y
(=1 h® (Ry) (Ry — 1)+ <
Hr(g)
y max< ||D) . h . \IDy ,hH }
2m3 {H Rt ry g IRl (rra]) S (128)
r® rv+1)
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[(t—R1)"+(Ry—1)"],

Vte [RI,RQ],
ii) when v =1, from (128), we have
N
' 2r2
[ 7Oy =T (R) (0= R0+ h(R) (R 1)) = | <
A r(3)
N
2m2 ,
F(%) Hh HL,([R],RZ]) (R2—R1), (129)
Vite [R],RQ],
iii) from (129), we obtain (v = 1 case)
¥
dy—(Ry—R;)(h(R h(R <
Jo )= (Ro =R 1 1)+ (R)) | <
N
22,
F(%) Hh HL,([R],RZ]) (R2—R1), (130)
iv)att = @, Vv > 1, the right hand side of (128) is minimized, and we get:
n—1 1 (Rz_Rl)kJrl
dv —
|/Af(y) Y {kzg)(kﬂ)z o
nr
A0 (Ry) + (1) A0 (Ry) | } < | <
[ Hr (%)
¥ max< ||DY% hH . |\IDx JzH }
n3 {‘ R (R Ry R~y 1Ry o) (Ry—Ry)" (131)
r%) r(v+1) V-2 7
v) if B (R)) = h®) (Ry) =0, for allk =0,1,....n— 1, v > 1, from (131) we obtain
¥
dy| < .
[roa|< f
v =V (RZ_RI)V
max { ||DR1+hHL|([R|-,Rz]) ’ } DthHLl([Rl,Rz])} r(v+1)2v-2’ (132)
which is a sharp inequality,
vi) more generally, for j =0,1,2,....N € N, it holds
n—1 1 RZ_RI k+1
dy—
}/Af(y) Y {kzo(kﬂ)! ( N )
ot
[T R+ (=0 (V= R (Ry) | 5 GIE
2
D}, Dy
2 maX{H R1+hHL1([R1,R2})’ thHLl([Rl,Rz])}
r(3) L(v+1)
Ry—R\"
( z 1) Y+ IN=))"], (133)
N
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vii) if R (R)) = h®) (Ry) = 0, k = 1,...,n — 1, from (133) we get:

N
Ry—Ry\ .. ) 22
dy — h(R)+ (N~ j)h(R
fororas— (B ) e+ - a) s
v -V
2% max{HDRl+hHLl<[Rl,Rz]>’ DR2hHL.<[R.,R2])}
S N
r ) T(v+1)
Ry —Ri\" [, Y’
( N ) IEIUEME (134)

j=0,1,2,...,N,
viii) when N =2 and j =1, (134) turns to

‘/Af(y)dy(Ran)(h(Rth(Rz))F(%)

e { HD’V*'*h Li([R1.R))’ HE;ZhHu([RthD} (R, —Ry)"
) C(v+1) ov-2

(135)

olz| v=

x

Proof.By Theorem 6 and (74). See in the 3. Appendix the general proving method in this article.

We give
Corollary 5.(to Theorem 14) Let the radial f : B(0,R) — R. Let v > 1, n = [v], and h € Cy, ([0,R]) "Cy_ ([0, R]). Then
i)
n—1 1
dy— —— |a® (0) 1+
/B(O,R)f(y) y {kzo ) [ (0)
o
(=1 n™ (R) (R—1)**! <
]}F (%)
y max? || DY, A Dy
212 0+ 1Ly ([0,R]) * || 7R~ L ([0.R]) .
r%) rv+1)
[tV +(R—1)"], (136)
Vrel0,R],
ii) when v = 1, from (136), we have
o
f()dy—h(R)(R—1) <
/B(O,R) r%)
N
22
1 o a3
Ve [0,R],
iii) from (137), we obtain (v = 1 case)
T2
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27t2
£ 17 ¥ o

iv)att = %, Vv > 1, the right hand side of (136) is minimized, and we get:

— Rk
/B(O,R) Z k+ 1) 2k

R,

v 4
oy M { ||D0+h||L|([0~,R]) ' HDRhHL]([O,R])} RY
r%) r(v+1) 2v-2’

v) if K% (0) = h® (R) =0, for all k= 0,1,....,n— 1, v > 1, from (139) we obtain

N
T2

r(

fo >dy\

JB(0.R)

)

N
2
maX{HD(\)’JthL]([O,R]) }F v+1 V-2

which is a sharp inequality.
vi) more generally, for j =0,1,2,....N € N, it holds

/B(O,R)f()’)dy— {nzl (kil)! (g)kﬂ

=V
et 108 oy (PR  )
r (%) L(v+1)

(£) br+ov-i.

vii) if k%) (0) = h® (R) =0, k=1,...,n — 1, from (141) we get:

4
opy Max { HD(\)’JthLl([O,R]) ’ hHLl([o,R])}
) T

j=0,1,2,....N,
viii) when N =2 and j = 1, (142) turns to

=

b0 f(y)dy—Rh(R) I

IN

[

(138)

(139)

(140)

(141)

(142)
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-V
n? max{HD‘wH“([‘)’Rﬂ’HDRh Lluoykb} RY 143
(@ r(v+1) 22 (149

Proof:Based on Theorem 14, just set there R; = 0, Ry = R, the assumptions now are on B (0,R), and use (73).
‘We continue with

Theorem 15.Let the radial f :A —R. Let v>1,n=[v],and h € Cr,+ ([R1,R2])NCg,_([R1,Ry]). Here p,g>1: 141
1. Then

i)
n—1 1
_ (k) _ k+1
‘/Af(y)dy {kz()i(kle)! (1) (Ry) (1= R+
277.'%
(=1 h™) (Ry) (Ry — 1)+
S HF(%)
2 ma"{HD'vH quRhRm’} ro-l quRl,RQJ)},
r(z) F(v)(v+%)(l’("—1)+1)%
(=R + (Ra =) 7] (144)
VtE[Rl,RZ],

ii)att = @, the right hand side of (144) is minimized, and we get:

- n—1 _ k+1
|./Af(y)dy{z -

= (k+1)! 2k

N
Tz
19 (R0)+ (=D K (R)] } = UIE
2
v =V
> maX{HDRlJrh L,,([R.,Rz])’HDRFh Lq([R],Rz])} (RZ—RI)"*Tl)
r(5

, (145)
) I'(v) (v+%) (p(vfl)Jrl)?I’ 214
iii) if k% (Ry) = h®) (Ry) = 0, for all k=0, 1,...,n — 1, we obtain

=

T
‘/Af()’>d)" < W'

max { ||D1‘$l+h||LLI([R|aR2]) ’ ’ Bi‘ézhHLq([R].Rz])} .

(R R)" : (146)
r(v) (v+%) (p(v—1+1)7»

which is a sharp inequality,
iv) more generally, for j =0,1,2,....N € N, it holds

|/4f(y)dy {nz:l (k_:l)! <R2R1)k+1

k=0 N
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[0 (R 4+ (1) V= R (R} (%)
2

Dy, h

max< ||[DY%  h
{H far Lun],Rz])}

) rev)(v+1) (pv-1+1y

=

2n Ly([Ri,Ra))

I (

)=

1
Ry—R\""r 1 1
( 2N ]> [jw,, (N j)w,,}, (147

v) if B (R)) = h®) (Ry) = 0, k=1,...,n — 1, from (147) we get:

Vv

2% maX{HDRl+ Ly([Ri.Ro])’ Dro-h Lq([Rth])}
S N T
r(3) ry)(v+d)pv=1+17
1
Ro—Ri\""rryi1 Avtd
( 5 > [ =) ] (148)
j=0,1,2,....N,
vi) when N =2 and j =1, (148) turns to
3
dy— (R —R;)(h(R h(R <
Jo )= (o= R () +h(R)) | <
DY . h Dy 1
n? maX{H v Lq([RlvRﬂ)} fo Lunl,Rzn}(Rle)”v (149)
r(%) r(v) (v+%)(p(v—1)+1)% 213

Proof.By Theorem 7 and (74). See in the 3. Appendix the general proving method in this article.

We give

Corollary 6.(to Theorem 15) Let the radial f : B(0,R) — R. Let v> 1, n=[v], and h € Cy, ([0,R]) NCg_([0,R]). Here
p,q>1:%+$:1. Then
i)

=

maX{||DE)/+hHLq([O,R]) ’ HB;hHLq([OaR])} .

) ) <V+%)(p(vfl)+1)]ﬁ

21
I (

(150)

)=

[tv+% + (R*t)v+%i| ,

Vit el0,R],
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ii)att = g, the right hand side of (150) is minimized, and we get:

n—1 1 Rk+l
/B(O,R)f(y) e { LG o

S (k1) 2k

(19 (0)+ (-1 n (R)] } %

y max { HD5+hHLq([o,R]> ’ "B’v*h"Lq([o,R])} R

) rm(vei) -1+
iii) if k% (0) = h®) (R) = 0, for all k=0, 1,...,n — 1, we obtain

o= NIz

1
V+E

i

~[=Z

<=

o (151)

[ o] 2
B(O,R) F(

max { ||D(V>+h||Lq([o,R}) ’

which is a sharp inequality,

iv) more generally, for j =0,1,2,....N € N, it holds

)

] T (152)
D (pv—1)+1)7

/B(O,R)f(y)d}’{nzl 1 ' <R>k+l

0 )+ (-1 V= )]} 2
o1 maX{HD("’*hHLq([O,RD’ Bl‘;hHLq([O,R])}
ry)(v+) (pv=1+1y

v+l
(%) e

(153)
v) if k% (0) =h® (R) =0, k=1,....,n — 1, from (153) we get:

/B(O,R)f(y)dyf (ff) (N— j)h(R) 21

=Y
e e X .

ry)(v+i) -1+

+3
() o).
j=0,1,2,...,N,

(154)
vi) when N =2 and j =1, (154) turns to
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- aX{HDE)/thHLq([OR hH } RV*P
r(3) F(v)(v+%)(p(v—1)+1)
Proof.Based on Theorem 15, just set there Ry =0, R,

o= NIz

-
Vg

== O

If g € C"* ([R1,R,]), 0 < Ry < Ry, then h(s) = g (s)s" ' € C"* ([R1,R,]), n €N, N > 2.
Next we present multivariate Conformable fractional Iyengar type inequalities

Theorem 16.Let o € (n,n+ 1] and g € C""' ([R1,R,]), 0 < Ry < Ry, n € N; B = a—n. Then
i)

{i K1) [ (R1) (z— R +

kO

&0y

r%) I'(0+2)

)

G

{(Z—R1)a+1 + (R, —Z)‘Hl} 7

Vze [R[,RQ],
i) at z = 213k

, the right hand side of (156) is minimized, and we get:

(R _R )k+1
‘/f dy{ (k+1) —

1 R+ (0" (R)] |

=

<

[

)

Ry
> F(ﬁ)max{ Hm,[RI,RQ]’ aT(h)Hm,[Rl,RQ]} (szRl)‘H]
r (Y I'(a+2) 20-1
iii) if k%) (Ry) = h'®) (Ry) = 0, for all k=0, 1,...,n, we obtain
%
Jronl<rg
r(%)
Ry
rma{ [, o JErm], b e g
r'(a+2) 20—

which is a sharp inequality,
iv) more generally, for j =0,1,2,....N € N, it holds

‘/Af(y)dy— {kzo (k+11)! (RZJIIRI)HI

|:]’l(k) (Rl)jk+1 + (*1)kh(k) (RZ) (N*j)k+l} } 1—2‘77.'

=

<

—
[
N

= R, the assumptions now are on B(0,R), and use (73).

(155)

(156)

(157)

(158)
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32 NS e
R Ry
ot TOm ([T ]_  JET0] )
F(%) I'(a+2)
- a+1
(RQNR|> |:ja+1+(N7j)Ot+1:| , (159)

v) if K% (R)) = h®) (Ry) = 0, k = 1,...,n, from (159) we get:

=

‘/Af(y)dy— (P ) U+ v ik 2

R Ry
s T ([l o], )
<
—r(%) I(a+2)
Ry—R\*"r o ot
(T) e =) (160)
j=0,1,2,...,N,
vi) when N =2 and j =1, (160) turns to
3
dy— (R, —Ry) (h(R h(R <
}/Aﬂy) = (R = Ro) ((R) + 1 (Ra)) s | <
R Ry
I ) Y - XT3 [ e -
r%) I'(a+2) 20-1

Proof.By Theorem 8 and as in our other multivariate results.

‘We continue with

Corollary 7.Let o € (n,n+ 1] and g € C"*' ([0,R]), R >0, n € N; B = &t — n. Then

i)
L 1
dv — - h(k) 0 k+1
/B(O’R)f(y) y {,;)(k+1)![ (0)2" +
2
(—1) % (R) (R— 2|V 2| <
”F o
2t F(ﬁ)max{HTg (h)Hm,[o,R]7 gT(h)Hoo,[o,R]}
r %) I'la+2)
[z"‘“ + (R—z)““} , (162)
Vze€[0,R],
ii)atz = §, the right hand side of (162) is minimized, and we get:
n 1 Rk+1
dv — - =
/B(O,R)f(y) Y {kzg)(k—i-l)! 2k
7
A0 (0)+ (=1 ™ (R) <
[ Hr(g)
© 2022 NSP
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2t TBmax{ T 0] o 5T o} R e
r%) I'(a+2) 2017
iii) assuming h*®) (0) = h®) (R) = 0, for all k = 0, 1,...,n, we obtain
nr
dy| < .
o 0] < 15
£ (g {19 0|57} o e
I'(ot+2) 2017
which is a sharp inequality.
iv) more generally, for j =0,1,2,....N € N, it holds
i <R)k+l
(OR) = ( k+1
k i ko (k il 272
OO F O RN} Fa | <
2
27 F(ﬁ)maX{HTO (h) I O,R]}
r %) I'la+2)
R ot oa+1 No+1
(N) ot =) (165)
v) if K% (0) = kO (R) =0, k = 1,...,n, from (165) we get:
R 21
dy— (=) (N—j)h(R
fre 7005 () -1 ®
- 27 F(ﬁ)maX{HTO (h) h)Hoo,[o,R]}
(%) r'(oe+2)
R ot o+1 No+1
) 166
j=0,1,2,...,N,
vi) when N =2 and j =1, (166) turns to
N
£ (5)dy = Rh(R) =5~ | <
B(O.R) Y rg|—
2t TBmax{ TS0 o 5T o} RE1 e
r%) I'(a+2) 20-17

Proof.By Theorem 16, just set there Ry = 0, Ry = R, the assumptions now are on B (0, R), and use (73).

We continue with L, results.
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Theorem 17.Let o € (n,n+1]and g € C"*' ([R1,R2]), 0 < Ry < Ro, n€N; B = ot —n. Let also py,pa,p3 > 1:

1
1 . 1 1 p TR
E:l,wzthﬁ>E+E.Then

i)
n
1
dv— h(k) R —R k+1
[ £o)ay {kzo(kﬂ)![ (R)) (=R +
o1
(=1 hY (Ry) (Ry — 2)*
Hr(%)
max < || T (h ||R2 }
27’ {‘ a () p3lRiRy 1% ) Py[RIR )
N 1 1
C(2) nt(pin+ 17 (g (B—1)+1)72 (a+i+2)
1 1 1 1
|:(ZR])a+p'+pz+(RZZ)a+p'+pz:|7 (168)
VZG[R],Rz],
ii)atz = w, the right hand side of (168) is minimized, and we get:
/f 1 (RQ*R[)kJrl
= O(k—H) 2k
x
A% (Ry) + (—1) h0) (Ry) <
{ ”F(g)
max < | TR (1 AR (n } 1
7[% {‘ a P3:[R1,R?] “ ()p3a[R|aR2] (RZ_RI) +p2 (169)
N 1 _1-L ?
TG mpint D7 (2 (8- D)+ 1) (@t L+L) 2977
iii) assuming h'® (Ry) = h'®) (Ry) =0, for all k =0, 1, ..., n, we obtain
N
T2
fros|<7
r()
max < | TR (1 AR (0 } 1
{’ a ( P3,[R1,Ry] “ )P3,[R|-,R2] (RZ_RI)OCJr Mg (170)
T T 1 J
nl (pin+1)7 (py (B —1)+1)72 (a+%+é) 2% 17 ;
which is a sharp inequality,
iv) more generally, for j =0,1,2,....N € N, it holds
. n 1 R2R1>k+l
dy —
‘./Af(y) Y {kz()(kJrl)!( N
2
h(k) (Rl)]k+l+( 1)kh(k)(R2)(N J)kJrl <
[ ”r(g)
max < | TR (1 ,R2 h }
27[% {’ a (h) P3:[R1,Ry] * ) P3:[R1,R2]
r&) ., -+ o~ 11
2) nt(pra+ )77 (p2(B=1)+1)7 (o -+ L)
Ry— R\ % ot L
( zN 1) TR []+ +,,2+(N )+ +-L ]7 (171
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v) if B (R)) = h®) (Ry) = 0, k= 1,...,n, from (171) we get:
: Ry —R 2m%
2 — Ix] . .
[ 1o YR+ (4 )R] 27
}-A r(z)
R Ry
N max h o T (R
< 2 { a (1) p3RiRo) I #) PSv[RlvRﬂ}
N L
TG) mt(pint )P (p2 (B~ 1)+ 17 (@t -+ 1)
oL 4L
(Rz;lRl) e {J“h}ﬁEHN )‘“pﬁpz}, (172)
j=0,1,2,...,N,

vi) when N =2 and j =1, (172) turns to

|//;f(y)dy(Rle)(h(Rl)Jrh(Rz))FE(;V) <
R Ry
nr max{‘ Ta () palRLRy) Y ) Paﬁ[RlaRz]}
r(5

)n!(pm‘i‘])p]i' (l’z(ﬁ_l)-i—l)”]i2 (Oc—l—%{-l)

(Ry—R)* 717

2a lfﬁ
Proof.-By Theorem 9 and as in our other multivariate results

3

We continue with
BN
Wzth.)ﬁ > oo+ 55 Then
l

n

1
B(O!R)f(y) dy— {kzoi(k‘f‘ i [h(k) (0) &1+

vk (k) ket 21y

(14 (R) (R @*}}r(% -
2% maX{HTO W, HRT DI
(%) n' p1n+1)l’1 (pz 71 +1 pz (OC+ + L )

@) A
vec 0l

ii)atz = %, the right hand side of (174) is minimized, and we get

n 1 Rk+1
dy — - =
B(O,R)f (y)dy {Z

& (k1) 2k

P#Mm+<1fwﬂmﬂ}§%r
2

)

<

Corollary 8.Let o € (n,n+ 1] and g € C"*' ([0,R]), R >0, n € N; B = a —n. Let also p1,pa, p3 > |

(173)

(174)
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©=

HMX{HTO (Wl 0.0 11T (A)

p3,[O,R] ’ p3,[0,R] }

Vot (pint 1) (pa (B~ 1)+ 1)7% (a4 4 1)

T

(ﬂ
2

ROC+ +E
a—1--L

2 P3
iii) assuming h'® (0) = h®) (R) = 0, for all k = 0,1,...,n, we obtain

(175)

)

=

V3
-

r(3)
’ B
p3,[0,R]” p3,[0,R] R™ riom
a—1--L "’

1 1
Al (it D (pa (B = 1)+ 1)7 (@t &+ ) 29777

f(y)dy‘ <

B(0,R)

max{HTg )| IR (h)

(176)

which is a sharp inequality.
iv) more generally, for j =0,1,2,....N € N, it holds

n k+1
fron 02 i (3)

2n
I (

=

(19 (0) 1+ (=) Ry (V= |} T | <

(ST

)
213 max{HTO h)||p3 0.R]’ |G () Hmy[O,R]}
T8 nt i+ ) (p2 (B— 1)+ 1) (o+ 2+ L)

1 1
R OhLT“rT 1
(ﬁ) o [f PR (N ) } (177)

v) if 0 (0) =K (R) =0, k = 1,...,n, from (177) we get:

Jrow 0= (5) V-8 £

_ ot max{uTO D)y o0 15T O, 0}

I () mt(pun+ )7 (pa(B—1)+ 1) (a+ £+ L)

1 1
R (o e 1
(ﬁ) o {f v ) +} (178)

j=0,1,2,...,N,
viii) when N =2 and j =1, (178) turns to

=

T
r

IN

/ f(y)dy—Rh(R)
B(0,R)

—
S
SN—

maX{HTg (h)||p3,[0,R]’||§T(h)Hp3,[O,R]} R Opi b

a—1—-

%
. (179)
N 1 € 1L
T ntpin+ )7 (p2(B— 1)+ 1) (ot £+ 4) 2% 7

ProofBy Theorem 17, just set there R| = 0, R, = R, the assumptions now are on B (0,R), and use (73).

Our proving method follows next.
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3 Appendix

Proof.Detailed proof of Theorem 10 (serving as a model proof for this article).
We apply Theorem 2 (i) for h:

R n—1 1
[, s Xy 1 R R

(=D n) (Ry) (Ry 1)1 <

\4 \4
max{HD*th Lw([Rl,Rz])’H Ry Lw([Rth])}.
I'(v+2)
(=R + (R =) =y (1), (180)
Vite [R],RQ].
Equivalently, we have that
Ry n—1 1
i) < v ' nw Nkt
O RICEEE Woay (1) (Ry) (= R+
(=D (R) (R =) < w (o), (181)
Vte [R],Rz].
That is
_ (l‘) < R2f( (D)SNild 7”21# [h(k) (R )(tfR )k+1
v = R g N = (k+1)! : !
+ (=1 (R) (R =) < w (o), (182)

YVt € [Ry,R,y), and ¥V @ € SV
Therefore it holds

fw(t)/wl do < ./S‘Nf1 </1:2f(sa))sN1ds) dor-

n—1 1
{Z m |:h(k) (Rl) (t_Rl)IH»l + (_])kh(k) (Rz) (Rz_t)k+1:| } ‘/SNil do

k=0

<vi [

SN=

do, Vi€[Ri,Rs), (183)

which is (by (74))

, VlE[R],Rz]. (184)

Consequently, we derive
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(=D h® (Ry) (Ry = 1)*"] |

Leo([R1,R]) }

max < ||DY h’ . [|Dx ,‘
{H RN LRy o)) T NR2

) I'(v+2)

=

2r
I

(S

[(tle)VHJr(Rg—t)"“}, Vi e[Ri,Ry, (185)

proving Theorem 10 (i).
Next consider
¢ (t) = (t _Rl)v+] + (RZ - l)v+] , Vte [Rl,Rz] .
Then
@)=+ [(t—R)" = (R —1)"] =0,

and ¢ has the only critical number t = @. Hence ¢ (¢) has a minimum over [R;, R;] which is ¢ ( 5 oy

R1+R2) _ (RZ*RI)‘HI.
Consequently, it holds (by (185))

n—1 _ k+1
|/Af(y>dy{2 L_(R:—Ri)

& (k+1)! 2k
WO (Ry) 4 (1 ()] V2| <
1 R+ (-0 ®)]} | <

max { HD;’R'h‘ Le([R1,R2)) HD%T‘ Lw([Rl,RQ])} (Ry le)"*'
) r'(v+2) v-1 7

(186)

|=| NI=

T
I (
proving Theorem 10 (ii).

The rest of Theorem 10 is obvious or follows the same way as above.

The rest of the proofs of this article as similar are omitted.
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