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Abstract: We present the existence criteria for solutions of an anti-periodic boundary value problem involving a nonlinear multi-term
Caputo-type fractional integro-differential equation with a Riemann-Liouville fractional integral operator. We also extend our study to
the case of three different types of nonlinearities. Examples are constructed for demonstrating the application of the obtained results.
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1 Introduction and formulation of the problem

Fractional-order differential and integral operators are found to be of great value as such operators appear extensively
in the mathematical modeling of several problems of applied nature. The importance of these operators owes to their
nonlocal nature in contrast to their integer-order counterparts. Unlike the classical derivative, the fractional derivatives
can be defined in different ways. This fact led to the huge development of fractional calculus and its applications in
diverse ares of natural and social sciences. One can find a theoretical description of the subject in the texts [1]-[4]. For
application details, we refer the reader to the works presented in [5]-[8]. In particular, there has been shown a great interest
in studying a variety of fractional-order boundary value problems, for instance, see [9]-[24]. In the survey paper [25], some
interesting results on anti-periodic fractional-order boundary value problems were presented. In [26], fractional Langevin
equation equipped with anti-periodic boundary conditions was studied. A new concept of dual anti-periodic boundary
conditions was introduced and considered with fractional integro-differential equations in [27].

On the other hand, multi-term fractional differential equations are also important in view of their occurrence in many
real world problems. Examples include Bagley—Torvik equation,[28], Basset equation [29], etc. For some interesting
results on boundary value problems involving multi-term fractional equations, for instance, see [30]-[34].

In this paper, we discuss the existence of solutions for a nonlinear anti-periodic boundary value problem involving
Caputo derivative operators of orders v € (1,2],& € (1,v) and a Riemann-Liouville fractional integral of order p > 0
given by

A EDYx(t) + 2 D x(1) = f(1,x(1)) +1%g(t,x()),1 € [0, 7], (1

x(0) = —x(7), ¥(0) = =x'(7), 2

where 11,4, € R, A; # 0, DY and D¢ respectively denote the Caputo fractional derivative operators order v and &, I?
denotes Riemann-Liouville fractional integral of order @ > 0, f, g : [0, 7] x R — R are continuous functions.

The rest of the article is organized as follows. Some preliminary definitions and an auxiliary lemma associated with
the linear variant of the problem (1)-(2) are given in Section 2. Section 3 contains the main results, while the case of mixed
nonlinearities is discussed in Section 4. Examples illustrating the obtained results are discussed in Section 5. The paper
concludes with some interesting observations.
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2 Auxiliary material

Let us first recall basic definitions of fractional calculus [1].
Definition 1. The Caputo derivative of fractional order g € (n— 1,n],n € N for a function y € AC"[a,b] is defined by the
! tegral 1 i
following integra Cpay(r) = Foal / (t— P (dr, 1€ [a,b)],
n—gq).
which exists almost everywhere on [a,b]. ) Ja

Definition 2. We define the Riemann-Liouville fractional integral of order ¢ > 0 for y € Li[a,D] as

1y(1) = F(lq) /al (z—y(rr))‘qdr’ t € [a,b],

provided the above integral exists almost everywhere on [a, D).

In the following lemma, we solve the linear variant of the problem (1)-(2).

Lemma 1. For a given p € C([0,7],R) and Ay # 0, the unique solution of the linear multi-term fractional differential
equation

A EDYx(1) + 2 D x(t) = p (1), 3)
supplemented with the boundary conditions (2) is given by

fi v ,& v—¢ 7L \% ) v— 5 L v—1 B v—E—1
X(0) = 31" (0) = 150 5 P (T) 4 5 (y)ﬂml(y 2) (I p(T) =l ). @)

Proof. Applying the fractional integral operator IV to both sides of the fractional differential equation (3), we obtain

1 A
x(t) = TIIVP() )LZIV Sx(1) —co—cut, (5)

where cg and ¢ are unknown arbitrary constants. Differentiating (5) with respect to ¢ leads to the following expression:

1 A2

/t — _[V*] IV é 1 _ . 6
X0 = 317 p(0) = 1) — e ©
Inserting (5) and (6) in the conditions (2) and subsequently solving the resulting system for ¢y and ¢, we find that
1 T T Ay A
= —1I"p(T)— =I"""p(T)+ T2 (T ) - 1T
0= P(T) = P T)+ 5 HT) = 15T,
| o) v—E—1
=— ——1 .
a1 =55 "7~ 1)
Substituting the values of ¢y and c; into (3) yields the solution (4). The converse of this lemma follows by direct
computation. This finishes the proof. 0

3 Existence results

Let € = C([0,.7],R) denote the Banach space of all continuous functions from [0,.7] — R endowed with the norm
denoted by ||.|-
By Lemma 1, we can convert the problem (1)-(2) into a fixed point problem % x = x, where % : ¢ — % is defined by

(%x)(t):%] [/l (IF()V ] fs,x(s ds+/ 5" (s,x(s))ds}

V) v+w

A [ (t—s)V ot 1 (7 —s5)"!
—f/ ot | [T ptsatonas

v+a7 1 ( 7s)v7<§71
*/ vy s e [ W’CW 7

(7 —21) (7 — s)"2 yy+o-2
4, Uo Fiv—1y /6 d”/ v+w1)g<s’x(‘))d‘]
(T —200% (7 (T —5)V 52
A /0 r(v-&—1)

x(s)ds,t €[0,.7].
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Observe that the existence of a fixed point of the operator % implies the existence of a solution for the problem (1)-(2).
Now we present our first main result which deals with the existence of a unique solution for the problem at hand.

Theorem 1. Assume that:

(Hy) f,8:10,.7] ><IR%Rarecontlnuousfunctlonssuch that |f(t,0)] <M <eo, |g(t,0)| < M; < oo and M = max{M;, M}
vt €10,7] an

|f(t,%) = f(t,9)] < Lilx—yl, [g(t,x) —g(t,y)| < Lafx—y[, Li,Ly >0,vt€[0,7], x,y €R;
(Hy) For L=max{L,,L,},

1 1 7V(6+Vv) TVP(6+v+@) A6 +v—E)TVS
AMLTv+1) Frv+o+1) '™ 4nTv-E+1)

(LQy + ;) < 1, where 2 = (8

Then there exists a unique solutions for the problem (1)-(2) on [0, 7.

Proof. Consider a closed ball B, = {x € €, ||x|| < r} and show that % B, C B,, where the operator % : € — % is
defined by (7) and r > MQ(1 — L, — Q,)~', Q; (i = 1,2) are given in (8). For any x € B,, it follows by the condition
(H,) that

[f(6,)] = [f(2,x(0)) = £ (2,0) + £(2,0)] < | (1,x(2)) = £(2,0)[ + [£(2,0)] < La[x[| + My < Lir+ M.

In a similar manner, one can find that |g(¢,x)| < Lor 4+ M,. Using the foregoing inequalities and the assumption (H,), we
obtain

[(Zx)|| = sup |(%x)(t)|

t€[0,7]
1 d (t $)V~ ! (t—s)V1T0- !

S;::)lpy {|)~1| [/ T |f(s,x(s |ds+/ rvro) lg(s,x(s))|ds

| [ (t—5)"" -1 1 TN(T —s)¥™
il 7@_5) |x(s)|ds+2|ll|{/0 o L Fsox(s))lds

v+w 1 T — v—€—1

+/ v+w |g(s,x(s))|ds}+2||};?|| 4 (v) £y bl

T =2 [7 (T —s)"" j+a-2
+ a7 {/0 1_,( 0 |f(sx |ds+/ Tﬂg(s,x(s)ﬂds}

(T —21) 2| yv-e-2
] / v 5_1)| x()lds |

(Lir+M)(6+V).TY  (Lar+M)(6+v+®)TVC  FA|6+v—E)TVE

- 4M|C(v+1) 4MC(v+@+1) 4MIC(v—=E+1)

< (Lr+M)Q +ry <,

which shows that % x € B, for any x € B,. Hence % B, C B,.
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Next we establish that the operator %/ is a contraction. For x,y € R, we find that

s~y
= swp (X))~ ()0
t€[0,.7]
(tfs)‘Pl v+w 1
< w0 (o[ ) —steias - [ C g st st ionias
M Mx S ! 7 (y ) S, X(§ S S N
# Bl P —s6las+ [ o) 6Dl
v+w 1 T g1
[ et —elsaolas] + 22 [T o
— s v o2
*'Zaf”[/o (‘f( ))If( (o) = s [ Z D)~ el s
(T —21) 2 yv-e-2
o [T ) - s

[Ll(6+v)9v L2(6+v+w)§"+“’ |7Lz|(6+vfé)¢7"75}”x7 |
AT+ AaTv+e+1) AT (v—E+1) Y
< (L1 +Qo)[Jx =y,

which shows that % is a contractive operator as (L2 + Q,) < 1 by (Hz). Thus we deduce by Banach contraction mapping
principle that the the operator % has a unique fixed point, which implies that there exists a unique solution of the (1)-(2)
on [0, .7]. This completes the proof. O

Now we prove an existence result for the problem (1)-(2) by applying Krasnoselskii’s fixed point theorem [35].

Theorem 2. Suppose that f,g : [0,.7] x R — R are continuous functions, and the following condition is satisfied:

(Hs) there exist 1yt € C(10, 71, R%) with |[]) = max{|js |, 1]}y such that |£(t,5)] < s (¢) and g(1,2)| < pa(e) for
all (t,x) € 0,7 xR.

Then the problem (1)-(2) has at least one solution on [0, T if Q, < 1, where £, is given in (8).

Proof. Consider Ky = {x € € : [|x|| < {} with § > ||u||€; (1 — ©,)7!, and define operators % and % on Ky — ¢
as follows:

(%x)(t) = %1[./(: (tr()) F(s,x(s ds+/ )" g(s x(s))ds}

V+ZD'
il %J‘ (sa(o)ds + [ %ﬁ;'g@,x(ws]
+ (i;lzt) [/09‘ (f(;s)l) Fls,x(s ds+/ v+a‘;m1)2g(s,x(s))ds},te 0,7,
e = -2 [ g Jo [T,
_ (ylfl% /09 (Ily(v_s)g_él)zx(s)ds, 0.7

Observe that % = 74 + %, on K¢ . Let us now verify the hypothesis of Krasnoselskii’s fixed point theorem [35].
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(i) Forx,y € K¢, we have

% x+y| = sup [(%x)(t)+ (%y)(1)|
1€(0,7T]

—s5)V! yy+E-]
Stes:)lp?{uil'[/ %V(s x(s) |ds+/ Tﬁy)|g(s,x(s))|ds]

1 TNT —s)V~ yy+o-
+ 2 M| {/0 r(v) |f(5 x(s |d5+/ T@_)|g(s,x(s))|ds}

|7 =2t (7 (T —s)V™ 5)V+@-2
T {/0 F(v—1)| $,x(s |d”/ v+a, )Ig(&X(s))lds}

[A2] t(l‘*s)"*5*1 |22 ] T (T —s)V~ E-1
+ m A le(s)ldwzw A T —&) ly(s)|ds

|7 —2t|As /s7 (T —s)V =52
A4 o r(v—g_n'y(s)"“}
< (6 +v).7" | |pall(6+v+p) T Aal(6+v—8)Tv ¢
41D (v+1) AMC(v+@+1) 4MC(v=E+1)
< |l + 82, < ¢,

which implies that %1x + %y € K.
(ii) In this step we show that % is compact and continuous. Continuity of the operator % follows from that of f
and g. Furthermore, % is uniformly bounded on K¢ as || 7% x| < |[1[/€2;. Next we show that the operator 7 is compact.

Define sup(; (o, 7)x, |/ (1,%)] = fi and sup, e (o, 715, 1(t,X)| = g1. Then, for 11,13 € [0, 7],11 <12, we have

[(%1x)(12) — (21x)(11)]

! e e U
[ ez (1v+<w) P st [* B s o
[t | 2 s

< R (24—l 4 =) +v 7 I —n)

+ z|xllr(fl+w+1) (277 =17+ 4= 1) + (v @) 7 =] )

which tends to zero independent of x € K¢. Therefore % is equicontinuous. So the conclusion of the Arzeld-Ascoli
theorem applies and hence 7 is relatively compact on K.

(iii) As an immediate consequence of the condition £2; < 1, the operator % is a contraction.
Thus the hypothesis of Krasnoselskii’s fixed point theorem [35] is satisfied and hence its conclusion implies that the
problem (1)-(2) has at least one solution on [0,.7]. This finishes the proof. O

4 Mixed nonlinearities case

Here we consider the following anti-periodic boundary value problem involving three types of nonolinearities:

{xl CDVx(1)+ A D h(t,x(t)) = f(t,x(1)) +1%g(1,x(1)), 1 € [0,.7], ©
x(0) = —x(7), ¥'(0) = —x'(7),

where /1 : [0,.7] x R — R is a continuous function, while the rest of the quantities are the same as defined in the problem

D-).
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In relation to the problem (9), we define a fixed point operator ¥ : ¢ — € as

(Vx)(t) = kll {/Y (t;s)v ] fs,x(s ds+/ M (s,x(s))ds]

V) Tl
sl %ﬂs o)+ [ ﬂg(w@))tﬁ]

r'v+o)
(T —2r) (T —s)V2 5)VH@-2
AYY Vo rv—1 &) d”/ mg(s,x(s))ds] (10)

A ’(t—s)V*‘if' A (T —s)v=¢-1
*f/o rv—g) " ())d”zle/ Flv—g) Mexs)ds

(T =202 [7 (T —s)V %72
T /OF(Viéil)x(s)ds,tE[O,ﬂ].

Now we present a result concerning the uniqueness of solutions for the problem (9).

Theorem 3. Assume that:

(Hy) f,g,h:[0,7] xR — R are continuous functions and there exist Ly,Ly,L3 > 0 such that
|f(t,x) = f(t.9)] < Lalx =y, |g(r,x) —g(1,y)| < Lafx = [, |A(r,x) = h(r,y)| < L3|x—y[, Vt € [0, ], x,y € R,

and |f(¢,0)] < M) <o, |g(2,0)] <M, < oo, |h(t,0)] <Mz < oo, forallt €[0,T];
(Hs) LA < 1, where L = max{Ll,Lz,L3},

1 [ﬂv(6+v)+9v+f’(6+v+w) |12|9V*5(6+v75)} (an
S AMLT(v+1) riv+o+1) riv—&+1)
Then the problem (9) has a unique solution on [0, 7.
Proof. The proof is similar to that of Theorem 1. So we omit it.
5 Examples
Here we illustrate the results obtained in the previous sections with the aid of examples.
Example 1. Consider the following problem
10 D' Bx(t) +3 DV Bx(t) = f(t,x(1)) + IPg(t,x(r)), t€]0,3],
(12)
x(0) = —x(3), ¥(0)=—-X(3),
wherev=125¢(=1.150=2,A =10,4, =3,.7 =3, and
e lx(2)] 1 sint L1
t,x(t)) = + =, g(t,x(z)) = tan x+ -.
Fex0) = s ar ey T2 8 = o 7
Using the given data, we find that 2; = 1.623420081, 2, = 0.5367382548. From the inequalities:
o2
t,x)— f(t < —
[f(5,x) = f(£,y)] < e o=yl < 25|x v,
8(1,3) ~ 8(0.)| € e y] < 2],
,X < zlx—
¢ Nz A
1 1 1
we have L| = %5 L, = 7 and L = max{L;,L,} = 7 Moreover, L2 + €, ~ 0.7686554092. As all the assumptions of

Theorem 1 are satisfied, therefore, the problem (12) has a unique solution on [0, 3].
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Example 2. Consider the following anti-periodic problem:

{5 CDVTx(1) ~C D' Ox(r) = f(1,x(1))+ I g(1,x(1)), t € [0,5], (13)
x(0) = =x(5), ¥(0) =—x'(5),

where v=1.75,£ =1.60,0 =, 1 =5, 7 =5,and 1, = — 1,

t
flt,x) = %(simﬂrmn*l

B tan"t( |x(7)]

2 -1 —5t
— t = —_— t .
)45 800 =5~ (T T x) +e

Using the given values, it is found that £, ~ 0.4195559892 < 1, ||| = (46 +97) /126 and ||| = (7> + 7+ 30)/30.
Obviously the hypothesis of Theorem 2 holds true and consequently its conclusion applies to the problem (13).

Example 3. Consider the following problem

7D 5x(t) — CDV"Sh(t,x(t)) = f(t,x(t)) +Pg(t,x(t)), t €[0,2],
(14)

where v=195¢=1550=3, A =74, =-1,9 =2, and

=31 (sinx + x) 1

+ .
V4 +36 V12 +25
With the given data, it is found that A = 1.023731638,L; = 1/2,L, =1/4,L3s = 1/3,L = max{L,,L,,L3} = 1/2, LA =

0.5118658190. Clearly all the assumptions of Theorem 3 are satisfied. Hence there exists a unique solution for the problem
(14) on [0,2].

—2t 1
¢ |X| “l‘g,h(l,x):e

1 1 ]
£,X) = 5——tan x+-,8(t,x) = ——r——
fex) =53 2809 = G+

6 Conclusion

In this work, we have derived the existence and uniqueness results for an anti-periodic boundary value problem involving
two linear Caputo type fractional-order terms together non-integral and integral (Riemann-Liouville type) nonlinearities.
In the mixed nonolinearities case, our problem consists of one linear Caputo type fractional-order term, together with
fractional-order, non-integral and Riemann-Liouville type integral nonlinear terms. Our results are new and contribute to
the existing material on fractional-order anti-periodic boundary value problems.
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