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Abstract: The present paper addresses, generalized fractional Sturm-Liouville and Langevin equations with nonlocal conditions.
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1 Introduction

The study of fractional calculus has recently gained great momentum and has emerged as a significant research area.
Fractional derivatives provide an excellent tool for the description of memory and hereditary properties of various
materials and processes, see for instance the contributions [1]-[10] and references therein.

In 1908, Langevin first formulated Langevin equation which was found to be an effective tool to describe the evolution
of physical phenomena in fluctuating environments [11]. Various generalizations of Langevin equation have been applied
to illustrate dynamical processes in fractal medium. One generalization is the generalized Langevin equation [12]-[14]
which incorporates the fractal and memory properties with a dissipative memory kernel into the Langevin equation. For
more details we refer the reader to the references [15]-[19].

The Sturm-Liouville problem has applied in several applications of various areas, such as engineering and
mathematics.For some recent evolutions on such equation see for examples [20,21,22,23] .The classical Sturm-Liouville
problem for a linear differential equation of second order is a boundary value problem as follows:

—%[p( )ﬂ] +v(t)x=Ar(t)x, t€la,b],
aix(a)+axy'(a) =0,
b1x<b)+bzx< ) =0.

Byszewski [24] and Deng [25] remarked that the nonlocal conditions can be applied in physics with better effect than
the standard initial value problem to describe some physical phenomena. Nonlocal conditions were initiated by Byszewski
[26] when he investigated the existence and uniqueness of mild and classical solutions of nonlocal Cauchy problems.
The present paper aims to investigate the existence and uniqueness of solutions for the following nonlocal generalized
fractional Sturm-Liouville and Langevin equations

ey

D ([p(1)°D* +r(n))x(1)) = [ (1.x(1)) .t €[0.T], B, o € (0,1],
x(0)+g(x) =x0 €R, “D*x(T)+h(x) =x; €R,
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where “DP € D% are the Caputo fractional derivatives, p € C(J,R) with |p| > K >0, r € C(J,R),g,h: C(J,R) — R are
continuous functions and f € C(J x R,R) is continuous function.

We note that:
~If r(t) = 0 for all 7 € J, the problem (1) is reduced to the fractional Sturm-Liouvilly equation of the form

DP(p(t) “DUx(1)) = f (1,x(1)) . € [0,T], B, € (0,1]; o
x(0)+g(x) =x0 €R, °D*X(T)+h(x) =x; €R.

~If p(r)=1and r(t) = A,A € R for ¢ € J, the problem (1) is reduced to fractional Langevin equation of the form
DP(cD*+ A)x(t) = f(t.x(1)),t € [0,T], B, € (0,1], 3
x(0)+g(x) =x0 €R, °D*X(T)+h(x) =x; €R.

This paper is organized as follows: Section Two addresses we set forth some preliminaries and hypotheses. In Section
Three, we prove our main results by applying well known Banach contraction principle, Schaefer’s fixed point theorem
and Pachpatte’s inequality. Section Four presents an illustrative example.

2 Preliminaries and hypotheses

This section handles the notations, preliminaries and hypotheses which satisfy our main results.

Let C(J,R) be a Banach space of all continuous functions from J to R endowed with the norm defined by

[lx[| = sup{[lx(®)|[ : £ € J}.
Define the constants p, = infic; [p(¢)], p* = sup,c,; |p(¢)| and r* = sup,; |r(1)|.

Definition 1.7he Riemann-Liouville fractional integral of order o. > 0 of a suitable function h is defined as
1 1
1% h(t :—/ t—5)*h(s)ds,
a+ () F((X) a( S) (S) s

where a € R and I is the well known Gamma function.
Definition 2.The Caputo fractional derivative of order oo > 0 For a suitable function h on the interval [a,b), is given by
] !
D% (¢ :7/ t— nfaflh(n) d
( a+ )( ) F(n—oc) g ( S) (S) S,
where n = [0] + 1, o] denotes the integer part of Q.

Lemma 1.(/3, 10]) Assume o > 0, the differential equation “D*h(t) = 0, has the following general solution h(t) = ¢+
cit+ey’ + -t ep 1"V wherec; €R,i=0,1,2,...,n— 1, where n = [o] + 1.

Lemma 2.(/3,10]) Assume o > 0,
1%(°D*h)(t) = h(t) + co+cit +cpt> + -+ cpit" !,

forsomec; e R, i=0,1,2,...,n— 1, wheren = [a] + 1.

For simplicity, we will use the following notation:

1

IR0 = Frgy ) =9 Flsux(o)as

In order to establish the existence of solutions for nonlocal fractional differential equation (1), we present the following
important lemma.
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Lemma 3.Ler 0 < 3,00 < 1. A function x € C(J,R) is solution of the fractional integral equation

=1 (1)) -1 (2x) 0

p
- )
= [T+ T~ AT = p(T] 12 () 0= ) 420
If and only if x is a solution of the following nonlocal fractional differential equation
“DP((p(e)*D% +r(1)}x(1)) = £i1).1 € 0.T),B. € (0,1], s
+(0) +g(x) = %0, DU(T) +h(x) = x1,

Proof.Suppose that x satisfies nonlocal fractional differential equation (5), then taking fractional integration of order f3 to
both sides of (5) and using Lemma 2 as well as definition of Riemann-Liouville fractional integral, we get

p(t)*Dx(t) +r(t)x(t) = IP () (1) — co,

where ¢y € R, which yields

1 r (&)
DUx(t) = ( ~IP (. S S 6
0= (580 0~ (4x) 02 ©
Applying the nonlocal condition “D%x(T) + h(x) = x;, we have
co =P (f)(T) + p(T)h(x) = r(T)x(T) = p(T)x:. )
Again taking fractional integration of order & to both sides of (6), we get
1 r 1
=1%( =P x> 1“<—> — 1"‘<—> —c1. 8
w0 =1 (1100 ) 0 -1 () -0 () () ®

Now, applying the nonlocal condition x(0) 4 g(x) = xo, we have
c1 = g(x) —xo. ©)
Putting the values of ¢ and ¢ in (8), we obtain

s =1 (38 ) 0 -1% (Zx) @)

P 1 . (10)
= [PUIE)+ P h) D) = ] 1% (3 ) ()= +30

Conversely, suppose that x satisfies the equation (4), therefore, we have, x(0) + g(x) = xo, “D%*x(T) + h(x) = x| and
the nonlocal fractional differential equation (5) is also satisfied for 7 € [0, T].

Lemma 4.(Schaefer’s fixed point theorem) Let F : X — X be a completely continuous operator. If the set E(F) ={x € X :
x = yFx for some y € [0,1]} is bounded, F has fixed points.

Theorem 1.(Pachpatte’s inequality, [27]) Let u(t) € C(I = [0,¢],R.), let a(t,s),b(t,s) € C(I x [,R), assume that
a(t,s),b(t,s) are nondecreasing in t, for each s € I and suppose that

‘ 0
u(t) < c+/ a(t,s)u(s)ds+/ b(t,s)u(s)ds, forte€l,
0 0
where c is a constant. If
¢ "
q(t) = / b(t,s)exp (/ a(s,G)dG> ds <1,
Jo Jo

then

u(t) < 1 —Cq(t) exp (/Gta(t,s)ds) , fort el
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In order to discuss the main results, we list the following set hypotheses:

o(H1)There exists a constant Ny > 0, such that

|f (8,2(0)) = £(£.3(1)) | < Nylxe(r) = y(1)]

foreacht € Jand x,y € R.

o(H2)There exist constants Ng, N, > 0, such that
1900 — )] < Nyllx— 11, 11(x) — ()| < Ny lx— ], for each x,y € C(J, ).

(H3)There exists a constant ay > 0 such that |f(z,x(¢))| < as(1+ |x(t)]), where x,y € R and there exist the constants
ag,ay > 0 such that |g(x)| < ag(1+||x||), |A(x)| < an(1+||x||), for arbitrary x € C(J,R).

3 Main result

In this section, we discuss the main results related to nonlocal fractional Sturm-Liouville and Langevin equations given
in (1).

Define the operator F : C(J,R) — C(J,R) as follows:

Fn0 =1 (3850) -1 (Lx) )

p

= [P+ ) () = ] 1 () (1) 0 0 "
and let the constants
o= #lf(ﬁ) e Hﬁif ) ar]<a>] pf;?;c) aﬁ?o’ihp* T+ N (12
ar = st 100 | B s [ L IO+ )+ g(0) + o (3
Theorem 2.Assume that the hypotheses (H1) and (H2) hold. If
o < 1. (14)

Then, the nonlocal fractional differential equation (1) has a unique solution on J.

Proof.The fixed point of the operator F’ defined in (11) is the solution of the nonlocal fractional differential equation (1).
We shall use the Banach contraction principle to prove that F has a fixed point.
Define, sup,;|f(#,0)] = L <eoand let Bg = {x € C(J,X) : ||x|| < R}, where

()
-

R>

In two steps, the proof will follows
Step 1. F(x) € Bg for every x € Bg.
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For x € B and all ¢ € J, using (H1) and (H2), we have

(F)0)] < I° (%llﬁ(lfxl)) 1)+ 1% (%M) (0

o [PURDT) + p(T)] @) + AT+ |p(T)] ] 1 (

+[8(x)[ + ol

"]

<r (P o+ 1D ) 0+ ()

Pl

)

+ [lﬁ (fe = fol + 1AD(T) +p(T)] (|A(x) = A(O)] + [R(0)]) + |r(T)[|x(T)]

1

o] ] 1 (0] 0+ o) £(0) + )] +

p-BT(B)al (o)

||
(NfR+L)F([3+ 1) B+a R o
S o BTBTB+arD’  par@’ *
P ONRHAO) o R o p ]
pal(a) pal (o) pal (o)
NR g T(B+1) |
SoBr@ [F(B+a+1) aF(a)]

2r*RT* p* NyR

p.al'(o) ol (o)ps

L g L(B+D |
+p*ﬁf(ﬁ) m [F(ﬁ+a+1) + ar(a)}
4L LS IO+ bl + O] + b

<o R+@ <R

T%+ NyR

Thus, ||F(x)|| < R and we conclude that for all x € Bg, F(x) € Bg, thatis, F : B — Bg.

o

1%+ NgR + [2(0)] + |xol
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Step 2.The operator F is contraction mapping on Bg.
For x,y € Bg and any 7 € J, using (H1) and (H2) , we have

[(F(x)) () = (F(y)(2)]
"]

<t (ot U= 5 041 ({31 ) @

+ [P f= AT) + |p(D)] |ACx) = h()]
I 5] 1 () 0416 - 0)

p|

*

< pi*zaaﬁ e FD@) + = (1) 1)

+ [P U= D)+ 97 109 =) 77 =] 1% () 1)

+g(x) — gl
Nf”x*yHF(ﬁle) (Bta r [lx =yl 1o
=P BrBrBrar)’ pal(e)
+ [0 4 Ml 1] e 1 Nl
Nl ICBAD g
S BB rarn | par@ T
P TP L | T ey T4 Ny
NEBAY) g 20,
<rprdreran " rar@ T
Ny o P Ny o
oraBr@rE TN
Ny TPH® /(B +1) 1 2,
<[opr® <r<ﬁ+a+ n ar<a>) T ar(a)
70;16(0]:7)]1;:* T“+Ng}|\x—y||
<o x—yl.

Hence, we get

1F(x) = FO)I < o1 [lx=y]-
Since @ < 1, so F is contraction. In view of Banach fixed theorem, the operator F' has a unique fixed point which is
solution of the nonlocal fractional differential equation (1).

If (1) = 0 for 7 € J, we have r* = 0 and obtain the following result:
Corollary 1.Suppose that the hypotheses (H1) and (H2) hold. If
Ny Tﬁ+a[ rp+1) ! ]+ p* Ny
pBLB) | |TB+a+))  ar(@] ' ar(@p.

Then the problem (2) has a unique solution on J.

T+ Ng < 1.

If p(t) =1 and r(r) = A fort € J, and A € R, we have p. = p* = 1,r* = |A|. We also have the following result:
Corollary 2.Suppose that the hypotheses (H1) and (H2) hold. If
N r 1 1 2|1A|T*
BIr(B) r+a+1) al(a) al (o)  al(«)
Then the problem (3) has a unique solution on J.
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Our second main result is based on the well known Schaefer’s fixed point theorem.

Theorem 3.Assume that the hypothesis (H3) holds. If

T T 1
- [ g (T =)
0 P*ar(a)r(ﬁ) 1—q,— 2r7e  AnD r
8 p.al'(a) p*(XF(OC)

o /-s ar 1
ex —
P 0 p*r(a+ﬁ) 1 —a 2rT® anpp Ta

(s—0)*F-1de | ds. < 1,

8 p.al(a) p*OCF(OC)

where
2r* T app*T*
pal (@) | p.ol(a)

1.

ag+
Then the nonlocal fractional problem (1) has at least one solution on J.

Proof.By transforming the nonlocal fractional differential equation (1) into a fixed point problem, let the operator F :
C(J,R) = C(J,R) as defined in (11).

We will subdivide the proof into four steps.
Step 1. F is continuous operator.

Assume the sequence {x, } convergent to x in C(J,R). Then for all # € J, we get

(o)) (1) — (FO) ()] < 1° (ilﬁafxn —fxl)) (1) +1° (ﬂm —x|) (0

p|

P
[P ey = £+ P(T)] h) — )|
I =50)] 19 () 0+ gtan) - o)
B DI 5) SO e, a0
=T BT (B+at pool (@)
s~ s,
+ [ R T 4 ) — )

=] g 1+ () — )
LB DI~ FxO) e

2 — x| e

+

- BL(B)I(B+o+1)p. p«ol ()
L G () = FCxXO pra o ) =R()| g
ol (@)p, Br() | P ar@p. |
% = x|l o
ol (@)p. T+ [g(xn) — g(x)|.

Taking supremum, we get

| Fx, — Fx]|| < B+ DIfCxa() = FExO) TB+a

x| e

+

BB (B+a+1)p. p.al (@)

U Il = F Dl e 1) = h0)]
of(c)p,  BLB) P ar(ap.
Pl =l
WT + |g(xn) — g(x)],

since f, g, h are continuous functions, which yield that

[[Fx, — Fx|| — 0 as n — oo.
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Thus, F is continuous operator.

Step 2. The operator F maps bounded sets into itself in C(J,R).

It is sufficient to prove that for any 1 > 0, there exists a £ > 0 such that for each x € By = {x € C(J,R) : [|x[| < n}, we
have ||Fx|| <. Forall t € J, by using (H3), we obtain

af 1 of Il
()01 <1 (5D ) 0 +1% (Dl
+ [PURNT)+ o] I+ ()] + (] bl 72 () )
+1e00)]+ o
i

o L ﬁ ar X o — X
<1 (ot s+ 1)) 0417 () )
+ 181+ JeD)T) + p(T)] a1+ )+ (T ()
ol bl 12 () @+ a1+ el + b

p|

@+ IDTB D ppra, Pl o, (a0t 6) i
= pBL(B)T(B+atl) pal(a) ppL(B)al (@)

pra 413 o Pl e P W]

pjar(a) el (0] p*ar(‘a) T +ag(1+||x|]) + xo]
ag(1+n) T,M{ L+ !
= p.BL(B) FB+atl) al(a)

2rmT*  pra(1+m) o P |l

T%+ag(1+n) + |xol

psal(a)  p.al(a) p.ol (o)
</,
where
_ar(4n) g L(B+1) 1
p+BI’(B) rB+a+1) ol (a)
27T pra(141M) o Pl g
pal(a)  p.ol(a) ™+ p.ol(a) T% +ag(1+n)+|xol.

Therefore, we get

[[(F(x))(@)|| < ¢and hence ||[Fx| < ¢.
Step 3. F maps bounded sets into equicontinuous sets of C(J,R).
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Let0 <1 <1, <T,x € By. Using (H3), again we get

|(F(x0))(22) = (F(x))(r1)]

@ (%Iﬁ(fx)> () 1 (,;) (12)

- [IB (f)(T) + p(T)h(x) — r(T)x(T) *p(T)XI} 1“ (%) (12)

L (%zﬁ (fx)) (1) +1% <§x> (11)

[T+ (b))~ ] 14 (5 ) )

(oo (gl (o (3

<

e ool
*mrri&)’/o (rzfs>“*'dﬁ/ot'<tn ) s

o LB TP () 0

%) 1
: ‘/ (tz—s)aflds—/ (n —s)“ilds‘
0 0

a(1+1) ‘r;‘”* (o
I'la+B)loa+p a+B p* I'a)lo o
1 af(1+n) B * * * iita
er*l"(oc)[ BL(B) TP +pap(1+n)+r'n+p |x1|}. < ol

Its clear that, if #, — #;, then right-hand side of the above-mentioned inequality tends to zero. Since x is an arbitrary in
By, hence F' is equicontinuous operator.

In view of steps 1-3 together with the well known Arzeld-Ascoli theorem, we can deduce that F' is continuous and
completely continuous.
Step 4. A priori bounds.

Now, we prove that the set E(F) = {x € C(J,R) : x = yFx for some y € [0, 1]}, is bounded.

Let x € E(F), then x = yFx for some y € [0, 1]. Thus, for each ¢ € J, we have
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Using (H3), for all € J, we get

o o mx
o< (P 0aD ) @+ 1% ()
+ [IPURDD)+ ()] 1]+ D)+ ) ] 79 () )

18001+ bl
O‘Lﬁa X amx

<1 (P ar D) ) @+ 14 (1) @

1y + D) T) + (D] (1 + )+ [T (T))
+WUNMHW<ﬁ>@+%O+HMHm

TOH‘[; . t
ar ar / (I*S)a+ﬁ71|x(s)|ds
(O“"ﬁ‘f‘]) L (a+B) Jo
aT%thP arT® T B
e I TG  par(@r / (T —5)P~x(s)lds
T ( ) Lla+DEB+1) - pal (@) (B) Jo
app*T” app T rFTe p*|xi|T?
ol (@) " pear(a) M mrar(ay M prar(ay et sl + ol,
and hence
a,; TP ay / "1 g)etBl
X = + t—s x||ds
Ry AN CET N R
2r T(Z a T(ZJrﬁ a Ta T _
[l x| + ! + d / (T — )P~ |x|\ds
" peal (@) T(a+D)C(B+1)  p.al(a)C(B) Jo
app’T* | app T | 1|
+a,+ael|x|| + X0|,
which yields that
+ |xo| + LA arTo" app*T* | p*pa|T*
a X
¢+ %o I'la+p+1) pJ(a+1DI(B+1) pal'(a) p.ol (o)
= 2T app*T®
l—q,— 2T
dg p-ol () p*aF(oc)
ar 1 /t a+B—1
* t—s x||ds
F(a+ﬁ) 1—a,— 2T anpp T 0( ) || H
8 peol(a) p*OCF((X)
afTO‘ 1 /T B
+ ¥ T—s x||ds.
pal (@l B) _ arge a7 Jp T

dg psol (@) p*ocl"(oc)

Applying Pachpatte’s integral inequality Theorem 1, we get

M ! g 1
Il < 75 exp | |~ e (1= 5y | = p
- 0 Px

0 Faip) | . arge  awl”

8 p.al(a) p*(XF((X)
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where

N | | N afTOhLB N leTOhLB anp*T® P*|X1 |Ta
ag+ |x
M— s L, Ta+B+1)  pIl(a+D)I(B+1)  p.al(a)  p.al(a)
1—q.— 2% ahp*Ta ’
8 peal () p*od"(a)
T arT® 1
_ f B—1
= - T—s
C= ) pal @I B, sy w7 Y
8 p.al(a) p*OCF(OC)
g ar 1 a+p—1
X ex — s—0 do | ds.
| ] pT@ B, g a1 7

8 pral(a) p.al ()

Thus, there exists a constant p > 0 such that ||x|| < p. This shows that the set E(F) is bounded.

According to well known Schaefer’s fixed point theorem, we deduce that F has a fixed point which is solution of
nonlocal fractional differential equation (1).

If r(t) =0 for r € J, r* = 0 and we have the following result.

Corollary 3.Assume that the hypothesis (H3) holds. If

r asT? 1
_ f B—1
= - T—s
o /o pal (@I (B),__ awl” (T =)
¢ pal(a)
X exp /S il : (s—0)**P-ldo | ds < 1
o pL(atp), ap’T” '
¢ p«al (a)
where
app*T?
—— # 1.
%" pal (a) 7

Then the nonlocal fractional differential equation (2) has at least one solution on J.

If p(r) =l and r(¢t) = A forz € J, and A € R, then we have p, = p* = 1,7 = |A| and we obtain the following result.
Corollary 4.Assume that the hypothesis (H3) holds. If

T a;T* 1

_ f B—1
= T—s
Q /o al ()l (B) |~ aure apT* ( )

& ol (o) OCF(OC)
s ar 1 a+B—1
X ex s—0O do |ds<1,
p /o Cla+p),  oure aT” ( )

8§ al'(a) OCF(OC)
where
20T a,T* y
ol (@) al'(a) "

Then the nonlocal fractional differential equation (3) has at least one solution on J.

dg
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4 Example

Throughout this section, we discuss an example to illustrate the usefulness of our main results.
Consider the following nonlocal fractional differential equation

D} c - e~ (1) _
DI ([(V+10) D} +e X x(r)) = romiathos 1 €7 =[0,1],

x(0)+ X" Ajx(tj)) =0,4; > 0,0< 11 <tp <--- <ty <1, (15)
2 x

D3 (1)+5<1‘+\(x2‘>\> =0.

Here, B =1,a =2 p(t) = vi+10,r(t) = e 2, T =1, f(t,x(r)) = %,
g(x) = XL Ajx(1)), h(X):%(]f‘ggl‘m,andwe obtain

|f (£,x(0)) = f(2,5(0)) ]
il a0 | B s ()] ’
O+e)(1+x@)])  (O+e)(1+y(0)])
(e + @ODA+ @) = (e +Iy@)D( +IX(I)I)’
O+e)(1+ @)D+ [y@)])

- [ 5o
T+ KON+ 50N
< ol - b
<500
609 ~500] < X2 maglist) (o)
hx) — h(y)] < §||x il
Thus, we have r* = 1,p* = 11, p, = 10, Ny = 1562 Ny = Y7 2, and N, = L.

From nonlocal fractional differential equatlon (15) we observe that the hypotheses of Theorem 2 can be establish by
choosing a sufficiently small values of A; such that

(1)2/3+1/4 r(1/4+1) 1
O = 0)(HI(1/4) [T a2+ 1) T @ATa)
@3 and) a2 e
taoemres uoesres T

m
~ 04786+ ) A; <1,
j=1

so nonlocal fractional differential equation (15) has a unique solution on [0, 1].

5 Conclusion

In this paper we have proved the existence and uniqueness solution of generalized nonlocal fractional Sturm-Liouville
and Langevin equations 1. When r(¢) = 0 for all 7 € J, we get the nonlocal fractional Sturm-Liouvilly equation and if
p(t)=1,r(t) =A,A € R forallz € J, we obtain the nonlocal fractional Langevin equation. To prove our results, we have
applied the Banach fixed point theorem, Schaefer’s fixed point theorem and Pachpatte’s integral inequality.
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