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Abstract: In this paper, using techniques from fractional variational calculus and some critical point theorems, we prove the existence
of weak solution. Then, we deduce the existence of solution for the following fractional boundary value problem:

{DF(0DPk(t)) = f(t, 0Dk(1)), a.e. t €[0,T],
K0)=0, j=0,1,2,....2(n—1),
KD(T)y=0, 1=0,1,2,....n—1,

~

)

where ;D% and (D{ are the right and left Riemann-Liouville fractional derivatives of order n — 1 < & < n which is a generalization of
previous results and f : [0,7] x R — R is a continuous function satisfying some assumptions. We propose two examples to illustrate
our results.

Keywords: Fractional boundary value problem, fractional variational calculus, critical point theorems, weak solution.

1 Introduction

A look at recent investigations shows that the mathematical modeling of many physical and engineering processes need
to use fractional differential or integral operators, see [1]. Fractional calculus is an old branch of differential and integral
calculus, with its basic idea attributed to “L'Hopital” and several relevant applications can be found in the study of
neorons, electrochemistry, control, porous media, electromagnetic, ...etc. (see [2-9]). In recent years, many researches
have addressed the existence of solution for fractional boundary value problems (see [10-18]).

Variational calculus is a generalization of differential calculus of functions like f : R” — R" to functionals on function
spaces [19]. We know that a function space is a set of functions from X to Y, where commonly X and Y are equipped with
different mathematical structures like topology, metric, norm, ...etc. Fractional variational calculus, was raised by “Riewe”
[20,21], that presented a new method to get the nonconservative systems using specific functionals. Some researches were
conducted the existence results of fractional differential equations using variational methods and critical point theory
explained, as follows:

In [22], Jiao and Zhou presented a new method to study the existence of solutions of the following fractional boundary
value problem:

{ 5 (30D P (V (1)) + 3 :DrP (V (1) + VF (1,v(1)) = 0,
v(0)=v(T)=0, a.e.t€[0,T],

where oD, ¥ and ,D;p are the left and right Riemann-Liouville fractional integrals of order 0 < p < 1, F is a given
function and VF (¢,x) is the gradient of F at x.
In [23], Jiao and Zhou examined the fractional problem:

{,D;(on(S(t)) =VF(t,8(t)), a.e.t€]0,T],
6(0)=0(T)=0,0<1t<1,
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they proved the existence of solutions for the above problem.
In this work, we consider the following boundary value problem:

:DF(0D7k(t)) = f(t, 0DZk(t)), a.e. t €[0,T],
KD(0)=0, j=0,1,2,...2(n—1), (D)
KD(T)y=0, 1=0,1,2,....n—1,

where n—1 < oo <n, f:[0,T] x R — R is a continuous function and satisfies some assumptions. Using fractional
variational calculus and some critical point theorems like Minimization principle and Mountain pass theorem, we show
that under certain assumptions the critical points of defined variational functional on the suitable Hilbert space are the
solutions of fractional BVP. We discuss weak solution and solution of the fractional BVP (1).

The rest of this paper is organized, as follows: we propose the definitions of the fractional calculus. We divide Sec.3
into two subsections, we first develope a fractional derivative space. Next, we will present some critical point theorems
and prove the existence of weak solution for fractional BVP (1). In the second subsection, we will give some existence
results of solution for fractional BVP (1), then two examples end this paper.

2 Preliminaries

In this section, definitions of fractional integral, fractional derivative and some properties of fractional calculus are
presented.

Definition 1.( [24]) For p > O, the left (right) Riemann-Liouville fractional integral operator of order p of a function
g:10,T] — R is given by

oI2g(w) = — /O'W(g“)ds wel0.7],

IRV ACERIES
otfeln) = o5 [ R we o) @

Here and in what follows, I' denotes the Euler's Gamma function. If g € L', then oIDg and WI;)g are defined almost
everywhere on (0,T).

Definition 2.( [24]) Form—1 < p < m (m € N), the left (right) Riemann-Liouville fractional derivative operator of order
p of a function g : [0,T] — R is given by

a 1 am v g(s)ds
1 _ P —
D) = g ol sn) = s [ e 0.1
d" _ 1 " (T g(s)ds
p _ m—p _
wDrg(w) = Fl)mdw'" wlp Tg(w) = (71)mF(m—P) dwm ./w (s —w)p—mtl weloT].

According to [24], the next result characterizes the conditions for the existence of the fractional derivatives onv and
wD%. in the space AC¥([0,T],R), (k € N =1,2,3,...) the space of real-valued functions g(w) which have continuous

derivatives up to order k — 1 on [0, 7] such that g&=! € AC(]0,T],R) the space of functions g(w) which are absolutely
continuous on [0,7]. ACK([0,T],R) = {g: [0,T] — R and (D*'g)(w) € AC([0,T],R) (D = “)}. In particular,
AC'[0,T] = ACI[0,T).

Lemma 1.( [24]) Let p > 0. If g(w) € ACX([0,T],R), then the fractional derivatives oDf, and ,,DYy. exist almost everywhere
on [0,T] and can be represented in the forms

k=1 (o - 1 w o oK) (§)ds
oDig(w) = jf;)r(f—i,()jrl)wj P+F(k_p)./0 (Wgs()p)kﬂ, w e [0,T], 3)
k=1 (—1)ig)(T . Dk T g®W(s)ds
w,D‘;g(w)jzé% (T —w)/ p+F((k)p)/w (sg_w()P)k*" we [0,7]. @
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Lemma 2.( [24]) If p,T > 0 and y(t) € LP([0,T],R) (1 < p < o), then the following equations are satisfied
of off y(1) = off " ¥(t), a.eon0,T],
AP IE () = 7T y(t), a.e.on[0,T).
Lemma 3.( [24]) If T > 0 and y(¢) € L ([0, T],R), (1 < p < o0), then the following equalities hold
oDf oIf y(t) =y(t), a.e.on0,T],
(D} A7 y(t) =y(t), a.e.on0,T].

According to ( [24], Lemma 2.5, p.74), before presenting the next lemma, we must define the spaces of functions
olF(LP), (5 (LP) for T> 0 and (1 < p < o).

OIIT(LP) = {y Ly = OItr(pv(P € LP(OaT)}v (5)

di(L7) ={y:y= 79,0 € L°(0,T)}. (6)
Lemma 4.( [24]) Let p >0, n— 1 < a < nand y,_p(t) = (oI, Py)(t) be the fractional integral (2) of order n — p.
(@lf (1 < p <e0) and y(1) € olf (L), then (olf oDFy)(t) = y(1).
(b)If y(t) € L' (0,T) and y,—,(t) € AC"[0,T), then the following equality holds:

(n—J)
2 Yup (0)
1° oD’y P
(010 j;rp ]+1)

P~ ae. onl0,T).

Lemma 5.( [24]) Let p >0, n— 1 < a < nand g,—p(t) = (:I7 " g)(t) be the fractional integral (2) of order n — p.
(@If (1< p <o) and g(1) € A7 (LP), then (:17 :D7g)(t) = g(1).
(b)If g(t) € L' (0,T) and gn—p(t) € AC"[0, T, then the following equality holds:
(—1 )n—jg("*j) (0)

—i (T—t)P~7, a.e. on[0,T].

n
(IT IDTg Z

The next result yields the boundedness of the fractional integration operators ¢y and tlﬁy from the space L?[0,T]
(1 < p <o) with the norm || y ||z -

Lemma 6.( [24]) Let y € LP. The fractional integration operators oIf and (1% with p > 0 are bounded in LP(0,T) (1 <

p <o) )
T
1P < )
I off yllr< o+ Iy llzr,
TP
Pyllp< ———— -
Il eIy [l < o+ Iy Iz

3 Main result

In this section, we discuss the existence of weak solution and then solution of given fractional BVP in (1).
3.1 Existence of weak solution

According to [14], to organize a variational structure for fractional differential equations, we need the introduction
of a suitable space of functions. We present the definition of the spaces Eg P which depend on L’-integrability of the
Riemann-Liouville fractional derivative of a function and we present some of its properties in the following.

Denote by C7([0,T],RR) the set of all functions u € C*([0,T],R) with u(0) = u(T) = 0. According to Lemma 1, for
any h € C5([0,T],R) and 1 < p < eo, we have h € L? and (Dh € LP. Therefore, we can define the following space of
functions.
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Definition 3.For n — 1 < a < n and 1 < p < oo, the fractional derivative space E(()x’p is defined as the closure of
Cy([0,T],R). It is clear that:

E)? ={ueL?([0,T],R) | ¢D*u € L([0,T],R) and u(0) = u(T) = 0},

we endow Eg’p with the following norm:

1
T T »
lalag=( [ 1t P ars [ ofutypar)” ™)
In the next proposition, we show that fractional derivative and integral can commute in space E(‘)x P but before that we
state the following property that will be useful further in proofs of propositions.
Property 1.([14], property A.7) Let oo >0 and n— | < & < n, then the following statements are equivalent for u € C*[0, T

@0l oDfu(t) = u(t), t€[0,T].
(b)[olg*"‘u(t)],:o =0, j=1,2,..,n.
©u(0)=0, j=0,1,...n—1.

Also, this property holds for ;/{u(r) and ;DSu(r).

Proposition 1.Let n — 1 < o <n and 1 < p < oo, For all u € Eg’p with ul)(0) =0 (j = 0,1,....n— 1), we have
0][0! ()D;xl/t(t) = M(l)

Proof. According to property 1, the proof is obvious.

Proposition 2.( [24]) Let &> 0. If h € LP([0,T],R) and g € L*([0,T,R), p>1,g> 1 and 3+ ; <1+ (p# 1 and
q # 1 in the case when %Jré =14 ), then

T T
|0t i) = [ gm0
0 0

Proposition3.Let n— 1 < a <n, h € Ef7, h9)(0) =0 (j =0,1,...n—1) and g € C3([0,T],R), g (0) =0 (j =
0,1,...,n—1) then

T T
| opfmygar= [ 1§ g) a,
0 0

T T
| gy gdr= [ nod? g) d.
0 0

Proof. Substituting y/) (0) = 0 in (3), we have

1 t ) (s)ds I
D0 = s [ e = ol )

and using integration by parts, we have
T T T ’
[ @ppmygd = [ gdohy D) = slorn" V) [F = [ (ot g ar

Similarly, we can obtain the following integral

T T
| opfmygar = (-1 [ (ol hgar,
0 0

also by Proposition 2

[ opmygar = -1y [ g <g i = 1y [ w1y = [ neoggar,

T T
= [ oDf)gdr = [ (DFg)dr.
0 JO
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Propositiond.Letn—1 < a <nand1 < p < oo. Forallu € Eg’p with u)(0) =0 (j =0,1,....,n— 1), we have
o

< —— || oD* -
< o | Pl

(R

1 11
Ifa > —and —+ — =1, then
p P q

T%
I(a)((@—1)g+1)7

Proof. According to Proposition 1, we can replace u with o/* ¢D¥u, so it suffices to prove

[ fleo< I oD u||Lr -

o

% oD% < -
I ol o tuHLp—I—v(a+1)

I oDfulLr

We know that for u € E(‘)x P we have on‘u € LP. Thus, according to Lemma 6, substituting on‘u instead of y, we have

o
1% oD% < —————— D%
I ol o tu||L’—1—~(a+1)|| oD{'u || rr,
o
= < ————— Da 2N
”””“—F(a+1) Il oDf"u||Lr

For the proof of second part, we also substitute u with oI* ¢Df*u and it is similar to ( [23], Proposition 3.3).

Lemma 7.The operator A from space E, " into L5 ([0,T],R)

AEST — A(Eg") C L5([0,T),R) (8)

u— A(u) = (u, oD%u), Yu e Eg".

is an isometric isomorphic mapping.
Note that L5([0,T],R) is the cartesian product space LP([0,T|,R) x LP([0,T],IR), with the norm || v HLg: X2 |

1
vi [[7,)7, (vi € EgP).

Proof. According to linearity property of Riemann-Liouville fractional derivative operator, it is obvious that A is a linear
operator. We will show that A preserves the norm which means that

Vu€ B ullop=IlAull -

from (7), we know that

==

lullap =( llullly + I oDFulizn)?,

so by the definition, the operator A is an isometric isomorphic mapping.

Proposition 5.Letn— 1 < oo <nand 1 < p < oo. The fractional derivative space E(()x P is a reflexive and separable Banach
space.

Proof. First, we will show that E(()x 7 is a Banach space. Let (u,),>1 be a Cauchy sequence in E(()x 7 Then, (4 )nu>1 and
(0D®u)m>1 are Cauchy sequences in L”([0,T],R) . Since L”([0,T],R) is a Banach space, there exist functions vy, v, in
LP(]0,T],R), such that u,, — vy, oD¥uy — vo in LP([0,T],R) as m — co. Now, we are going to show that ¢D%v; = v;.
According to Proposition 3,

T T
/ oD% (1)(1)di = / (1) DEv(1)dt, Wy € ESP([0,T],R).
0 0

We obtain that

/O a(e(r)dr = /O (O Dv(r)dr = /0 " oD% (1)v(1)de

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

128 ~N S B A. Neamaty et al. : Existence Results for a New Fractional ...

= () = oD¥vi(t) € LP.

Therefore, E(‘)X ” is a Banach space. Now, we want to show that Eg ” is a reflexive space. Since LP([0,T],R) is a
reflexive Banach space, L5 ([0,T],R) is also a reflexive Banach space with respect to the || u || 17> Where defined in

Lemma 7. According to (8), we observed that the operator A is an isometric isomorphic mapping, then A(E(()x P)is a

closed subspace of L5 ([0,T],R), therefore A(E;"") is reflexive. Consequently, E;" is also reflexive. We show that E;"”
is a separable space. Since L”([0,T],R) ia a separable Banach space, L5 ([0, T],R) is also a separable Banach space with
respect to the || u || 12- then A(Eg"") is also separable. Consequently, E; " is a separable space.

Remark.According to Proposition 4, we can consider Eg ¥ with respect to the norm
[ullop="1II oDfullr-

Definition 4.7he sequence {x,}_; C X converges weakly to x € X i.e. x, =~ x if forall T € X*, T(x,) — T(x). (X" is
the dual space of X)

1
Proposition 6.( [23]) Letn—1 < oo <nand 1 < p < co. Assume that o0 > — and the sequence {uy} converges weakly to
p
win EgP. Then, wy — uin C([0,T],R), i.e. || u— uy ||=0, as k — o.
Definition 5.( [25]) The functional ¢ is said to be Gateaux-differentiable in u € Eg’p if the map:
Do(u): E;" - R

v Do(u)(v) = }l%w

is well-defined for any v € Eg’p and if it is linear and continuous. A critical point u € Eg’p of ¢ is defined by Do (u) = 0.
We present a proposition which will be useful to establish a variational structure for BVP (1) in E(‘)X P
Proposition 7.Letn— 1 <o <n, 1 < p <eand a > %,
L:[0,T]xRxR—R,

(t,x,y) = L(t,x,y),

be measurable in t for each (x,y) € R x R and continuously differentiable in (x,y) for almost everyt € [0,T). If there exist
ac C(RYRY), be L'([0,T],RT) and c € L1([0,T],R "), 1 < q < o, such that for a.e. t € [0,T] and every (x,y) € R x R,
one has

| L(t,x,y) | <a([x[)(b)+ [y 7),
| DiL(t,2y) | <a(lx)(b()+ [y [7),
| DyL(t,x,y) | < al|x|)(e@)+ [y [P,
where 1—17 + é =1, then the functional ¢ defined by

o) = [ L.k1), oDEK())ar,

is continuously differentiable on Eg’p and Vk,v € E(()x’p, we have

T
<@ (0.v>= [ DALk, 0DFK().v(1)

H(D,L(1K(r). 0DFK(1))- 0DE (1) Nd.
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Proof. We refer the reader to ( [26], Theorem 1.4).

We propose the definition of a weak solution and we continue the discussion of the existence of weak solution in
Hilbert space Eg’z with respect to the norm || u |2 given by (7). If f(.,x) € L'([0,T],R), then multiplying (1) by
v € Cy([0,T],R), by integration and Proposition 3, we have

[ 1GDRDE M) - (76, oDER O

T
= [ 0DEk(e)oDE(0) = £t oDEk(E))v(0))dr = 0. ©)
Definition 6.A function k € Eg’z such that f(.,x) € L'([0,T],R) is said to be a weak solution of fractional BVP (1) if k
satisfies (9) for all v € C5 ([0, T],R).

We consider the following conditions:

dF
(Hp)Let i f(t,x) such that F(¢,x) is measurable in t for each x € R, continuously differentiable in x for almost every
X

t € [0,T] and there exista € C(RT,R™) and b € L' ([0, T],R*) such that

| f(t.x) | <a(]x])b(),
[ F(t,x) | <al(|x])b(),

forallx € Rand a.e.t €0,T].
(H>)F € C([0,T] x R,R) and there exists y € [0,3) and M > 0 such that 0 < F(,x) < uf(t,x)ol% for all x € R with
|x| >Mandt€l0,T].

(H3)There exist constants 6 € (0,2),a € [0, FZZ(TOZZI)) and the functions b(z) € L? ([0,T],R),c(t) € L' ([0,T],R) such that

|F(t,x)| <a|x|?+b@) x> +c(t) aet€[0,T], xeR.

F(t 1
(Ha)limsupyy o % <3 uniformly for # € [0,7] and x € R.
x

Corollary 1.( [26], Corollary 1.1) Let L: [0,T] x R x R — R be defined by

1
L(taxvy) = E |y |2 _F(tax)v

where

F:[0,T]xR—R
(t,x) = F(1,%)
satisfies (Hy). Ifn—1 < a <n, a > % and k € Eg’z is a solution of Euler equation ¢'(k) = 0, where @ is defined as

1

T
o) = [ 51 oDFk(e) Pt~ [ F(t, oDEk(1))dr, (10)
0 0
then k is a weak solution of BVP (1). (In fact the critical point of the functional @ is a weak solution of BVP (1)).

Proof. By Proposition 7 and (9),

T T
0= <@®.v>= [ (DI~ [ f0 DKWL =0,

o [ DfDEK O~ [ 1o, oDEKO (o) =0
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T
& [ LDHODEK() — f0 oDEK())v(r)dr =0,

for all v € E&? with v)(0) =0 (j = 0,1,...,n— 1) and so for all v € C3([0,T],R). Thus, k is a weak solution of BVP
(1).

According to the above corollary, we know that to find a weak solution of BVP (1), it is enough to obtain the critical
point of functional ¢ that is defined in (10). Thus, we use some critical point theorems, like Minimization principle and
Mountain pass theorem to find the critical points. We present some definitions and propositions without their proofs which
are used further in this paper.

Definition 7.( [23]) Let X be a real Banach space and ¢ € C' (X, R) (the set of functionals that are Gateaux differentiable
and their Gateaux derivatives are continuous on X ). If any sequence {uy} C X for which {@(uy)} is bounded and
¢ (ur) — 0 as k — oo possesses a convergent subsequence, then we say @ satisfies Palais-Smale condition (denoted by
P.S. condition for short).

Definition 8.( /26]) A function ¢ : X — R is lower semi-continuous (resp. weakly lower semi-continuous ) if for every
sequence (uy)ren
up = u (u€X) = liminfi_co@(ur) > @(u)

(respu — u (u € X) = liminfy_,oo®(ur) > @(u)).

Proposition 8.( [26]) If X is a normed space and ¢ : X — R is lower semi-continuous and convex, then @ is weakly lower
semi-continuous.

Proposition 9.( [26]) (Minimization principle) Let X be a real reflexive Banach space. If the functional ¢ : X — R is
weakly lower semi-continuous and coercive, then there exists uy € X such that ¢ (uy) = infyex @ (u). Moreover, if ¢ is also
Gateaux differentiable on X, then @' (ug) = 0.

Hence, we state and prove the coercivity and weakly lower semi-continuity conditions of ¢ in the next two theorems.

1
Theorem 1.Letn—1 < a <n, a > 3 and F satisfies (Hy) and (H3). Then, @ is coercive (i.e. lim|,|_, @ (u) = +o0).

Proof. Using (H3) and previous Remark

oK) = /OT% | oD%k(r) 2 di — ./OITF(I, oDIK(1))dt

T 1 T T T
> /0 > | oDk(r) [P di —a /0 | oD%k(t) |7 di — /0 b(t) | oDk(t) P di — /0 c(t)dr

1 T - _
=5 | oD7k(1) 7. —all oDfk() |17 —/O b(t) | oDPk(t) [*%di —C

> (3 —a) | oDk I~ ([ 150) 1F a

[

([ 1 onfxto) P an' -

9
2

1 ) o
= (3-a) | oDfk(1) I} = B | oDfk(1) |30~ C

] B o
= (5 —a) [l k() |22 — B k(1) |25 — C,
2

where
0
2

_ T ) _ T
b=([ 1613 ant, T= [ cloyar,
0 0
so, when || k || ¢ 2— 4o, we have @ (k) = oo, therefore ¢ is coercive.
Now, we prove that ¢ is weakly lower semi-continuous. We seperate the functional (k) into the following form

T T
o) = [ 31 oDfKO) P ai— [ FG, DIk,
0 0
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Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 8, No. 1, 123-136 (2022) / www.naturalspublishing.com/Journals.asp NS e 131

let
H(K) /OT%| oDk(1) |2 dt, G(k):./O‘TF(t, oDEk(1))dr.

We show that H and G are weakly lower semi-continuous. We know H is continuous, so according to Proposition 8, we
must show that H is convex, We suppose thatk, v € E(()x ”and A € (0,1), and we must show:

H((1=A)k+Av) < (1 =A)H(k)+AH(v).
17
H((1=A)k+Av) = 5 / | oD%((1— A)k+Av) [ dr.
Jo
We know that the Riemann-Liouville fractional derivative operator oD is linear, so

oD%((1— M)k +Av) = (1 — A)oDEk(r) + AeD%(1).

1 (T
3 | 1= 200D%k(0) + 20DEv(e) P di

1 T
<5 [ 10=2) ] oDfk(r) P+ | oDfv(0) Pl
T 1 /T
| =201 oDk(e) Pdr+5 [ A1 oDEvle) P,
0 0

T T
(1-2) [ 1 oDfk(e) Par 52 [ 1 oDfv(0) Pt
JO 0

= (1= A)H(k) + AH ().

H is lower semi-continuous and convex, so H is weakly lower semi-continuous.

Now, as we observed in Proposition 6, with weakly convergence assumption of uy to u in E(()x P u; will be convergent
to u in C([0,T],R), which means F is continuous with respect to the second variable for all ¢ € [0,7]. Hence, we can
write F(t, oD%k, (t)) — F(t, oDZk(t)) for all r € [0, T]. On the other hand, since the sequence (gD{*k,) is convergent in
C(]0,T],R), it is bounded in this space. Hence, according to the lebesgue dominated convergence theorem, we have

/ "t oD%K(1))dt — / " F(t, oD%k(1))dr.
0 0

That, this convergence shows the weakly continuity and then the weakly lower semi-continuity of G. Therefore, the
functional @ (k) is weakly lower semi-continuous.

Hence, as we observed if ¢ is weakly lower semi-continuous and coercive, then according to Proposition 9, ¢ has a
minimum. According to Theorem 1, we saw that when F satisfies (H1) and (H3), ¢ will be coercive, so all the terms in
Proposition 9, satisfy. We have already shown that, it suffices to find the critical points of the functional and we saw that the
critical points can be a weak solution, so we are looking for the conditions that under which we show the corresponding
functional has critical points. To achieve this, we use the critical points theorems like Proposition 9 and now to find a
nonzero critical point of functional ¢, we use Mountain pass theorem.

Proposition 10.( /23]) (Mountain pass theorem) Let X be a real Banach space and ¢ € C' (X, R) satisfying P.S. condition.
Suppose that

1.9(0) =0;
2.there exist p > 0 and ¢ > 0 such that ¢(z) > o forall z € X with || z |= p;
3.there exists zy in X with || z1 || > p such that ¢(z;) < ©.

Then, @ possesses a critical value ¢ > ©. Moreover, ¢ can be characterized as

— inf s
O Ry o

where A = {g € C([0,1],X) : g(0) =0,g(1) =z }.

We show in the following theorem with some assumptions the Mountain pass theorem conditions satisfy, so the
functional ¢ has critical point and the BVP (1) has a weak solution.
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Theorem 2.Suppose that F satisfies the conditions (H ), (Hy) and (Hy), then BVP (1) has at least a nonzero weak solution
2
on Eg ’

Proof. We prove that ¢ satisfies all the Mountain pass theorem conditions. First, we prove that ¢ satisfies P.S. condition.
We suppose that {k,} is a sequence in Eg’z such that lim,, e ¢’ (k) = 0 and @(k;,) is bounded, i.e.

AL>0; | ok | <L (n=1,2,...).

We know f is continuous and from (Hj ), F is continuous. Hence, there exist € [0, %) and M > 0 such that for | x| <M
and 0 <t < T the function F (¢,x) — pf (¢,x)ol%x is continuous, so there exists ¢ € R such that F(7,x) < uf(t,x)ol*x+c,
by (H,) condition:

F(t,x) <uf(t,x)ol¥x+c, 1 €[0,T], x€R. (11)
By Proposition 7 and (9), we have

T
< @' (kn)  kn >:/0 [(0Dfkn 0D kn) — f(t, 0Df kin )k dt (12)

T
= [0 aDfhale) P ~£ 0, oDl s
) T
1 oDk |2 — [ £(0, oDk

T
= ke |25 — /O F(t, oD%kt

From (11) and (12), forn = 1,2,..., we conclude that

T T
L>g() = [ 5| aDfksPdi— [ Flo. oDf)dr
1 o 2 T o
= ) | oD kn HL2 —/0 F(t, oD/ ky)dt
1 2 T o

=5 ke o= [ P DR
1
Ellk 1,2 u/ f(t, oD kn)ol oDfkn)dt — CT

|k 12 / (¢, oD%y Vkndt — CT

1l kn [[50 = < @' (kn) kn >) —CT

1
=5 Tk G =1 K [l o +1 < @' (kn) k> = CT

1
= (5 —10) [ kn [[Gp +1 < @' (Kn) kn > = CT

1

2 (5 w2 —H | @' (ka) a2l kn llo2 = CT,

a2<1,

since ¢'(k,) — 0, so there exists Ny € N such that || ¢’ (k)

1

L> (5 =) |k llo2 =4 |l kn a2 = CT, 1> No.

This shows that {k,} C E(‘)X 2 is bounded. Since Eg 2 is a reflexive Banach space, so we can suppose that there exixts
{k,, } C {kn}, such that k,, — k in EJ?, s0 we have

< @' (kny) — @' (k) ki — k>
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=< (P/(knk),knk _k >—< (P/(k),knk —k >
SH (p/(k”k) HOC,ZH knk —k ||oc,2 —< (P/(k),knk —k>

< (1 9'(kn) llaz = | 9" (k) lloc2) || Ky, = K [loc2

=1l @' (kn,) = @' (k) locall kn, =k llaz =0 as me— oo. (13)

In addition, by Proposition 6, || ks, —k ||«=0 as ny — o and || ky, ||< M, we have also k,, — k in C([0,T],R) implies
that 0D kn, — oDk, 50 f(t, 0D{'kn,(t)) — f(t, 0DZk(t)). 1f t € [0,T] and | f(t, 0D kn, () | < suprei—mm | f(t:%) |,
then by the lebesgue dominated convergence theorem, we have

T T
[ 1 oDk (0)dt = [ fe, oD, as e (14)

So, for a large ng, we have
< (p,(kn]‘) - (P,(k),knk —k>

T T
= [ @Dk, — oDFHdr = [ (7(t, 0D ha) = (1, 0DFH) ki (1) = k(1)

T
> | kn, ko2 — I/O (f(t, oDk, (1)) — £, oDf*k)dt ||| K, — K []oo -

Combining (13) and (14), we have
[ kne =k g2— 0, as ng — oo,

therefore k,, — k in E(‘)X 2. 50 the intended convergence is proved. Thus, ¢ satisfies the P.S. condition. Now, we consider
the second condition in Mountain pass theorem. Since condition (Hy) is satisfied, we conclude

Je €(0,1),8 > 0; F(t,x)g(%)(1—£)|x|2, for t€[0,T], |x|<8.

1
I'la)2(c—1)+1)2
By proposition 4, let § = N ka2 p= () (2( )+1)

1
, Sdand 6 = —gp? >0, s0
I'a)2(a—1)+1)2 T% 2 2

r1 o 2 o
o) = [ 5 | oDFK() [ ~F(r, oDFK(1))Jds

1 T
=5 I oDEk(e) 32 = [ Fle, oDk

1
>

10 2 =15 [ onkt) P

NS

1
L2 =5 (=2 [ 40

1
= || k(¢
2 Ik0)
! 2
= ek [32=o,
for all k € Ej 2 with || k || 2= p. This concludes the second condition in Mountain pass theorem.

Now, we show that ¢ satisfies the third condition in Mountain pass theorem. For all x € R, there exist ¢j,c2 > 0 and

S 0,l such that F(t,x) > ¢y | x ﬁfcz, we suppose that 7 > 0 and 0 kGEa’z, we have
U 5 pp n 0
1 o 2 g o
o(nk) =5 || m oD I~ [ F. oDEids

1 T
=5 k@) 2= [ Flen oD
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772 2 r 1
<K o =1 [ 170Dk i+ caT
772 2 1 L
= Tk 22 = ¥ || oDPK() |, + eoT = —eo, as = oo,
m

so there exists a big enough 7 that @ (1o k) < 0. Consequently, the third condition in Mountain pass theorem satisfies.
We know that @(0) = 0, but for the critical point k, we have ¢(k) > ¢ > 0. Therefore, k is a nontrivial solution of BVP
(0.

3.2 Existence of solution

In this subsection, we present the definition of solution for fractional BVP (1) and a lemma which is useful for our
further theorem. Afterward, we prove that if n is even, then every weak solution of BVP (1) is also a solution of BVP (1).

Definition 9.4 function k : [0,T] — R is called a solution of BVP (1) if

(i) I}~ % 0D®k(t) is n-times derivable,
(ii)k satisfies BVP (1).

Lemma 8.Letn—1 < o <n, ifk € Egc’2 is a weak solution of BVP (1), then
oD{k(t) = A7 f(t, oDZk(t)) + Dy *P(t), a.e. t €0,T]. (15)

where
P(t) = Co+C]t+Czt2+...+C”,]l‘n71, ci € R.

Proof. By assumption, k € Eg 2 is a weak solution of BVP (1). Thus, by the definition of weak solution, we have Vi €
G ([0,T],R);

| oD k(00DER) — 11, oDEKE) 0 =0 16
Since f € L'([0,T],R) and according to Lemma 6, we get that o[*f, I%f,€ L'([0,T],R). We define w(t) by
w(t) = 7 f(t, oD'k(t)), 1 €10,T],
sow € L'([0,T],R) and
/OTw(t)on‘h(t)dt = /OT (DFw(t)h(t)dt

= / (DT 7 f(t, oDFk(t))h(1)dt

—/ (1, oDk(1))h(t)dr.

By (16), we have for every h € C7 ([0, T],R
T
/O [oDk(1)oDEh(r) — £(t, oD*k(1))h(1)]dr =0,
T
= [ DD () — wlt)oDf h(D)]de =,

T
:>/ (oDf*k(t) — w(r))oDf*h(t)dr = 0.
0

According to (3)
T
|| 0D#k(e) = wle)) ot~ 0)) e o,

/OT I (0DE(r) — w(t))h") (1)dt = 0.
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In view of /7~ %(oDk(t) — w(t)) € L'([0,T],R), Lemma 2 and Lemma 3 ( [19]), implies that

2% (0DZk(t) —w(t)) = P(t) a.e. on|[0,T), (17)

where
P(l‘) = C()+C|l‘+6‘2t2+ +Cn,1tn71, ¢ €ER,
— D% il *(oD'k(t) —w(t)) = D “P(t),
— oD{k(t) —w(t) = D7 *P(1),
s oDZk(t) = w(t) + DL OP() ace. 1 €[0,T),

and with substituting, we have
oD k(t) = (7 f(t, oD{k(t)) + D *P(t),

and this completes the proof.
Remark.According to (17) and Lemma 2, we have
A7~ oD k(1) = Iy~ *w(t) + P(1),
oIy * oDk(t) = Iy~ AT S (1, oDFk(2)) + P(2),
= A} f(t, oDZk(t))+ P(t) a.e. on[0,T].

We will show the main theorem of this subsection that states if n is even, then every weak solution of BVP (1) is also
a solution of BVP (1).

Theorem 3.Letn—1 < o <nandk € E(()x’z. If k is a weak solution of BVP (1) and n is even, then k is also a solution of
BVP (1).

Proof. According to the above Remark, we have
7% oDPk(t) = 7 f(t, oDFk(1)) + P(1),
= (D Iy % oD'k(t) = (D 7 f(t, oD k(1)) + (D7 P(1),
= (=1)" D7 oD{'k(t) = f(t, oD{*k(t)).
So, we verified that if n is even, then k satisfies BVP (1). Moreover, k € Eg"2 implies that k(0) = k(7') = 0. In a similar

way, k)(0) =0, (j=0,1,2,....2(n— 1)) and k) (T) =0, (1 =0,1,2,....,n — 1).

We study the existence results by the following examples:

Example 1.Consider the following problem

5 5 5 5
1Df oD k(t) =3 | oD7k(t) | oD/ k(t), a.e. 1 €]0,1]
k9 (0)=0, j=0,1,2,3,4 (18)
KD(1)=0,1=0,1,2

5 5 5
where 2 < a =3 <3,n=3,T=1, f(t, oD k(t)) = 3| oD} k(t) | oD} k(t) and
X 5
F(t,%) :/ F(t,)ds =| oDEK(1) .
0

Hence, conditions (H}), (H,) and (Hy) hold with u = % € [0,1). Thus, according to Theorem 2, the problem (18) has at
least a nonzero weak solution on Eg 2,

Example 2.Let us consider problem (18) again with ¢ = % So, in this case, n = 4 is even. Similar to the previous example,
conditions (H}), (H) and (Hs) hold. Hence, according to Theorem 2, the problem has at least a nonzero weak solution.
Consequently, according to Theorem 3, this weak solution is also a solution of the problem.
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