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1 Introduction

Because of its indisputable applications in several sectors of science and engineering, the subject of fractional calculus

(integrals and derivatives) has grown in quality and importance during the last three decades. The fractional integral

is useful for a variety of problems involving mathematical science special functions, as well as their extensions and

generalizations in one and multiple variables. This subject is extensively investigated by several authors, (see [1,2,3,4,5,

6,7,8,9,10,11,12,13]). One among the vital applications of fractional integrals is Hermite-Hadamard integral inequality,

see [14,15,16]. First, let’s recall the fundamental expression of the classical Hermite-Hadamard inequality, as follows:
For a convex mapping F : I C R — R on the interval I = [k, k»], we have the following double inequality [15]:

K1 + K 1 K2 F(K1)+F(K2)
F< 2 > = K2 — K1 /;q Floe)dx < 2 ' W

The Hermite-Hadamard inequality is an inequality that linked to the integral mean of a convex function.
In [17], Dragomir and Agarwal established the following useful results related to the right hand side of (1):

Lemma 1.Ler F : I = [k], k2] C R — R be differentiable mapping on I° = (K, K3 ), then following equality holds:

F (ki) +F(x 1 K K — Kk 1 '
)P P0) L (™ e =228 [0 2)r e+ (1 )t @
K2 — K1 Jx 2 JO
Theorem 1.Let F : I = [k, k2] € R — R be differentiable mapping on I° = (K1, k). If ‘F/‘ is convex, then we have the
following inequality:

(K2 — K1)
8

— dx| <
> PR F (3)dx| <

F (k) +F (k) 1 /Kz (’F/(Kl)‘Jr‘F/(Kz)D- (3)

K]

In [13], Sarikaya established the fundamental Hermite-Hadamard type inequalities for fractional integrals, as follows:
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Theorem 2.Let | : [k, kK»] — R be a positive function with Ly ([K), K]), with K] < k. If I is convex function on the given
interval, then we have the following double inequalities for fractional integrals:

r K1+ K < I'la+1)
2 2(1('271(‘1)05

F (k1) +F (k)
2 b

[JE L F () +Jg ] < )

with o > 0.
Definition 1./17] A non negative function F : [k}, k] — R is said to be convex function, if the following inequality holds:
F(§xi+(1=8)K) <&F (x1) + (1 =&)F (k2),
forall € in[0,1].

Definition 2./ 18] A non negative function F : [k1, k] — R is said to be s—convex function in second sense, if the following
inequality holds:

F(§x1+(1=8)k) <&°F (K1) + (1= G)'F (k)
Sorall & in[0,1] and s in (0,1].

In [19], VaroSanec defined generalization of convex, s—convex, Godunova-Levin functions and P—convex functions
as follows:

Definition 3./19] Let h : J — R be non negative function and h # 0. A non negative function F : I = [k}, k] — R is called
h—convex function, if the following inequalities holds:

F(Sxi+(1=8)ka) <h(E)F (k1) +h(1=E)F (K2),
for all & in [0,1]. For more discussion about the h—convex function, see [19].

In [20], Sarikaya and Ertugral defined a new left-sided and right-sided generalized fractional integrals, as follows:

KlJrI(PF(%):F(a)/(pE{%_éé)F(é)déa n > K
Kzfl(pF(%) = F(IOC) / (Pé{:_%%):f(é)dé, 7 < Kp

respectively, where @ : [0,00) — [0,00) a function which satisfies fol %@di < oo,
Some of the special cases of these generalized fractional operators are given, as follows:

RemarkIf we choose ¢@(&) = &, o(&) = ﬁé“, p&) = Wl(a)é%v k>0 @& = f(%—‘g’)a’l and

(&)= gexp (—I’T"‘ ),a € (0,1), then we obtain classical Riemann integral, Riemann-Liouville fractional integral,
k-Riemann-Liouville fractional [6], conformable fractional integrals [21] and fractional integral operators with

exponential kernel [22], respectively.

The present paper aims to establish inequalities of Hermite-Hadamard type for the #-convex functions via generalized
fractional integrals. We also discuss some special cases of our main results.

2 Main results

In this study, we suppose
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Lemma 2.Let [ : I C R — R be differentiable on I° and x,x; € I, with k1 < K. IfF/ € L[k}, K| , then we have the
following identity that holds for generalized fractional integrals:

r (K1 ;— Kz) - 2A1(1) [(W)*IWE(KZ) + (;q;@)I(pF(Kl)] )

e Lol -omes(235)) - o-mes (252

and

F(K');F(KQ) - 2/\1(1) [K1+I¢F (—K' ;Kz) S (K' ;Kzﬂ ©)

K — K

2A () /O]A(é) [F' (51<z+(1 —e;)’q;”(z) - (§K1+(1 —i)KI;KZ)]di.

Proof.Integrating by parts, we have

S—

a@ | (0-omee (52 - (0-oee (152 ac

a@r (- ("j"z))dé—/'A@)F’ ((1—5)Kz+é‘ (2572))
-2 [Mé)F((lé)K1+§<K'+KZ>>;/O )5)r(<1ém+é("'§"2>)d&]
)

) (0-0ms (222)) ]
-t o (252) - PEE (0o (252))
it o (252 [ PO (0 (22) ]

S—

+

[A(i)F ((1— Kz+€<K'+K2

K2 — K

Changing the variable, we have our required identity (5).
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Similarly, integrating by parts, we have

/OIA(é) [F' (éxﬁ(lé)m;'{z)f (éxﬁ(lé)’q;’qﬂdé

7/ A(E <5K2+ (1— 5)"'*"2)515 /A <§K1+(1§)K]J2FKZ)d§

K2 — K

-~ [A@)F (5K2+<1—5>¥)

K — K

S

' (ly—K1)&
- [A(l)F(m)—/‘p( =), Fgera- 5)’“”2)4

+ 2 {A(é)F (ém +(15)¥>

0 /OLM) AGEE é)K'+Kz)dé]

Jo 2

(02 —x1)€
T [A(l)rm)/”p( =), rgma- é)Kl+Kz)d§]

K — Kj 0 &

Changing the variables, we have our desired identity (6).
This completes the proof.

Theorem 3.Let | : 1 = [K|, k2] C R — R be differentiable on I° and F' € L([K1, %)) If‘ F'| is h-convex, then the following

inequality holds for the generalized fractional integrals:

’F (KHZLKZ) _ZA](l) {(K‘XQ)J‘PF(’QH (W)I‘pF(KI)} "
< ('ZZA ARG \)/OIA(J:)(h(l—f:))dH(2,\(1';1) F/(KI;KZ) /OIA(é)h(é)dé’

and

F(K')y(m - 2A1( ) {"‘WF <¥> To-lof (KI;KZ)” v

< (\F ()| + [ () /A En(E)dg + 2K

1
PR ) | A@n- e,

K1+ K
F( 2 >0

Proof.From (5) of Lemma 2 and since ‘F ‘ is h-convex function, we have the following inequality
K1 + K 1
- K| +K I K Ky K I K
F(552) ~2am [(agm) lor (00 g 1o ()

B K /OIA@)\F’(@é)mé("';“)) ag+ /IA@)\F’ <<1&>Kz+é("‘§"2)>\dé

Ky — K] K]+K2)

) 4A(])/1A(§)[h(l&)’F,(Kl)’Jrh(é)‘F/( 5
/ & -0 oo eme|r (52)

(7 e+ [ )]) [ Ac@ b1 - £z + L2

|

|z

[ A,

1 K1+ K
r(5")
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which is our required inequality (7).

Now from (6) of Lemma 2 and since |/ / ’ is h-convex function, we have the following inequality

‘F(Kl);F(Kz)ZAl(]) [K1+I¢F (%) +K21¢F( 1;@)”
<A@l (sera-oR ) e 208 Mag)lr (a0 -5 52)

K2 — K

i a@ e o] +a0 —é)\F’ (%)H g

d&

+';2A‘(1’<)1 ./(;IA(é) [h@)\r’(mhh(l—é)\F (KIHZ)H
S (ol o) [l ameras + Gl (32| [acema e

which is our required inequality (8).

Remark.Under the assumption of Theorem (3) ¢(&) Fé((;) , we have Theorem 2.1 of [23].

Remark.Under the assumption of Theorem (3) ¢(&) F.’;(Z) and 7(&) = &, we have Corollary 1 of [23].

Remark.Under the assumption of Theorem (3) ¢ (&) Fé((;) and h(&) = &%, we have Corollary 2 of [23].

Corollary 1.Let f : I = [kj, k] C R — R be differentiable on I° and e L([x1,%]). If ‘F/ is h-convex, then the

following inequality holds for the k-Riemann-Liouville fractional integrals:

(;q;rwcz) B 2?;’(2'?(13;%@ ,Z@)HF(KZH 13@)77kF(x1) ‘ ©)
< 2 (1 e+ [ ) [ € hr - epag + L2 (S| Fetueya
and
F(K1)42rF(Kz) - 271;’(2‘1}(2#) [IKMF (vq . Kz) + o kb (’“ > Kz)} ‘ (10)

< 2 (] + | o)) [ e Emigyag + 22

5 Th(l—&)dE.

1 K1+ K
r(55")

ProofIn Theorem (3), if we use ¢(&) = ké f @ then we have our desired inequalities (9) and (10).

Remark.If we use h(&) = & and h(€) = £* in Corollary 1, then we obtain new inequalities involving k-Riemann-Liouville
fractional for convex functions and s-convex functions in second sense, receptively.

/ 1|4
Theorem 4.Let [ : I = [k1,k] C R — R be differentiable on I° and F € L([x,x3]). If ‘F ‘ is h-convex, then the
following inequality holds for the generalized fractional integrals:

(52) =g syt (9 g ) "

<t <A<5>>"dé)’_l’ [(/0 (na-o) | o )| (252) ]

Q) dé) 7
S fo-sirm o (252))s) ]
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and

F(K‘l);—F(K‘z) B 2A1(1) [K]+I¢F (K1-;Kz) e ol (KI;‘KZ)] (12)
q) di)é

= (ZZA_(SI) (/01 (A(é))pd’?)% l(/ol (h(‘g)’F/(Kl)‘q-f—h(l —5)‘# (%)
([ (ol [ +n-o]r (52)[) dgﬂ ,

where%+$:landp,q> 1.

Proof.From identity (5) of Lemma 2 and using the well known Holder inequality, we hav

F(552) = gam (g o 020+ (g Jor )
s’fA—(]")'/lA@)\r'((lé)rc+é("j"2>)‘dé+’fA—(l")'/olA<é>'r’<<15>Kz+é("‘§"2)>'dé
< ([ oera) ([ (0-ons(252) )
S ([wora) ([l (n-emre(25=)f
L </01(A(§))”dé>p</ol =) ool +n@|r (252
M ([ (A(é))”dé>; (f (-2l ool +n@|r (252

s ([ ) [(f (-l e (232)]

dg

+ N—

which is our required inequality (11).
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From identity (6) of Lemma 2 and using well known Hdolder inequality, we have the following inequality

}F(Kl)erF(Kz) B 2/\1(1) [mI(pF (y) o IoF <1<, ;m)”

K2 — K

aA(D) /(;]A(é)‘F/ (5K2+(1—5)K';Kz)ld€+ZZAUK)' /(;]A(é)‘F' (€m+(1_.§)"';"2)
< Ay (/OI(A(i))”dé)% ([l (5K2+<1—5>"1;"2)\"d5);

v K|+Kz> qd&)%

s ([aeyrae) ([ (gara-0%3
- M(fAimK) (/01 (A@))”dé); </01 (h(é)\r%m\ﬁh(lé)}r’ <"'§’<2) 3’
) (/01 (A(é»"dé)’l’ (/0' (h(@\p’@(z)‘uh(] —5)‘# (Klg,@)
iji&)m(/ol“@”dé)% ([ (e ol +na-o)|r (252)
(/0' (h(é)\ﬁ<xz>\q+h<1 _g>‘p' (M;Kz) q) déﬂ |

which gives the inequality (12).
This completes the proof.

IN

dg

Remark.Under the assumption of Theorem 4 ¢(£) = 1_5((; , we have Theorem 2.2 of [23].

Z

’ 114
Corollary 2.Let [ : I = [k}, k] C R — R be differentiable on I° and | € L([k),k)). If ‘F ‘ is h-convex, then the

following inequality holds for the k-Riemann-Liouville fractional integrals:

(255) el ey o]
< 8 <pakk)% [(/0 (-0 oo e | (22 dg>4
(f (-l wl +ne | (222 dgﬂ |
g A el (s52) 1,0 (23]

)

(f (@]r wof +na-)

(255)7))

< (x5 ; K1) <pak_k) »

(f (me)|r o] +a0-2)

[ K1+ K
" (%)

?

1 1 _
where ;+5—1andp,q>1.
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a
k

ProofIn Theorem (4), if we use ¢(&) = ké @ then we have our desired inequalities (13) and (14).

/ 1|4
Theorem 5.Let f : I = [k, k»] C R — R be differentiable on I° and | € L([x),K]). If ‘F ‘ , ¢ >0, is h-convex, then
the following inequality holds for the generalized fractional integrals:

F (K' ;LKQ) - 2/\1(1) {(g;q)ﬁqnf('fz%r (ﬂ;cz)hpf(iﬂ)” (15
<ed (/OAIA(é)dé)I; P52

)]

)

(f 2@ (w1 -2 o] +ac)

(2@ (mi-o w +ne)|r (252)

+

and

F(x)+F (K 1 K]+ K K]+ K

‘ ( 1)2 (2)2/\(1) {K1+I¢F< 12 2>+K21¢F< 12 z)” (16)

1

)4

</01A(§) (h(é)‘F/(Kz)‘qﬂLh(lé) r <¥>

(3)7)e) )

Proof.From identity (5) of Lemma 2 and using the well known power mean inequality, we have the following inequality

< '22/((]'3‘ (l/o‘lA(é)cﬁ)l;

([ a@ (ma]r wof +ha-g)

() 3w (s )+ (o )
<l Lawlr (a-omee (U502 ) e S [ a@) (0-omre (K52 ) ag
< S ([ o) ([aoly (0-omre(232)) )

+§2/;(1K)1 ( 01/\(5)d€>1é </01A(§)‘FI ((15)Kz+5 <KIJZFK2>) ngf_

. K
Since ‘F ‘ is convex, then we have

F(PF2) ~ gaqm L(mam dor (0 (g or ()|

<o (/O'A@)dé)lé

(f 2@ (r1-2)]r oo +a)

)4

(25
)]

(2@ (w1 -2 o]+ a2

K1+ K
r(5")

+

which is our required inequality (15).
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Now, from identity (6) of Lemma 2 and using the well known power mean inequality, we have the following inequality

‘F(K[)JrF(Kz) 1 [1<1+1<pf (K‘] ;LKQ) o IoF (K‘] +K2)”

2 2A(1) 2
< [ (srra-B TR oz 2 Al (g0 -85 ) as
e () ([ o9 (332)) )

qd&)

S () ([ (mra-a (432)

. /4
Since }F

‘F(Kl);rF(Kz) 3 2,\1(1) [K1+I¢F (K‘] ;LKQ) o Lo <K1 ;KQ>H
(l/oilA(é)<h(§)‘FI(K2)‘q+h(l‘g’)‘F/ (%)“’)dé)é

<A </01A(§)d§)'
</01A(§) (h(é)’FI(KI)‘q+h(1§)‘F/ (%)D dé)j |

which is our required inequality (16).

is convex, then we get

+

Remark.Under the assumption of Theorem 5 @(£) = F‘:(Z) , we have Theorem 2.3 of [23].

Remark.If we use h(§) = & and (&) = &° in Theorem 4, Theorem 5 and Corollary 2, then we obtain new inequalities for
convex functions and s-convex functions in second sense, respectively.

3 Conclusion

In this research, we presented some Hermite-Hadamard type inequalities for h-convex functions utilizing the generalized
fractional integrals. To validate that their generalized behavior, we showed the relation of our results with the previously

published ones.
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