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Abstract: In this paper, a continuous fractional boundary value problem invovling fractional g-derivative of the Riemann-Liouville
type is considered. Using Krasnoselskii’s fixed point theorem, the existence of positive solutions for the problem is obtained. By
applying Leggett-Williams fixed-point theorem, the multiplicity of positive solutions is also achieved. Moreover, two examples are
presented to illustrate the existence and multiplicity of positive solutions for the problem.
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1 Introduction

g-difference calculus (i.e. quantum calculus) was first
introduced by Jackson[1,2]. Then, it was extended to
fractional g-difference calculus by Agarwal[3] and
Al-Salam[4]. Due to its various applications in many
subjects, including quantum mechanics, particle physics
and hypergeometric series, many researchers devoted
their efforts to develop the theory in this field and many
results were made, such as the g-Taylor’s formula,
g-Laplace transform[5], ...etc.

During the last few years, the study of positive
solutions for fractional boundary value problems as well
as their its various applications in physics and engineering
flourished. Many results were obtained by applying
Caputo derivative and standard Riemann-Liouville
fractional derivative (see [6,7,8,9,10] and references
therein). But for fractional g-difference boundary value
problems, there were few. In 2011, R. Ferreira[l11]
investigated existence of positive solutions for a class of
fractional g-difference boundary value problems

= —f(t,u(r)), 0<r<1,

u(0) = Dyu(0) = Dyu(1) = 0.

where f : [0,1] x [0,4e) — [0,+e0) is nonnegative
continuous and 2 < o < 3. Recently, Li et al.[12, 13] have
addressed eigenvalue problems of problem (A), some

existence and nonexistence theorems for solutions with
different eigenvalues were obtained.

In this paper, we consider a continuous fractional
boundary value problem

Dfu(t) = —f(t,u(t)), 0 <t <1,
(P){ u(0)=DAu(0)=0, 1<k<n-2keN,
Dlu(1)=o0, 1<B<n—2.

wheren—1<a<nn>3neN, f:]0,1] x[0,400)—
[0, +e0) is nonnegative continuous and DY is the fractional
g-derivative of Riemann-Liouville type with order ¢. Let
n =73, B =1 in the problem (P), it becomes problem (A).
Thus, the problem (P) we considered is a more general
case and the results we obtained will extend the work of
R. Ferreira and Li et al.

This paper is designed as follows: In Section 2, we
recall some notations of g-integral and g-derivative. Then,
the corresponding Green’s function is obtained and some
fixed points theorems are given. In Section 3, the
existence and multiplicity of positive solutions are
obtained using the fixed point theorems on cone. In
Section 4, two examples are presented to show the main
results.
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2 Preliminaries

We use the notations indicated in Jackson’s work [1,2]. ¢-
derivative of function u(r) for 0 < g < 1 is defined by

“O) =) ) (0) = lim(Dyu)(1),

(Dqu)(r) = (1—gq)t ~’ t—0

and for higher order g-derivative,

(Dgu)(t) = u(t),  (Dju)(r)

For g-integral of function u defined on [0, ], we have

= Dy((D}'u)(r)), n€N.

(Iqu)(t):/olu()qsftl— untq t € [0,],

The fundamental formula of calculus can also be applied
to g-derivative and g-integral, i.e.

(Dglqu)(t) = u(t),

and if limu(z) = u(0), then

t—0
(I,Dgut) (1) = u(t) — u(0).

Let [a], = %, o € R. The power function (a — b)“
can be expressed as

(a—b)® =qg* B
n:Oa_bqOth
From the definition, we can see (a — b)(® = a®(1 — g)(a)
and a(® = a%.
Let
(1-gq)*Y
Ii(o) = g1 ® eR\{0,-1,-2,---},
and we have I (o + 1) = [o] I (o).

Fractional g-difference calculus was established by
Agarwal [3] and Al-Salam [4]. Here we use Agarwal’s
notations.

Definition 1./3] Let oo > 0 and u be a function defined on
interval ~ [0,1].  The  fractional  g-integral — of
Riemann-Liouville type is (Igu)(t) =u(t) and

(1%)(1) = ﬁ

Definition 2./3] The definition of fractional g-derivative
of Riemann-Liouville type on interval [0,1] is (Dyu)(1) =
u(t) and

t
/ (t—g5) @ Vu(s)dys, a >0, r€[0,1].
0

(Dgu)(t) =

where m is the smallest integer satisfying m > «.

(DI “u)(1), o >0,

Lemma 1./3] The following formulas hold for t € [0,1]
and o, >0

(1) (1w ) = 1B =
(2)  (DAI%u)(r) = u(o);

(3) (EDhu)(1) = (DL1%u) (1) -

(15 %) (1);

p—1 10—p+k .

= (Dyu)(0),
kgb Ty(a+k—p+1) 1
PENp>a.

Next, we list some equalities that will be used later. They
have been proved by R. Ferreira[11].

Lemma 2./11] Let ;D be the derivative with respect to t.
Then the following formulas hold:

(1) th(t—s)(a) = [a]q(t_s)(afl);

8o I,(o+1) a—B.
L Wy L

(B) (t—a)>@—b)Y a<b<t, a>0.

Lemma 3.Problem (P) has a unique solution with

1
— [ Gles)fuls))dys
0
where G(t,s) is the Green’s function of problem (P) with
_ L [ ge) @ P (i gs) @D 0<s<e <,
G<t"”v>7W{(lqu)(“’ﬁ’l)t“’], 0<r<s<l.

ProofFrom (Dgu)(t) = —f(t,u(t)) and Lemma 2.1(3)
with p = n, we have (IZDily~%u)(t) = —17f(t,u(t)).
Then the general solution to the problem is

()= gy =9V o)+

At N et et

From condition u#(0) = 0, we can get ¢, = 0. Then,
differentiating both sides with respect of ¢, we can get

(D)1=~ iy 1o gl =) (s

%2 4o —2)geat® P e —n 1], 17

+ [OC — l]qclt
Boundary condition (D,u)(0) = 0 means c¢,—; = 0.

Differentiating both sides with respect of ¢ successively

and using boundary condition (D’;u)(O) = 0,
k = 23,....n — 2 similarly, we obtain
n—2 = Cy—3 = -~ = ¢ = 0. Now, the equation becomes

u(t) = =17 f(t,u(t)) + c1t%"!. Differentiating both sides
with order B, where 1 < f < n—2 and with Lemma
2.2(2), we obtain

(DEu)(t) = —DEIP 1P f(t,u(t)) + c; DB >~

Ml‘a*ﬁ’I
I(—PB)

1 a—
g P st
M;Oﬁﬁ*l
L(ox—PB) '

= —I;"ﬁf(t,u(t)) + ¢

+c
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By boundary condition (Dg u)(1) = 0, we have
¢ = %fol(l —gs5)\ @ B=1 f(s,u(s))d,s. Then, we can
get

Ii(@)
N Fq(la) /o (t—g5)\ %V f(s,u(s))dys
- Fq(loc) { /0[((1 —gs){ @ Pyl

The proof is complete.

Next, we will give some properties of Green’s function.

Lemma 4.The Green's function of problem (P) satisfies
following conditions:

(1) for0<t,s<1,G(t,s) >0,
2 <s<1 =G(1
(2) for0<s< ) fnax G(t,s) = G(1,s),

(3) forany0<t<land0<s<1I,

i > %! :
TrgtléllG(t,s) >197G(1,s)

Proof.(1) For 0 < s <r <1, we write

Gi(t,s) = {(1—gs) @ P21 _ (1 — g5)( @D},

Ii(a)
and for0<r<s <1,

Ga(t,s) = (1 —gs) @ P11,

I4(a)

Obviously, G1(0,s) = 0 and G;(t,s) > 0. For ¢ # 0, using
Lemma 2.2 (3), we can obtain

Gi(t,s) = ){(lqu)w‘*ﬁ’])ta*]7(;7615)(&*1)}

L R I L L

{(1-g9)/* P70 — (1)@ D} > 0.

Therefore, for 0 < ¢,s < 1, we obtain G(¢,s) > 0.

(2) Obviously, for variable 7, G,(r,s) increases

monotonically. And for fixed 0 <t < 1, we get

DyGi (1.5) =%{(1 —g5)( @ PV [ 1] 192
o 1y —g9)@ )
o2 Ky
= (g9 et =a)( P70 (1))
o 1 {1 = )P — (1 g5) (@)},

I(a)

Here, a — B —1 < o —2 since 1 < <n-—2. So

tDyGi(t,s) > 0. Then, for variable r, G(t,s) also

increases monotonically. Hence, [max G(t,s) = G(1,s).
<<

HIF0<s<t<I,

G(1,5) _ (1~ )@ Pit — (1 gs)(@D)
G(1,s) (1—gs)@=B=1) — (1 —gs)(@=1)
:ta’l{(l qu)(o‘*ﬁfl) -1 qu)(afl)}
(1—gs)@B-1) (1 —gs)(e=D
T =g) P (1 g}
(1—gs)(@P=1 — (1 —gs)le—1) '

fo<r<s<l,

Hence G(t,5) > t*"1G(1,s).
The proof is complete.

Lemma 5.//4](Krasnoselskii’s fixed point theorem) Let
subset K be a cone in Banach space E. There exist two
bounded open subsets €, €, in K satisfying
0€ Q) CQ C Q. If operator T :  \ Q1 — K is
completely continuous and satisfies one of following
conditions:

(1) ||Tul|| < ||u||, u € R, and ||Tul| > ||u

(2) || Tul| > ||ul|, u € 02 and ||Tul|| < ||u
Then, T has a fixed point in Q, \ 1.

S 892;
LU € .

Definition 3./15] Let K be a cone of Banach space E. If
0 : K — [0,400) is a continuous map and for u,v € K,
0 <t < 1, the following inequality holds

O(u)+(1—1)0(v) < O(ru+ (1—1)v).

Then, function 0 is concave, nonnegative and continuous
on cone K.

Lemma 6./15](Leggett-Williams fixed-point theorem) Let
K be a cone of Banach space E. 0 defined above is
concave, nonnegative and continuous on K and satisfies
0(u) < ||u||. Denote K., = {u € K : ||u|]| < r}. For all
u€ K, let K(0,r1,rn)={uckK:|ul| <r,0u)>r}
If T : K, — K, is completely continuous and the
following conditions hold for 0 <r3 <r, <ry:
(C1) ||Tu|| < r3 foru<rs;
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(C2) Set {u € K(0,r1,r2) : 0(u) > ra} is non-empty,
and 0(Tu) > ry foru € K(0,r1,r).
Then, there exist three different fixed points uy, up, uz of T
with

0(uy) < ra, ||url] > rs, 0(uz) > ra, ||us|| < rs.

3 Main Results

We consider problem (P) in Banach space C[0,1]. The
norm ||u|| is defined by ||u|| = max |u(7)].
0<i<
Let K= {ucC[0,1]: min u(t) > 7% "||u||,u(t) >0},
7<t<1

where 7 = ¢" for a given n € N. Then K € C[0,1] is a cone
containing nonnegative functions.

For0 <t <1,u € K, denote T as

1
(Tu)(r) = /0 G(t,5) 1 (s,u(s))dys.
Then Tu € C[0,1] is well defined.

Lemma 7.0perator T : K — K is completely continuous.

Proof.Given u € K, from nonnegativity of G, f and Lemma
2.4, one has Tu > 0 and

1
min 7Tu(t) = min /0 G(t,5)f(s,u(s))dys

7<t<1 7<t<1

1
> /0 1% max G(t,5)f(s, u(s))dys

0<t<1
=7%"! [|Tul).

Thus, Tu € K. T is continuous by continuity of f,G. For
any bounded set Q C K and u € Q, we have |ju|| <M
where M is a positive constant. Let

L= max t 1. We can get
ogtgl,ogung( u)+ g

\Tu(t)] g/ol 1G(t,5) f(s,u(s))ldys < L/O] G(1,5)dys

L 1
/0 (1—gs) *PVd,s

I4(a)

IN

IN
byl

< o0,

(a)

Therefore, 7(£2) is bounded. Next, we consider the
equicontinuity of 7(). That is, given &€ > 0, let

6:F(a)8 for each u € Q, 0 <1t <t <1, and

ty—t; < &, then |(Tu)(t2) — (Tu)(t1)| < €. In fact,

() () = (T) 1) = | [ (G209) = G50 sst5)ys

<L/ tz,
Fag () (=P D ) (2 g
afl)))dqs

tl, ))d S

<

— (11 —gs)!
t
+ 2 ((1 - qs)((xfﬁfl)(tza*]

3|

ft]afl) —(n qu)(afl))dqs

litla—l)dqs)

1
+ [ (1= gs) @B (1o

15}

L ! 5 _ _
J) a9 P s <

=T (@)

L
a)

Then T : K — K is completely continuousby by Arzela-
Ascoli theorem. The proof is complete.

d=c¢.

Denote

1
B = min / G(t,5)dys.

t<t<1Jzg

1
A:/ G(1,s)dys,
Jo

Theorem 1.Suppose f(t,u) defined on [0,1] x [0,4o0) is
nonnegative continuous. Let T=¢q",n € Nand 0 < r; < rp
be two positive constants. If the following assumptions are
satisfied

(H1) for (t,u) € [0,1] x [0,r1], f(t,u) <5

(H2) for (t,u) € [t,1] x [t% 'ry, 1], f(t,u) > 5
Then, there exists one positive solution u* € K to problem

(P).

ProofDenote 1 = {u € K : ||u|| < r}, then foru € 09,
we get 0 <u < rj on [0,1]. By assumption (H1), we can
obtain

[1Tul| = max | Jy G(t,5) (s,u(s))dgs| < fo G(1,5) %dgs = ri = [|ull.
Hence, for u € ), we have ||Tu|| < ||u]].

Denote ©, = {u € K : ||u]| < rp}, then for u € 92, we
have 7 'ry = 7% !||u|| <u < r, on [7,1]. By assumption
(H2) fort € [t,1], we can obtain

(Tu)(t /Gtsf(su())ds>’ca ]/Gls o le

-1
min G(t,s) ———
T t<t<l1

> 701 dgs =r;.

T0— 1B
Hence, for u € dQ,, we have ||Tu|| > ||u||. Hence, by
completely continuity of 7 on K and Lemma 2.5, there
exists one fixed point u* of T in Q,\ Q; with
r1 < ||u*|] < ry. Therefore, the proof is complete.

The following theorem concerns the multiplicity of
positive solutions.
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Theorem 2.Suppose f(t,u) defined on [0,1] x [0,+e0) is
nonnegative continuous. Let T=¢",n € N and 0 < a <
1% b, If the following assumptions are satisfied:

(A) for (t,u) € [0,1] x [0,b], f(t,u) < 2;

(A2) for (t,u) € [0,1] x [0,a], f(r,u) < §:

(A3) for (t,u) € [2,1] X [¢% b, b], f(t,u) > ZZ1L.
Then there exist three positive solutions uj, uy, usz of
problem (P) satisfying

Joax lui| >a >0max |us], mln |u2| > 1% 1b> mln |u1|
1<

Proof.From Lemma 2.6, we denote 0 (u) = riligl lul, ri =
<1<

b,r»=11pand s = a.

If u € K, then 0 < u < b. By assumption (A1), we obtain

HTuH—max’/Gts Sf(s,u(s ds’</Gls =b.

Hence Tu € K;,, T : K, — K, is completely continuous.
From assumption (A2), for u < a, we can similarly get
[|Tu|| < a. This is condition (C1).

Let u(t) = Ta;“b. Since 0 < T = ¢" < 1, then
1 < B(u) = Ta%“b < b. This means
wp) = THp e K(0,b,7%'b) and

0(u) = Zotlp > 70 1p,

So set {u € K(0,b,7% 'b): 6(u) > t* b} is non-empty.
For u € K(0,b,7% 'b), then for t € [1,1], we have
7%~1h < u(t) < b. From assumption (A3), we have

B(Tu):rgiglKTu |7m1n‘/Gts fs,u(s ds’
<1<

7<t<l1
1 a—1
T4
> min G(t,s)
7 t<t<l

dys =1 'b.

Hence, condition (C2) holds. Therefore, by Lemma 2.6,
the result is achieved.

4 Examples

To illustrate existence of positive solution, we present the
following example:

Example 1.Consider following fractional boundary value
problem

D33u(t) = —uPe", 0 <t <1,
1(0) = Do5u(0) = Dj 5u(0) = 0, Dy3u(1) = 0.

In this problem, o = 3.5, = 0.5, 8 = 1.5, f(t,u) = u*e".

1-(1-q)*"

~0.3762,
Ii(a)

1
A :/ G(1,5)dys <
0

and

1 1
B= min / G(t,s)dqszo.s‘*l/ G(1,5)d,s
5 0.5

0.5<1<1.Jo
L= (1 —g)!
>0.5%! 2 ~0.1301.
- 2I,(o)
Letr; =2, r, =25,7% 1~ 0.1767,
fltu) = ule" < rlet ~ 1.5878r < 2.6582r) =
03r;62—;41’f0r”€[0 ri);

flt,u) = we" > (1% 'rz)zeTDH’2 ~ 64.70r, >
43.497r, = 0.1767>]<O.I30l ry > Tarle, foru e [10671,,27,,2]_

Then by Theorem 3.1, there exists one solution u(z) of
this example with 2 < [Jul| < 25.

To illustrate multiplicity of positive solutions, we
present another example as follows:

Example 2.Consider following fractional boundary value
problem

{DS'S u(t) =—f(u), 0<r<1,
u(0) = D su(0) = D3 su(0) =

where

0, D{3u(1) =0.

106 u<,
O {9+u, u>1.
From Example 4.1, we obtain A < 0.3762, B > 0.1301.
Choose a = 0.1, and b such that 7% 'h = 1, then
b= 7 ~ 56593,

<9+um14.6593 < 15.04 ~ 3893 < b fory €
f()

0.4] 03762 =
{éu]* 10u® = 0.1 < 0.2658 ~ 03762 < g, for
,a
. b](u = +u>9>7686~0130127 ,forue

Then by Theorem 3.2, there exist three positive solutions
uy, ua, uz of this example with

max |u;| >0.1> [max |u3|
0<r<1

That is
0.1 < max |u;| < 5.65935,
0<r<l1

m1n |u2|>1> gnln |uy |

0< min |uy| <1,
0.5<<1

1< min |up| < [max |u2| <5.65935,

0 < max |uz| <0.1.
0.5<r<1 0<t<1
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