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slightly different version of the Euler-Maclaurin sumnuatiformula from what is usually given. Further results asaaiven.

Keywords: Hurwitz and Riemanmg-zeta functions; Laurent expansion; Stieltjes constants.
Mathematics Subject Classification (201011M41; 05A30; 41A58.

1 Introduction wherey, = yn(1) is the (ordinary) Stieltjes constants.
. _ _ . Tsumura B] definedg-analogue of the Hurwitz zeta
The Hurwitz zeta-functiold (s,a) is defined by function for a complex numbeyrand 0< a<1,0<g<1
as
© 1 o —n-1
{(sa)=Y —— (1.2) . g 15
nZo (n+a)° G(s2) n; (@ "1njg+agq-1)s 1.5)

whereo = [J(s) > 1 anda is any complex number [1]. where [x]q = (1 —*)/(1—q). Whena = 1, {4(s a)
(Normally, it is assumed that @ a < 1 in the definition  reduces to the Riernampzeta function
of {(s,a)). Observe that{(s,1) = {(s), where {(s)
denotes the Riemann zeta-function. The funci{ds, a) Zo(s) = i qg™" 1.6)
can be analytically continued into the entire complex d & (g "[n]g)® '
s-plane and is holomorphic except for a simple pole at
s= 1 with residue 1. In a neighbourhood®£ 1,{(s,a) the right-hand side of this series converges when
has the Laurent expansion in powersef 1 O(s) > 1. Tsumura proved that the seriggs) converges
. . when J(s) > 1. {y(s) may be analytically continued to
Z(sa)— I (=1)"w(a) (s—1)" (1.2) the whole complex plane, except for a simple pole at
’ -1 nZO n! ' s =1 with residue(q— 1)/logq (see also 4,5]). He
definedg-zeta functions (1.5) and (1.6) for€9q < 1, but
where the quantitiegh(a) are known as the generalized we see that the two series in the right hand sides of (1.5)
Stieltjes constants which are given by the ling} [ and (1.6) converge absolutely flj < 1 and thus we will
consider|q| < 1 throughout this paper.

In this paper, we are seeking to establish a Laurent
expansion of Hurwitz and Riemargrzeta functions by
means of a slightly different version of the
and whemn = 0, we haveyy(a) = —(a) whereg(a) is  Euler-Maclaurin summation formula from what is usually
the digamma function. Whea = 1 the expansion (1.2) given. Let/ is a natural number and(t) is a smooth
reduces to the Laurent expansion of the Riemann zet&unction defined for all real numbetsbetweena and/,
function then

ya(a) = lim

m—c0

(1.3)

C log"(k+a) log™t(m+a)
kZO k+a n+1

1 < (=1)"y £(K) = [0 F()dt+ Sy (~ 1)k flkD) (i (~1)FR(a) D (a) +R
_ )" 1.4 Ya<ken F(K) = [o FO)dt+ 34 (=1)* g (M + S (D R(a) (a)+R
O=52t 2w Y (2.4) (1.7)
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where the reminder teriR, is defined as
n
R = (1) [T 1 et
a
Here By denotes th&th Bernoullinumber, anBk(t) is the

kth periodic Bernoulli function defined by

1

A(t) = oB({t)) with i) = By({t) = {t) 5

whereBy(t) is thekth Bernoulli polynomial andt} is the
fractional part of the real number

2 Integral representation of g-zeta functions

In [2], Berndt introduced some representations for the
Hurwitz zeta function. He gave integral representation of
the Hurwitz zeta functiod (s,a) as follows

“ () -1/2
0 (trae”

alfs
s—1

afs
— -5
+ 2

{(sa)= (2.1)

He also gave classical formulae related to Hurwitz zeta

function and Lerch’s expression
Inr (a) = ¢’(0,a) — {'(0). In the present section, we are
seeking to establish integral representationsqafeta
functions which tend to the Berndt’s results.

Theorem 2.1.

ForO<a<lim<a<m+1,m=0,12 - ando > 1,
the Hurwitz g-zeta function (1.5) can be represented in
the integral form as

m o qlkD(s-1)

{o(s,@) = k;

o q-2(t+1
+ [
Ja

q-1 1

(Kq+ad9® " 1ogq s—1 ([alg+ag®)> " ([alq+aq?)®

J({t} - 1/2)(a—ag—1)q' +1-5s)
(g7 2t]g+ag-t)stt

q(a+1)(571) q(a+1)(s—1) 1

2

(-3

(2.2)
In particular, whera = 1, the Riemanig-zeta function has
the integral form
(t9-2)

(2.3)

dt

_ m q(k+1)(91) qg-1 1 q(twrl)(s—l)Jr
& k+15  loggs—1[a+15?
> g 2({t}-1/2)(1-s—¢
L0 ety 4/);1 @ gt
(a"[t]a)

et
[a+1]§

1

a(s) >

a+1

Proof. Let the smooth function

q—t—l

(qt1tlg+agt)s

a?]dé =1 in Euler-Maclaurin summation formula (1.7).
Then

f(t) =

(2.4)

S 1K

k=m+1

- /: f(t)dt—Blf(n)+P1(a)f(a)+Ln PL(t) F/()clt

If o > 1, upon lettingn — « and after some simple
calculations, we obtain the integral representation (2.2)

The integral representation (2.3) can be obtained by
puttinga = 1 in (2.2) with changing the variable of the
integral fromt + 1 tot. This ends the proof.

The integral representation (2.2) of Hurwitgzeta
function can be rewritten in different forms by assigning
various values of a. Some of these integral
representations are listed below

) ForO<a<1 a=1-—aando > 1, the Hurwitzg-zeta
function (1.5) can be represented in the integral form
as

B qs—l q- lq—a(s—l) a(s-1) 1
a(s.[a]q) = EE Togq s—1 +q {1*3}*5
o ~—2(t+1) _ o aita
LT A -2 sd )

1-a (a1t +ajg)st
(2.5)
which appears in BerndtZ](5.2), ] asqg — 1 and if we
puta= 1, we return to (2.3) whea = 0.
I) ForO<a<1la=m=0ando > 1, the Hurwitzg-
zeta function (1.5) can be represented in the integral
form as

R O N e

o g 2 ({t) -1/2)((a—ag-1)g'+1-9)
2a5 T loggs—I1as1 + fO dt

Zq(sy a> = (q—\—l[[]quaq—l)spl
(2.6)

Ut} (a-ag-1)a'+1-) 4
(@ HtlgtaqHsH

2.7)

1 w0 -2
=T +Jo

which tends to (2.1) ag— 1.

3 Laurent expansion

In the present section, we are seeking to provide Laurent
expansion ofj-zeta functions. To do this, let the integral

o q 24t} ((a—ag-1)g'+1-9)

l (S; q) = fO (@ Ijtlqtaq 1)stT dt, o>1
(3.1)
which can be rewritten as
0o gt+1(s-1) _ag—1at+1—
(o) = Jo et Sdt, o>1
(3.2)

Unfortunately, this integral just converges for> 1 due

to exist the factog!(S~) in the integral (s;q) unlike what
happens in the classical case wherg > 1, the integral
I(s,1) converges by analytic continuation far > —1
(see, BerndtZ]). In contrast to the situation of Berndt,
this does not help much and indeed we want to establish
an equivalent form ta (s;q) which can be continued
analytically.

Lemma 3.1 The integrall (s;q) defined by (3.1) can be
expanded in the series

lgqod-t Lt a-11a’ dt

)= loggs—1 loggs—las! @&
© ( 4\N(e_ 1\N m N(q—k-1 —1 _ N+1/q—m-1 —1

I 20< VU= in %Wg (q [k]qraq ) q—1log™"(q"™ *[m]q+aq )dt
& n! moe | £ [Kgq+ad logq n+1

(3.3)
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which is continued meromorphically to the whole complex (q — 1)/logg. Moreover, it can be expanded in the
s-plane except at the poist= 1. Laurent expansion as
Proof. Let f(t) be the function defined by (2.4). Then

-1 1 < (=D)"%(s—1)"

Py ETRE 39)

{o(s) =

I(s.q) = /m{t}f’tdt= g /k ()t " loggs—1
ok
:H/k (t—k+Df [ / f(t dt] where
& [etsvoat T _ o m log"(a¥Kq) _ g-1log**(q Mmlq)
’k;[ e e e = } (@) = (1,0) = limm [y PG — Gy o
2 (-1 [ & log"(a*!Kq+aq ) K log'(q"{t]q +aq~?) . . . , '
=2 A [k; Ko+ a _k;/m T The g-digamma functionyiy(z) is defined as the
logarithmic derivative of thg-gamma function]
By virtue of convergence of the exponential function ,
everywhere, the summation and limit were permuted in Wo(2) = —(InMy(2)) = q
the previous relation. Now we are interested in q dzt ¢ [4(2)
calculating the inner integral to obtain . ) ]
wherelq(z) is theg-gamma function defined as
lsq) = § CYE-2° {q;l log"*(aq~?) _log"(aq? (@)
pa ni logg  n+1 a _ Qe 17 1
5 s (2 g R et a-Liog ™ img aq™Y) fa@ = {ggn 1= 270-1,-2..
ey n! meo | £ [Klq+ag logq n+1
_9-11 a-11 ¢! o Therefore, the-digamma functionjq(z) can be expressed
Iogqs 1 loggs—1las! a as
-1)" 2 log’(q * Kq+aal) gq-1log"t(q ™ Hmlq+aqt)
+,,ZD im [20 [k]q+;qk Iogq n+1 : } |nq 00 qn+z
qjq( ) ln(l q) 2#07_17_27"'

It is obvious that the previous series is continued 1-¢ A& [N+7q

meromorphically to the whole complesplane except at  ror more details on the-digamma function, sed] which
the points = 1 and so the integrd(s;q). This completes  resented some properties and expansions associated with
the proof. the g-digamma function.
By inserting the relation (3.3) into the relation (2.7) Theorem 3.5.For 0< a < 1, we have
with notlng that the Laurent expansion for any function

(if exists) is unique, the main theorem in this paper can be . 1-q
formulated as follows Yo([alaia) = logq Togg #a@ (3:8)
Theorem 3.2.The Hurwitz g-zeta functionZy(s,a) ~ Proof. From (3.5), we have
can be continued meromorphically to the whole complex Mm 1 4 1log(q ™ [mlq + [alea )
s-plane and that it has a simple polesat 1 with residue (a0 = m | 5 " =500 e }
(g — 1)/logg. Moreover, it can be expanded in the :k;
Leaurent expansion as = lim, Z AT ! . ‘lj'(mmg(q*m*l[ewr mlg)
11 o0 _1ns_1n i _ml qa+k+qa+k q-1
Zq(s7a) — |qogq P~ 1_|_ ( ) r(]' ) Vn(a; Q) (3_4) ,n|1|rl1w _éi[a-&-k] (1—q)(m+1)—ﬁlog([a+m]q)
" = lim _mﬂ—q;llo ([a+mlq)
where ! ["”"] TR
e )= =y,
o a ogntl(g—m aq = - 7q a
V(@) = iMoo [Zﬂ‘o' g “‘quﬂgf q b ﬂ)gé' g (g nﬁ lot+agt) zg[a+k |ogq logq

. ) (3:5)  This ends the proof.
Remark 3.3.1t is known that the Hurwitz-zeta function From the Laurent expansion of the Hurwitgzeta

{q(s,@) tends to the Hurwitz zeta functiod(s,a) as  fynction (3.4) and the relation (3.8), we can deduce that
g — 1 and thus the expansion (3.4) tends to the expansion
11

(1.4) as q — 1, consequentlyy,(a;q) tend to the q 1-qg
generalized Stielties constantg(a) éefi%ed by (L.4) for M [Zq( [aq) - @5—1] vo([ala:a) = Iogq Yq(a)-
alln=0,1,2,---. This means thagn(a;q) can be said to (3.9)
have g-analogue of the generalized Stielties constantsn particular, whera = 1, we get

va(a) foralln=10,1,2,---

Corollary 3.4. The Reiménrq—zeta functionfq(s) can be lim | Z4(s) — qg-1 1 | (q) = 1_qu1 (1) =

continued meromorphically to the whole compkeglane so1 |8 loggs—1| 9= logg " Ya

and that it has a simple pole at= 1 with residue (3.10)
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where y is the g-analogue of the Euler-Mascheroni

constant defined by ﬁ
w o _ . Koo R
o= S e — FEIn(L—a) = limm e [ 30— S Inmg] = =~

(3.11)
which tends to the Euler-Mascheroni constgpmtsq — 1

[8].
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