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FORMULA FOR THE GRADIENT IN THE OPTIMAL CONTROL
PROBLEM FOR THE NON-LINEAR SYSTEM OF THE HYPERBOLIC
EQUATIONS WITH NON-LOCAL BOUNDARY CONDITIONS
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ABSTRACT. In this work the optimal control problem for the nonlinear system of the first order
hyperbolic equations with non-local conditions is investigated. The existence and uniqueness of
the solutions of the boundary value problem under some conditions have been proved and the
formula for gradient of the functional is derived.
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1. INTRODUCTION

Partial differential equations with non-local boundary conditions are intensively studied last
years. Nonlocal problems are called the problems which include some relations between the
values of the sought functions on the boundary and inside of the domain instead of traditional
boundary conditions. Often as such relations are taken the conditions, involving different values
of the sought solution.

In the books [11], [12] various examples have been considered from biology, sociology, tech-
niques, when mathematical models are described by the hyperbolic equations with nonlocal
conditions. In [13] linear hyperbolic system is considered with integral and multipoint boundary
conditions and necessary and sufficient conditions of solvability are proved. One dimensional
nonlinear hyperbolic equation with integral and multipoint is studied by [8].In this work bound-
ary conditions are given on the characteristics of the equation. The existence and uniqueness of
the classical solution is also proved. Linear and quasilinear hyperbolic equations are considered
with integral and multipoint boundary conditions and the theorems of existence and uniqueness
of the classical solution have been proved in [1], [4], [15]-[18]. In [2], [3], [10] different hyperbolic
equations with various nonlocal boundary conditions are investigated.

So, investigation of the optimal control problems for such processes is an actual and natural.
But such problems are not studied enough. Some optimal control problems for the second order
hyperbolic systems with different nonlocal conditions are considered in [5]-[7], [19], [20]. Optimal
control problem for hyperbolic systems occur in the heterogenic reactors and in the chemical
processes [9], [14], [21].
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2. PROBLEM STATEMENT

In this paper, we consider optimal control problem for the nonlinear system of the first order
hyperbolic equations in the bounded square. In this present study, the boundary conditions are
given on the characteristics of the hyperbolic system by the help of two-point conditions. It is
to be noted that, this problem is considered first time in the literature.

Let the functional

T l
/PtytO dt—i—/stOs z(T,s))ds (1)
0 0
should be minimized under the conditions
&ﬂiﬁ) = f(t,s,z(t, s),y(t, s),u(t,s))

(t,s) € 0,T] x [0,1] =G, (2)
Gy(t 8 - g(t, S, x(tv S)a y<t’ 8)7 u(tv 5))7

x(0,8) + a(s)z(T, s) = ¢(s), 0<s<I,

y(t,0) + Byt 1) =¥(t), 0<t<T,
u=u(t,s) € U C Ly(Q), (4)

where T, are given positive numbers, (z,y) = (z1, ..., Tn; Y1, ..., Ym) are phase variables, u =
(u,...,u,) is controlling influence, f = (fi,...,fn), 9 = (915-s9m)s © = (P1,c0s0n), Y =
(1, ...,1m) are given vector-functions, «a(s) € R™™ [(t) € R™*™ are matrix-functions,
P(t,a,b), Q(s,c,d)- given functions. As a solution of the problem (2), (3) corresponding
to the control u = wu(t,s) € L5(G), we take the vector-function z(t,s) = (z(t,s),y(t,s)) €
Ly (@), having generalized derivatives axl(t D ep 2(G)i=1,...,n, 8%7(5’5), j=1,...,m, satis-
fying to the equations (2) almost everywhere in G, and the conditions (3) in the sense of equality
of the corresponding traces of the functions z(t, s), y(¢,s). As a class admissible controls we
take the given set from L5(G). Suppose that the following conditions are satisfied:
(1) The functions fi(t,s,z,y,u), i = 1,n, g;(t,s,z,y,u), j = 1,m together with their par-
tial derivatives fiz, fiy, fius 9jzs 9jy> 9ju are continuous over the set of variables (¢, s, x,y, u)
€ [0,T]x]0,l]x R™"x R™x R" and satisfy to the Lipchitz condition over the variables(z, y, u),
ie.

(s, 2+ y+G,u+a) — f(ts,2yu0)] < KD 2|+ KD )+ K Jal,

9t s, 2+ 3,y + gou+ 1) — g(t, s, z,y,u)| < K2 |z| + K2 g+ K Jal;

where Ki(j) are Lipchitz constants, i =1,2,3;5 =1, 2.

(2) a(s) is n x n a matrix with measurable bounded elements in the interval [0,1], 5(¢) is
mxm matrix with measurable bounded elements in the interval [0, T, ||«| < 1, ||3]| < 1,
where ||, || 3] are norms of the matrices a(s) and [((t) correspondingly, ¢(s) is given
vector function from L5 (0,1), ¢ () — given vector function from L5*(0,1);

(3) Functions P(t,a,b) and Q(s,c,d) are continuous over the set of variables (t,a,b) €
[0, 7] x R™ x R™ and (s,c,d) € [0,l] x R™ x R"™ together with their partial deriva-
tives Py, P,Q., Qg and satisfy to Lipchitz condition over the variables (a,b) and (c,d)
correspondingly.
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3. REDUCTION OF THE BOUNDARY PROBLEM (2),(3) TO THE SYSTEM OF INTEGRAL
EQUATIONS

Now, let’s reduce the problem (2),(3) to the equivalent system of the integral equations. It is

clear that
t

jaﬁﬁ$dﬂ:/fﬁﬁwwﬁLMn@muﬁ»m.
0

0

From this we have

t
z(t,s) — z(0,s) /fTSZETS y(7,s),u(r, s))dr,
0
or

t
+/fﬂsxﬂ,mm@m@@wﬂ (5)
0

where [(s) is unknown yet function. We assume that the function z(¢,s) from (5) satisfies to
first condition from (3), i.e.

1

T
I(s) + / ft, s, z(t,s),y(t, s),u(t,s))dt] = ¢(s).
0
Thus
T
[E+ a(s)]l(s) = /f (t,s,x(t,s),y(t, s)u(t, s))dt,
0
I

where FE is unit matrix. As ||a|| < 1, [E + a(s exists and we can define the function [(s) :

T
I(s) = [E+ a(s)] ' o(s) — [E + as) /jtsxts y(t,s),u(t, s))dt. (6)
0

Let substitute [ (s) into the equal it (5). Then

T
z(t,s) = [E+ a(s)] 7 o(s) — [E + a(s) /f (t,s,z(t,s),y(t,s),u(t,s))dt+
0

t
+/f(T,S,OC(T,S),y(T,s),u(T,s))dT.

The above equality can be rewritten as

2(t,s) = [E + a(s) +/ —[E+a(s)] M als) ] x
0 T (7)
X f(r,s,z(1,s),y(T,s) / (E+ of a(s)f(r,s,x(r,s),y(r,s),u(r,s))dr.
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Let E— (E + a(s)) 'a(s) = (E + a(s))~! and introduce the matrix function

(E+a(s) ™, 0<7<t,
M(t,7,s) =
—(E + a(s))La(s), t<7<T,

Therefore, (7) may be transferred as

z(t,s) = (E+a(s) L o(s)+ | M(t,7,s)f(r,s,a(r,s),y(,s),u(r, s))dr.

St~

Similarly, for the function y (¢, s) we obtain

[
y(t,s) = (B + B(t) +/Ntsntnw@mw@mw@mﬂm
0
where
(E+B(t)71, 0<n<s,
N(t,s,n) =

—(E+pB()71B(), s<n<l

Hence, the problem (2), (3) is equivalent to the following system of integral equations

T
z(t,s) = (E + a(s) +/M (t,7,8)f(7,s,2(,8),y(T,s),u(r, s))dr,
y (8)
y(t,5) = (B + B(t) +/Ntsntn,@mwwmw@mﬂn
0

4. EXISTENCE OF THE SOLUTION OF THE BOUNDARY PROBLEM (2), (3).

It may be shown that under the put conditions the system of integral equations (8) has
unique solution (z(t,s),y(t,s)) from Ly (G) x L5 (G) and this solution has properties axggs) €
Ly (G), ay(t 3) ¢ L3(G). From the conditions on « (s), 5 (¢) follows that

[M(t,7,5)] < =M, IN(E, s, m)ll <

1 1
1— o Sl

Theorem 4.1. Let the conditions 1)-3) are satisfied. Moreover, the mazimal eigenvalue of
matric

MEYT MK
NKPT NEPI

is less than 1. Then the system of the integral equations (8) has the uniqueness solutions

(x(t,s),y(t,s)) from Ly (G) x LT (Q).
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Proof. To prove we introduce the operator

T
(E + a(s) +/M (t,7,8)f(7,s,2(1,8),y(T,s),u(r,s))dr
(F@.9) () = .
(B +8(0) 00 + [ N(t.smlg(t.n,2(t,m), (6. 0).ult,m)dy
0
It is shown that this operator under the above conditions is contraction. O

From this theorem follows:

Corollary 4.1. Let the conditions 1)-3) are satisfied. Moreover,
MK\T+ NKsl <1,
where K1 = max {K{l), Kél)}, Ky = max {K%Q), K§2)}.

Then the system of integral equations (8) has unique solution (z(t,s),y(t,s)) from L3(G) x
LY(G).

5. THE GRADIENT OF THE PROBLEM (1)-(4)

Let u, u+u € U be two different controls, (z,y), (x+Z, y+¢) -corresponding them solutions
of (8). Then

T
Z(t,s) = /M(t, T,8) [f (7,8, 2(7,8) + Z(T,8),y(T,8) + y(T,s),u(r,s) + u(r,s))—
0

—f(7,8,2(7,8),y(7, 8), u(T, 5))] d, (9)

l
N t,s 77 t Uaﬁ(tﬂl) +§:(t7 U)ay(tﬂ]) +§(t7 U)au(tﬂl) +ﬂ’(t7 77))_
0
—g(tm, x(t,n), y(t, ), u(t, n))] dn

As the functions fand g satisfy to the Lipchitz condition over the variables (x,y,u) from (9) we
get

K1Y ot )|+ K5 (e, 9)| + K5 (e s)]] at,

J
(10)
(
!

(e, 9)] + K Jatt, ) ] ds,
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here || is a norm of the vector. From (10) follows that

l
m;)ciztmax/\ t,s) |ds<MK( )Tvmzmax/\ (t,s)| ds+

T 1
—|—MK( )lvrazmax/|yt5 \als+MK1 //| | dtds,
00

(11)
vrazmax/| (t,s) |dt<NK( )Tvrazmax/] (t,s)| ds+
0
T 1
—|—NK( )lvmzmax/| (t,s) |dt—|—NK(2 //| | dtds.
00
Uraimax/ (t,s)|ds
0<t<T
If define z = , then from (11) we get
m“azmax/ (t,s)|dt
0<s<lI
MEYT MK MK VTI
z< z+ ]l L)
NKEPT NKPI NKPVTI
From this obtained
-1
1-MEVNT  — MEMI MK VT
2 < a5 6o (12)

~NEPT 1-NKPI NEPVTI

Now we show that the functional (1) is differentiable on L5(G) and its increment may be written
as

AJ(u) = J(u+u) —

T
/ (£, y(£,0) + 5t 0), y(t 1) + (£, 1))—
0

l (13)
_P(t’ y(tv 0)7 y(t, l))]dt + /{Q(S, $(0, S) + j((), 3)7 CL‘(T, S) + j?(T, 8))—
(s, 2(0, ), o(T, ))]ds.
From (2) and (3) one may get —_
z(t,s
ot Af(t, S) =0, (14)
ay(t, s) B
ot A (t,S)—— s (15)
z(0,8) + a(s)z(T, s) =0, (16)
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where
Af(t,s) = f(t,s,z(t,s) + Z(t,s),y(t,s) +y(t,s),u(t,s) + a(t,s))—
_f<t787x(t7 8)7y(t7 5)7 ( 73))

Ag(t,s) =g(t,s,x(t,s) + z(t,s),y(t,s) +y(t,s),ult,s) + ult,s))—

—g(t, S, w(tv 8)7 y(tv 3) (t ))
If scalarly multiply both sides of the equation (14) by arbitrary yet vector function 1) (t, s),
both sides of (15) by 1) (t,s), equality (16) by A (s), both sides of the (17) by and integrate
them on the domain G and intervals and correspondingly, then add the obtained equality by
(13) may get

Y

T
/ (t,y(t,0) + F(t,0), y(t, 1) + G(t, 1)) —P(t, y(t,0),y(t,1))] dt+
0

+ / [Q(s,z(0,s) +z(0,s),z(T,s) + (T, s)) —Q(s,x(0,s),x(T,s))] ds+

i 0// <¢<1>(t7 s), —8””5,; ) A, s)> dtds+ (18)
l

+/ (A(s), Z(0, 5) + a(s)Z(T, 8)) ds +

0

dtds—+

(u(t),5(t,0) + B()y(t,1)) dt,

St~

where (.,.) means scalar product in the Euclidian space.
Define H(t7 8,2, Y, ¢(1)7 ’(/}(2)7 U) - <¢(1)7 f(ta S, %5 Y, U)> + <¢(2)7 g(ta S, %5 Y, U)> Then the for-
mula (18) for the increment of the functional (1) takes the form:

T
AJ(u) = / [(Pa(t, y(t,0),y(t,1),5(t,0)) + (Py(t,y(t,0) , y(t,1)), §(t,1))] di+
l

0
+/ (Qc(s, (0, 5),2(T) 5)), (0, 5)) + Qa(s, z(0,5), 2(T, 5)), Z(T, 5))] ds+

[e=]

b [ [Hso b oy 5000, 0k @)~ Hitos,0,900, 02, 0] didos

//<a¢<1> (t, ) )>dtds+//<%(2;5(w,y(t, s)>dtds+ (19)

G

Q

+

[ (00,9, 5(0,9)) = (¥O(T.5),3(1,5))] ds-+

[(6@,0),5(8,0)) = (¥ (t,0.5(0.0)) | de+

_l’_

_l’_
T — T T— " —. 0

T
(A(s), (0, ) + a(s)2(T ds+/ G, 0) + B)G(t,1)) dt + Ry + Ro,
0
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where

Ry = [ (Pa(t,y(t,0) + 017(t, 0),y(t, 1) + 015 (t, 1)) — Pa(t,y(t,0),y(t,1)),5(t, 0)) di+

S~

T
+/ By(t,y(t,0) + 025(t, 0), y(t,1) + 025(t, 1)) — By(t,y(t,0), y(t,1)), y(t, 1)) dt,
0
l
/ Qc(s,2(0,s) + 032(0, 8),x(T, s) + 032(T, s)) — Qc(s,x(0,s), (T, s)),z(0,s)) ds+
0

l
+/ (Qa(s,x(0,5) + 042(0,8), (T, s) + 04z(T, s)) — Qa(s,z(0,s),z(T,s)),z(T,s))ds,
0

0<6;<1,i=1,
If consider

= <Hx(t7 875571177/)(1)»711(2)&)7@ + <Hy(t7 Samay7¢(1)7¢(2)a U), g> +

+ <Hu(t7 $Y, d)(l)’w@)a U), Z_L> + R3 + R4 + RES’
where

R?) = <Hx(t787$ + 953_97y + 05Q,¢(1),¢(2),u + 0571) - Hm(t,8,$,y,¢(1),¢(2),u), Al‘(t, S)>7
R4 = <Hy(tasax+e6j7y+96ga¢ d}( ) u+96u) (t 5T,Y, ¢(1) QJZ) )7Ay(t35)>a

R5 = <H t § $+97$ y+97y ¢ 2/) u+97u) Hu(t,S,.I,y,w(l),¢(2),U),ﬂ(t,8)>,

0<0;<1,i=5,T7.
Then the equality (19) may be rewritten as

AJ(u) = /T [(Palt, y(t,0),5(1,1) + 02 (¢, 0) + (1), 5(2,0)) +
+ <1;b(t,y0t, 0) 5 y(t.1) +¥@ (1,1) + 8/ (u(t), 51, 1)) di-+
+ [ [{@ls,200.5),2(T,5) + 900, + (5,20, +
2Qd(s, (0,5),2(T, 5)) + bU(T, 5) + o/ (s)A(5), 2(T, 5))] ds+ 20)
Ha(t,s,2(t,5), y(t, ), v (t, ), v (2, 5), ult, 8)), a(t, 3)> dtds+

G

- / / (2ie) | OMlstto)ats Ve elatte) (. 5)) drdst
I
G

Bw%)s(t,s) + aH(t,s,z(t,s),y(t,s),wéz (t,s),w(2)(t,s),u(t,s)) 7 g(t, 8)> dtds + R
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5 - .
where R = Y R;; Ri, Ry is defined above and R3 = / / Rsdtds, Ry = / Rydtds,
i=1

Rs = / Rsdtds. Using the large choice of Z(t, s) and 7(t, s) one can make zero the coefficients

of the varlables y(t,0), y(t, l), z(0,s), z(T,s),z(t,s),y(t,s) and arrive to the following conjugate
problem for the function () (t,s), (¢, s):

opWM(t,s)  OH(t,s,x,y, v, @ u)

ot o ’ (21)

2 1 2
aw(a)f’ L aH(t’S’x’yéf da ),u)’ (t,s) € G, (22)
Pu(t,y(t,0), y(t,1)) + 2 (£,0) + p(t) = 0, (23)
Py(t,y(t,0),y(t, 1) + @ (¢, 1) + B/ (t)u(t) =0, t€[0,T], (24)
Qc(5,2(0,5), z(T,s)) + 1D (0,s) + A(s) =0, s € [0,1] (25)
Qa(s,2(0,5),2(T, s)) + v (T, s) + o/ (s)A(s) = 0, (26)

The problem (21)-(26) is called a parametrical form of the conjugate system. Here the sought
functions indeed are {Q,Z)(l)(t, 5), (L, s), A(s), 1(t)}. From the systems (23), (24) and (25), (26)
one may except the functions A (s) and p (t), i.e

Py(t,y(t,0),y(t,0) + v (t,1) = B/ () Pa(t, y(t,0), y(t, 1) + B/ (t)p P (¢, 0), (27)
Qals,2(0,5), 2(T, s)) + pI(T, s) = o/ (5)Qc(s, 2(0, 5), 2(T, s)) + o/ (s)pV(0,5).  (28)

Thus, for the increment of the functional the following expression is obtained
// st 0(8,5),y(0,5). 00 (1, 5), 0 (1, 5), u(t, ). 0t )y deds + B (20)

Under the assumptions above on the functions fiz, fiy, fius Gjzs Gjy> gju for the remainder term
R of the formula (29) the estimation

|R| < C ||al|*, Co = const > 0,

is true, that follows from (12). From this it follows that the functional (1) is differentiable on
L% (G) and the formula

J'(u) = Hu(t,s,2(t, 5), y(t, 5), 00 (8, 9), 9@ (8, 5), ult, )

is valid for its gradient.

REFERENCES

[1] Beilin, S. A., (2001), Existence of solutions of one-dimensional wave equation with non-local conditions,
Electron. J. Diff. Eqns., 76, pp.1-8.

[2] Bousziani, A., (2002), Initial-boundary value problem with a nonlocal condition for a viscosity equation, Int.
J. Math. Math. Sci., 30(6), pp.327-338.

[3] Bouziani, A., (2002), On the solvability of parabolic and hyperbolic problems with a boundary integral
condition, Int. J. Math. Sci., 31(4), pp.202-213.

[4] Golubeva, N.D., Pulkina, L.S., (1996), On a non-local problem with integral conditions, Math. Notes, 59(3),
pp.456-458.

[5] Ibiev, F.T., Sharifov, Y.A., (2005), On a problem of optimal control for the Gursaut system with integral
conditions, Transactions of ANAS, XXIV(2), pp.83-85.



120

TWMS JOUR. PURE APPL. MATH., V.3, N.1, 2012

Ibiev, F.T., Sharifov, Y.A., (2004), Necessary conditions of optimality in the optimal control problems for
the Goursat system with integral conditions, News of BSU, 3, pp.13-20 (in Russian).

Ibiev, F.T., Sharifov, Y.A., (2004), Necessary conditions for optimality in problems of optimal control by the
Goursat systems with multipoint boundary conditions, Transactions of ANAS, XXIV(7), pp.227-234.
Jestkov, S., (1990), On a Goursaut problem with integral boundary conditions, Ukrainian Mathematical
Journal, 42(1), pp.132-135 (in Russian).

Lee, H.H., (1985), Heterogeneous Reactor Design, Butterworth Publishers.

Mesloub, S., Bouziani, A., (1999), On a class of singular hyperbolic equations with a weighted integral
condition, Int. J. Math. Math. Sci., 22(3), pp.511-519.

Nakhushev, A.M., (2006), The Mixed Problem for the Partial Differential Equation, M.: Nauka, 287p. (in
Russian).

Nakhushev, A.M., (1995), Equations of the Mathematical Biology, M.: Vishaya Shkola, 305p. (in Russian).
Nakhusheva, Z.A., (1986), On a non-local problem for the partial differential equation, Journal of Differential
Equations, 22(1), pp.171-174.

Oguny, A.F., Ray, W.H., (1971), Optimal control policies for tubular reactors experiencing catalyst decay.
AICHE. J., 17, pp.43-51.

Pulkina, L.S., (2004), Non-local problem with integral conditions for the hyperbolic equation, Journal of
Differential Equations, 40(7), pp. 887-892.

Pulkina, L.S., (2004), On a solvability in L of the non-local problem with integral conditions for the hyper-
bolic equations, Journal of Differential Equations, 2, pp. 279-280.

Pulkina, L.S., Kechina, O.M., (2009), Non-local problem with integral conditions for the hyperbolic equations,
News of Sam. SU, 68(2), pp.80-88 (in Russian).

Pulkina, L.S., (1999), Non-local problem with integral conditions for the hyperbolic equations, Electron.J.
Diff. Eqns, 45, pp.1-6.

Sharifov, Y.A., Shirinov, T.B., (2005), Gradient in the optimal control problem for the hyperbolic system
with non-local conditions, Transactions of ANAS, XXV(2), pp.111-116.

Shirinov, T.B., Mehdiev, M.T., Sharifov, Y.A., (2005), On the optimality conditions in the optimal control
problem for the hyperbolic system with non-local conditions, Reports of ANAS, LXI(2), pp.22-29 (in Russian).
Vasilev, F.P., (2002), Methods of Optimization, Moscow, Factorial press, 823p. (in Russian).

Hamlet Guliev was born in 1951 in Jebrail re-
gion of Azerbaijan. He graduated from mechanical-
mathematical faculty of Baku State University in
1973. He got his Ph.D. degree in 1980 and Doctor of
Sciences degree in 1997. Since 2001 he is a Professor
at the Department ” Mathematical methods of control
theory” of Baku State University. His research inte-
rests include optimal control problems for the partial
differential equations, variation calculus.




H.F. GULIYEV, Y.A. SHARIFOV: FORMULA FOR THE GRADIENT IN THE OPTIMAL ... 121

Yagub Sharifov was born in 1958 in Gubadli re-
gion (Basharat village) of Azerbaijan (it is now un-
der the Armenian occupation). He graduated from
mechanical-mathematical faculty of Baku State Uni-
versity in 1980. He got his Ph.D. degree in 1990.
His research interests include optimal control prob-
lems for the partial differential equations, variation
calculus.




