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1 Introduction and Results Note that whenm = 0, TA is just the multilinear
commutator ofT andA (see P]). While whenm> 0, TA
In this paper, we consider some singular integral operatorss non-trivial generalizations of the commutator. It is el
as following. known that multilinear operators are of great interest in
Let T : S— S be a linear operator and there exists a harmonic analysis and have been widely studied by many
locally integrable functiorK(x,y) on R x R"\ {(x,y) € authors (see? 3,4,5,6]). Cohen and Gosselin (se, 8,

R"x R": x =y} such that 4])obtained thd_P(p > 1) boundedness of the multilinear
singular integral operator; Hu and Yang(s&pgroved a

:/ K(x,y)f(y)dy variant sharp estimate for the multilinear singular in&gr

operators. In 12, Perez and Trujillo-Gonzalez prove a

for every bounded and compactly suoported function sharp estimate for the multilinear commutator when
y bactly supp © Aj € OsCoyy 1y and note thaOsc,,, rj € BMO. The main

whereK satisfies: for fixed > 0and 0< d < n, . .
purpose of this paper is to prove a sharp inequality for the

K(x,Y)| <C|X_y|7n+5 multilinear  singular  integral  operators  when
- D?Aj € BMO(R") for all a with |a| = m;. As the
and application, we obtain théLP,LY)-norm inequality for
IK(y,X) — K(Z,X)‘ +K(xy) —K(x,2)| §C|yfz\5\xfz|*“’”5 the multilinear Operators.
if 2ly— 2 < |x—2. T is bounded fromLP(R) to LI4(R") First, let us introduce some notations. Throughout this

for 1< p<n/dand Yq=1/p—3&/n. Let m; be the  paper,Q will denote a cube oR" with sides parallel to
positive integerg(=1,- - -,1), My +--- +m = mandA, the axes. For any locally integrable functiénthe sharp
be the functions orR" (j = 1,---,1). The multilinear  function of f is defined by

operator related td is defined by

#(x) = sup— / f(y) — foldy,
Mj=1 R +1(Aj:%Y) Q| 7€ o

Q
TAOM = [ =y Ko )y -
where, and in what followsfg = [Q|~ 1jQ (x)dx. It is
where well-known that (seeT])
1
Ry1(Aj;%,Y) = Aj (x) - ; SIDIA M (X=y)7. ##(x) ~ supinf = / I£(y) — cldy.
la]<m; ~° QBXC€C|Q|
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We say thaf belongs t8MO(R") if # belongs td_*(R")
and || f||svo = || f*[|L=. Let M be the Hardy-Littlewood
maximal operator defined by

M) =supQl”* [ [yl

we write thatMp(f) = (M(fP))Y/P for 0 < p < oo. For 1<
p <o and0<d<n,let

Ms.p(F)(X) = sup(|Q|1 pé/n/| |pdy>1/p.

We denote the Muckenhoupt weightsAyfor 1 < p < o
(see ).

We shall prove the following theorems.

Theorem 1.LetDYA; € BMO(R") for all a with |a| =
m; andj =1,---,1. Then there exists a constaht> 0 such
that for anyf € C3'(R"), 1< r <n/d andXe R",

(>”<)§CI

= ‘a”:mj

(TA()* [IDYAj|[smo | Ms (f)(X).

Theorem 2.LetD?A; € BMO(R") for all a with |a| =
mj andj =1,---,1. ThenTA is bounded fronLP(R") to
LA(R") forany 1< p<n/dand I/p—1/q=d/n, thatis

||TA(f)||LqSC|1 > D% Aj|lvo | [ f]]ee.
1=1\ Jaj[=m;

2 Proof of Theorem

To prove the theorems, we need the following lemmas.

Lemma 1(see f]) Let A be a function onR" and
DA € LY(R") for all a with |a| = m and someg > n.
Then

1/a
|Rm(A; XaY)| < C|X_ y‘mzm\:m <\—Qﬁ .fQ(x,y) ‘DGA(Z)‘qu> ’

whereQ is the cube centered atand having side length

5/n[x—yl.
Lemma 2(see []) Suppose that £ r < p<n/d and
1/q=1/p—3/n. Then

[IMs 1 (f)l]La < C[[f]]Le.

Proof of Theorem 1. It suffices to prove for
f € CJ(R") and some constanCy, the following
inequality holds:
& LI TAT) (%) — Coldx < C1_y (5 aj1=m, |IDYA ari0 ) M (1) (R).
Without loss of generality, we may assurhe- 2. Fix a
cube Q = Q(xp,d) and X e Q. Let Q = 5,/nQ and

DIAj = DYA; — (D9Aj)g for |a| = mj. We write, for
f1 = fx@ andf, = fon\Q,

TA(F) (%)
/ Mni- 1R 1 Ajixy)
O xeym
/ M§-1 Ry (Ajixy)
o xeym
/ njlemj(AJvay)
R [x—y[m
1
m;ml a!
Rmz Agix.y) (x—y)®1
[x—y[m

K(x,y) f(y)dy
K(xy) f2(y)dy

K(x,y) fa(y)dy

DA (y)K (x,y) f1(y)dy
1

- o
\ﬂzgmz oz

Ry (A x,y) (x—=y)%2 o
/Rn WD 22 (y)K(x,y) fa(y)dy
1

+ i
aplas!

|ag|=m, [ag|=my
/‘ (x—y)1+92D% A (y)D%2A5(y)
R [x—ym

K(x,y) fi(y)dy,

then
* M-1Rm, (Aj;x,Y)
A M1 Ry (Rjixy)
‘T e |7 / [x—y|m K(x.y) fa(y)dy
(A
+ / MDMA K(x.y) fuly)dy
o= =yl
i AL X, —y)%2
’ i‘ MD"ZA K(x.y) fa(y)dy
lap=my 02 /R [x—y]|
1 (X — y)91Ha2 DALA, (V) D2 A,
+ | |/ (x=y) - ;(Y) Z(y)K(X-,y)fl(y)dy
aq [=my Tap|=my d1-02: JRY X—yl

+[TA(12) 00 = TA(f2) 00)|
= 11(X) +12(X) +13(X) + 14(X) +15(x),

thus,

ol
< @‘/Qh XdX+@/Q|2<X)dX+@/QI3(x)dx

C 1
+g /QI4(x)dx+ o ‘/le(x)dx

= li+l+ls+la+1s.

—TA( (f2)(xo ’dx

Now, let us estimatéy, I, I3, 14 andls, respectively. First,
forx e Qandy € Q, by Lemma 1, we get

AJ’(X) = AMX - 3 %(DC{A])QXC{, then ) |

al=m Rm(Aj;xy) < Clx—y|™ g DA [Bmo:
R, (Aj5%,Y) = R (Aj;X.Y) and afem
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thus, by theL",LY)-boundedness af for 1 <r < n/d and
1/q=1/r —d/n, we obtain

(g; |DajAj|BMo) 6/(?\T(f1)(x)\dx
(g; |DajAj|BMo) (a/Q|T(f1)(x)|qu>l/q
< C,ﬁ (ﬂigm; |DajAj|BMO) |Q|~Y/d (/Q\fl(x)|’dx) .

2

) CJDI (mgmi |DajAj|BMO) M. (F)(X).

For I, denotingr = pq for 1 < p < n/d, q > 1,
1/g+1/d =1 and ¥Ys= 1/p— d/n, we have, by
Holder’s inequality

|1§C

H:m

IN

H:m

C

1 ~
b < C 3 %Al ¥ [T @Aty (91
|ag|=m, lag|=my <1 7Q
1/s
< C Y [ID%Aflemo Yy (IQI/ T (DA f1)(x )|de>
|ag]=mp Jag|=my
. . 1/p
< 3 Al 5 I [, I0%A00 0 Pox)
|az]=my Jag[=my R
1 ! qu/
< C Y IDAllwo ¥ (|Q|/|D"1A<>|P‘*dx)
|ag]=mp lag|=my
1 . 1/pq
pq
(s lreore)
<

2
CJI:L (azmi DaAjBMO) Mg (F)(R).

For I3, similar to the proof of,, we get

2
|3§C|_L ; [IDYAj|lamo | Ma ()(X).
1=1\ |la]=m;

Similarly, for 14, denotingr = pgs for 1 < p < n/9,

01,0%2,93 > 1, 1/ou + 1/q2 + 1l/gz = 1 and
1/s=1/p—J/n, we obtain

L <cC / T (D%LA,D%2 Ay fy) ()]

Jag|= mlzﬁ'z\ =My ‘Q‘

<C

1/s
<c 5 (& [ rEnADER 0 kK)
lag|=my.[ap|=mp Ql

. . . 1/p
<C s o [, Peaopei o Pox)
lag|=my.|azl=mp R

a pq 1/pay

<C DA 1dx
- \al\zmgﬂz\:mg(‘q / A )

1 K Ve 1 1/pag

(g7 Jyor A=) ity 00r7en)

2
< Cﬂ( IID"AJ-IIBM()) Mg (F)(%).

J=1 \ laj=m;

Forls, we write
TA(R) (9~ TA(f2) (x0) =
/Rn< (xy) Ko, )>I-!Rm (Ajix.y) fa(y)dy

[x=ym™ |- y\m

Ry (A2ix.y)
%o —y|™
Rn1<A1;>%yY)
[% —y|m

+/ (R (A1i%.y) — Ry (Azi%o0,Y)) K(xo,y) f2(y)dy

+ / (A2ix.y) — Ry (A2i%0.Y)) K (x0,Y) fo(y)dy

1

B ay!
\alzml L

o [P P )|
DA (y) f2(y)dy

1
]
\azgmz oz

Ji Ry (Auix y) (x-y)72
R [x—y[m

D2A,(y) f2(y)dy
_ y)”’l“”z

1 (x
+ Z aplas! /Rn [x—y/m
Jag|=my TJag|=mp Z17H27 -

DA, (y)D2Aa(y) f2(y)dy
_|1> |2) |( |4) |5) |(5)
5 -

Ry (A1i%0.Y) (%0 — )2

K(xy) — oy

K(Xo,yﬁ

(XO _ y)111+112
%o —y[™

Kixy) K<xo.,y>]

By Lemma 1 and the following inequality (se&3)

lbg, —bg,| < Clog(|Q2|/|Qx1|)||bl[emo for Q1 C Qo,

we know that, fox € Q andy € 2k+1Q\ 2¢Q,
IRa(Ax.y)| < Clx=y™ 3 (|ID?Allamo + |(D*A)gxy) — (D A)g])
lal=m

< Ckix—y™ 5 [[DAllamo-

laf=m

Note that|x —y| ~ |[xo—y| for x € Q andy € R"\ §, we
obtain, by the condition ok,

x—Xo| x—Xol*
‘Xofy‘rwnﬂfé

1)
|<C/ <|Xo y‘mmlé

I_llij (Ajixy)|If2(y)[dy
|

2
<C [[DYAjlsmo
JI:l (a =mj
ad X—Xo
k2< l +
kzb/zkﬂé\zk@ [xo —y|m+i=e
2
<C [[D7Ajlsmo
JI:l |al=m;

. L
29—k —ek
SRz /2k6|f<y>\dy

2
< CJIJ (a >, ID%A BMO) Ms., (F)(R).

For Iéz), by the formula (seed]):

x= o
o~y 2

)ity

Rn(A;%,Y) — Rm(A0.Y) = 3 gj<m 37 Rm- 5 (DP A X, %0) (X — )P
and Lemma 1, we have

[Rn(A;X,Y) — Rn(A;X0,Y)| < Cgj<m ¥ a=m|X— Xo|™ 1#![x— y|IF1||D Al gyo.
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2
2
1?1 <cq ; DA |lamo

< X — Xo|
k; / kHQ\sz"WI (y)|dy

2
§C|1 z [IDYAj[|emo | Ms; (T)(X).
= \afmj

Similarly,

2
|Ié3>|s<:|1 S IIDYAjlleo | Ms s (F)().
= |al=m;

Forlé4), we get

151
<C / (X=Y)TKxY)  (0-y)"K(x,Y)
P = S T Xo—y|m

R (Rzix.) D Ax(y)] | 2(3)Idy
€ 5 o Rty R (Raivo)

W D Aq(y)|| f2(y)|dy

c ; |IDYAz|lemO k(2 7k +275k)
=m,

|ay[=m k=1

1 . , 1/r
— DA "d
x(w CETEY

1 . 1/r
(i g "1%)

2

< CJ]:L (qgmi |D“Aj|BMO) Mg, (F)(R).

Similarly,

2
¢ <cf] ; IDYA[lamo | Mg, (F)().
= |a|=m;

Forlé@, takingqg:,gz > 1suchthatIr+1/q1+1/qgp =1

then

I
<c / (x=Y)TRK(xy) (%0 —y)H2K(%,Y) ‘
gl m;”z\ -y =yl o=y

DAy (y)||D2 Ao (y)||f2(y) |dy

© 1 . r

<c k<2*k+2*fk>(~7, Leltora)
\ﬂl\zmlz\"z\:mz k= |2Qro/n J2q

1 /a2

[24Q] J¢

< Cll:l (u >, ||D”Aj||BMO> Ms., (F)().

1oy
DAy >\‘*1dy) ( D92 Ao >|q2dy)

( [24Q] /¢

Thus
2 ~
II5ISC|'|I ; IDAjllemo | Mg (F)(R).
= |a|=m;

This completes the proof of Theorem 1.
Proof of Theorem 2.We choose Xk r < pin Theorem
1 and by using Lemma 2, we get

[ITA(H)lla < CII(TA(T ||LQ<CI_l > 1ID*Ajllemo | [IMs(f)lla
\n\:mj

|
<C [[DYAjllemo | [| fllLp-
n (l

This finishes the proof.

3 Applications

In this section we shall apply Theorem 1 and 2 of the
paper to several particular operators such as the
Calderon-Zygmund singular integral operator and
fractional integral operator.

3.1 Application 1
Calderbn-Zygmund singular integral operator.
Let T be the Calderdbn-Zygmund operator (S@gLB,

14]), the multilinear operator related ois defined by

MM\ —1Rm+1(Aj;X.Y)

A _
T (f)(X)— P |X—y|m K(va)f(y)dya
Then
|
(1). (TA(F) ]j ( ; ID”"Ajlsmo) M ()(x)

forany f € C3'(R") and 1< r < oo;

|
(2). HTA(f)HLp(w)SCﬂI ; IDYAjllemo | [IFllLecw)
=1\ Jajl=m;

foranyw e Ap and 1< p < .

3.2 Application 2.

Fractional integral operator with rough kernel.
For 0< d < n, let T be the fractional integral operator
with rough kernel defined by (seg, p])

Tot00= [ 20ty

0 [x—y["-9
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the multilinear operator related G is defined by [14] A. Torchinsky, Real variable methods in harmonic asily
| Pure and Applied Math. 123, Academic Press, New York,
i—1 Rm +1(Aj5 % 1986).
a0 = [ 2By o0y tiyay, (1989

o Xy

where Q is homogeneous of degree zero d&,

Jo-1Q(X)do(X) = 0 and Q € Lipg(S™?1) for some
0 < £ <1, that is there exists a constavit> 0 such that
for any x,y € "1, |Q(x) — Q(y)| < M|x —y|¢. When
Q =1,T is the Riesz potentials. Then

|
(3). (TA(F)*(x) < C]]l (a;_mj ||Dain||BMO) M, (f)(x)

foranyf € C3(R") and 1< r < n/J;
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|
(4). [ITA(f)lla <C ; ID%Ajllemo | 1] fllLe
1=1\ laj[=m;

forany 1< p<n/dand ¥/q=1/p—9d/n.
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