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Abstract: In this paper, we use a functional analysis approach to pitexvevell-posedness for a parabolic system with a boundary
Neumann condition and a nonlocal integral condition. Tisés¢ep, is to establish the density of the raRgle) in the Hilbert spacéd,

and hence the existence of a strong solution of the probldm.pFoof is mainly based on some a priori bounds and on sonsitgen
arguments.
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1 Introduction Bouziani [19,21], Mesloub and Lekrine 42, and
Yurchuk [30]. For the hyperbolic case, we cite Mesloub

Many physical phenomena can be modeled and describe@d Bouziani 20), Muravei and Philinovskii 27],
in terms of local problems, such as mixed problems with ulkina ?8'29]'
boundary classical conditions. More precisely standard [N this work, we prove the well-posedness for a
(Dirichlet, Neumann type) conditions which are parabolic system with a classical Neumann boundary
prescribed pointwise are not always adequate as igondition and a nonlocal integral condition. The last step,
depends on the physical context which data can bdS to establish the density of the ranB¢L) in the space
measured at the boundary of the physical domain. InH, and hence the existence of a strong solution of the
some cases it is not possible to prescribe the soluion Problem.
(pressure, temperature,...) point-wise, because only the
average value of the solution can be measured along the
boundary or along some part of it. Certain of these2 Position of the problem
problems are described by parabolic initial-boundary
value problemsﬂin one space variqble with nonstandarg, the bounded domain
boundary conditions that involve an integral term over the
spatial domain of a function of the desired solution. ThisQ: Qx(0,T)={(xt):0<x<l,0<T <ol IR} },
category of equations represents a large class of
Common_ly oqcurring problems in mathematical physics,,e consider the following system
and engineering, see €.§,10].

Using diferent methods, mixed problems with LU=t — (@) u)x — (b tv)x = F(xt), (1)
classical and nonlocal (integral) boundary conditions
related to parabolic and hyperbolic equations have been
extensively investigated and several results concerning v — e — (C(X )W)y — K(X. 1)U = ax.t 2
existence and uniqueness have been established. For the 2 t = (O DV)x— kO tu=glx.t), @
parabolic case, using the potential method: we cite heravhere the functiona(x,t),b(x,t),c(x,t),k(x,t), satisfy the
Cannon fi], Kamynin [14]. Fourier method: lonkin12], conditions
lonkin and Moiseev13]. And the energy method: we cite
Bouziani B], Mesloub [L8] Kartynik [15], Mesloub and P :a(0,t) = b(0,t) =c(0,t) =0,
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a < a(xt) <ap,0<ax(xt) <ay,

ag < a(xt) <ag,0 <an(xt) <as, where in this last equation
0 < b(xt) < by,0 < by(xt) < by, U=(uv), (10)
. OS b[(X,t) §b37
P:
AU = (Lyu, Lov), (12)
Co <c(x,t) < 1,0 < cx(xt) <cp, and
C3 < G (X1) <cg,0 < (x1) <cs,
3 <G (X 1) <cg,0 < c(Xt) < s S = (H1,H5), (12)
0 < k(x,t) < kg,0 < ke(x,t) < kg, where (1) and (L2) are defined respectively by
for all (x,t) in Q, where Liu= {2, 6ut,  Lv={%Vv v}, (13)
. € IRT Vi=05.by € IR",Vk=1.3, and
) « = {f.Uo}, H={gvo}. (14)

+\vi_DE + \Yh_T D
€ IR,V =05k €IR vh=12 The operatoA is considered frofB = B; x By into H =
To equations) and @) we associate the initial conditions Hi x Hz, whereB is the Banach space functiofis,v) €
(L%(Q))? satisfying conditions)-(8) and having the finite
£1u=u(x,0) = up(x), 0O<x<l, 3 norm

2 2 2 2
Ul = [[ulliz(q) + IVI[C2@) + [0xUll 2 )

lv=v(x0)=vo(x), O<l<1, @) +|0IF2 ) (15)
the Neumann boundary conditions andH = H; x Hz is the Hilbert spacé?(Q))? x (L%(Q))?,
with the finite norm
x(l,t) =0, 0<t<T, G 121E = 1 fliF2q) + 19l1F2g) + lUollf2 )
+ ||VOHE2(Q) : (16)
W(l,t) =0, 0<t<T, (6)  We define the domain of definitidd(A) of the operatoA

to be the set
D(A) = {(u,v) € (L%(Q))?/ U, Vt, Uy, Vx, Uk, Vix € L2(Q) },
// x)dx= // x)dx= 0. (7)  satisfying conditions3)-(8).

The functionaug andv satisfy the conditions

and the integral conditions

4 Unigueness of solution

0uo| 0vo 0// Up(X)dx= // Vo(x)dx= 0. We may state the following result.

U
ox
Theorem 1Let a(x,t),b(x,t) and dxt) satisfying
conditions R and B. For all function U= (u,v) € D(A)
there exists a positive constant C independent of U, such

3 Functional frame that
[Ullg <ClIAU]l. (17)

For the investigation of the posed problet)-(8), we  ProofWe consider the scalar products
introduce some function spaces that we extensively use in
the sequel. P d (U*DEU’D%U)LZ(QT) and(v— 2V, %26),2qr),  (18)

_Let L*(Q), whereQ = Q x (0,T) be the weighted whereQ” = Q x (0, ), then we have

Eirglitt):rgosrfnace of square integrable functions having the (U,Ut)LZ(Qr) _ U,(a(X,t)Ux)x)LZ(QT)
lulziq) = /Q W2dxdt —<u2<b<x W) 2(qr) — (D&u,zmz@r)

The inner product in.?(Q) is defned by FE (a0 bhen + (B B Dzen
+(V, V) 2y — (W (C(X, D)V)x)L2(qr)

—(vk(X,t)u) 2(qr) — (02 Vi Vi) 2(qr)

+H(ERV, (e t)Vi)x)L2(qr) + (BRV KX t)U) 2
= (U, F)2qr) — (CRu, iz
AU =, ) +(v9)izqn — (R GLz(gr)- (19)

(U,V)121q) :/qudxdt

Problem ()-(8) can be put in the operational form;
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Using conditions3)-(8), P andP,, integrating by partsthe By substitution of 20)-(31) into (19), we obtain
twelve terms on the left-hand side of the previous equality,

- 1, .- 1 5 1 5
we obtain 5 lullz(g) + 5 IBxulliz ) + 5 IVlliz )

1 1 2 1 2
(U, U 2(qry = // de——// ug°d (20) +§HDXV”EZ(Q)+§||\/5UHL2(Q)+§||\/5“X||L2(Q)

1 2 1 2
13 IVeag + 5 Vewle,
~(u (8 DU = [ /Q agdxdt  (21)

1 1 1
=5 HUOHEZ(Q) 3 ”DXUOHEZ(Q) T3 HVOHEZ(m

1 2 2

0 (B :// bt (22) +§HDXVOHLZ(Q)+//Qrufdxdt—//QTf(DXu)dxdt
+ / / vgdxdt— / / g(T2v)dxdt+ / / buvdxdt

1 | Qr Qr Qr

~(Cfuw)zgn = 5 / /0 (D) 2dx + / / kuvdxdt- / / au(Chu)dxdt
Qr Qr
1 |
—E//(DXUO)ZdX, (23) —// va(Dxu)dxdt—// cxv(Oxv)dxdt
0 Qr Qr

- / / ku(T2v)dxdt— / / buvdxdt (32)
Qr Qr

[u, (a(x,t)u . :// auPdxdt

(Ohu, (@(x,t)ux)x) 2(qr) T Applying the e-Cauchy inequality and the conditio®s
andP,, to estimate the eleven terms on the right hand side
+ / /Qr () dxdt (24) of (32), we obtain

& 2 1 2
// ufdxdt< = ull% o0 +5— I Fli%2i0r s (33)
(T2u, (b(X, t)Vy)x) 2 @) :// buvdxdt Qr 2 @) " 2¢; QM)

+//QT bev(Cu)dxdt, (25) //Q f(D2u)dxdt< 8—22 112200
1 2 112
1 | 1 | +— HDXUHLz(Qr)’ (34)
(V’Vt)Lz(QT)ZE//o vzdx—i//0 voldx  (26) 282

& 1
| [, vooxdts 2 ViEzgn + 5 Il (9)
e = [ [ oddxdt @) ) X
2 4 2 2,112
| | otmaxdt< S ol gn + 55, 108/ gn

(36)
— (kDU 2gr) = — / / kuvdxdt  (28) bigs , - by |\ 2
@) o _//QT byuvebxit< =52 ulz ey + 5o IV gr
(37)
1 |
— (02, ) 2 o :—//(va)zdx ki | 12 ki o2
AN 12 ¢ —//QrkluvdxdtgT||u|\,_2(Qr)+2—%||v|||_2(Qr),
5| [ Oo)ax (29) (38)
//QT apu(Oxu)dxdt < @ HUHLz )
(V. (06 )W) 2(0r) = / / oVdxdt +2—87|\Dxu|\L2(Qr>, (39)
+ / / Gv(Cv)dxdlt (30)
e // bav(Txu)dxdt < % V122 o
(CBV KO E)U) 2(gr) = / / kuvdxdt  (31) +2—;||Dxu||fz(Qr), (40)
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Ca&g 12
/ /Q ev(T)dxdt< 22 v o

C2 2
* 2 10xVII C2(qry »

Ki€10 | 2
//Qr lau(C3v)dxdt < <22 uljZ o

kl 2 2
+F10 |||:|XVHL2(Q )

b €
// byUydxdt < == l XHLZ QM)

b
Lo

26, ||VX|||_2 Q1)

The substitution of33)-(43) in (32), gives

1. 1 2 1.2
5 ||UH|_2 +5 ||DXU|||_2(Q) +5 HVHL2(Q)

||DXVH|_2 +aOHUH|_2 Q) "‘aOHUX|||_2 Q)
+Co HVHLZ(QT) +Co HVXHLZ(QT)

1
> HV0||E2(Q)

) Ul o

IN

1 1
> ||U0||E2(Q) + > HDXUOHE2(Q) +

1 2
5 [10xvol| 2

i

&5b1 + (&6 + E10)k1 + E7a2 + €1

2
g +&C ki | by 2
e L
£11bg b1
+—H X|||_2 Q) + HVxH|_2 QY

&

(el
e

by
+ 55 Il +

&4
+ ) HDXUHLZ Qr

1
2€&4

Cz 2
268 2—&) 10Vl C2qry

2
JEY

kg
210

2
L

|fW€pUt81:82:83:84=85=862882810,87:Z%O

g5 = %0, €11 = Zbilo, andb? — 4agco < 0, then, we get

(41)

1. 2 1 2 1 2
3 ||UH|_2 +5 ”DXUHLZ(Q) +5 HVHLZ(Q)

”DXVHLZ +a0HUH|_2 T "‘aOHUXHLZ T
Q) Q")

+Co HVHLZ(QT) +Co HVXHLZ(QT)

IN

1 2 2
+ E HDXUOHLZ(Q) + E ||V0||L2(.Q)

b1 +2ki+1
ot (55 ) Moz

2
bi+ki+bo+1
=2 M2 + 12

2
bz
) o,

5 luoli?z o)

1 2
5 [1Cxvoll 2

(
+lale e+ (22

3 2
+—2 ||DXVH|_2(Qr

+( ET

By using the following mequalities

(42)

as
4ao
HD 1

1+k (44)

(43)

|2
|5 ) < 5 10020z YmE IN,

1072 o) HD’“— uHL2 ,vme IN*,

- 2
some right hand side terms 0f4) can be estemated as

1 2
> ||[|xU0HEZ(Q) =2 HUOHEZ(Q) (45)
1 2 SR
5 IBvolliz o) < 7 [Vollizq) (46)
122 | 2
E |||:|XUHL2(QT) S Z ||DXUHL2(QT) 3 (47)
1+k 1+ kq
( ) e
The substitution 0f45)-(48) in (44), gives
1 1 1 1
5 ullEz (@) + 5 1Bxullie ) + 5 VIt @) + 5 1BxVIEz )
b1+2k+1
< (224 juis
bi+ki+bo+1
" (f M2 g,
2b2+|
+ ( > HDqufz(Qr) + Hf”EZ(QT)
2 I2k1+l
# (2 + P 10 + o
+12 2412
(25 ol + (225 106z
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Then

ulZ2q) + 1Dxu[Z2 ) + HVHEZ(Q) + ||D><V||EZ(Q)
< K(|Iullf2(or) + V72 gy + | DxtllZ2 ory

+ 102 gr) + 112 + 119l 2y

+lollz() + Vol 2 o)), (50)
where

K =max{2,by+2k;+1,b;+ ki +by+1,
a5  2p+I12 G IPkg+1? 2+|2}

239 2 2o 2 2
By applying Gronwall's lemma to50), we get
ullP2(q) + [MIF2(0) + 11 OxUlIF2( ) + TVl 2 )
< KT [1111122(gr) + gl gr) + IuolZ2 ) + IVollZz 451

Taking the supremum with respect toover (0,T), we
obtain (L7) with C = vKexp(KT).

Proposition 1.The operator A acting on B: B; x By into
H = Hj x Hy is closable.

ProofLet A be the closure of the operatdrandD(A) its
domain of definition. If z = (un,vn) € D(A) is a sequence
such that

Zn= (Un,Vn) - (Oa O) into Ba (52)
n—o0
and
AZ, = (L1Un,LoV) — F = (F,R,) into H, (53)

n—oo
it is necessary to proof théF;, F,) = (0,0), this means
f=g=up=Vp. (54)
Since

(Un,Vn) — (0,0) into D'(Q) x D'(Q),

n—oo

(55)

where D'(Q) is the distribution space, then b$1), we
obtain

(Liln,Lovi) — (0,0) intoD (Q) xD'(Q).  (56)
But as

(L1Un, Lovn) — (f,0) into L2(Q) x L2(Q),  (57)
then

(Z1n, Zov) — (f,0) into D' (Q) x D'(Q).  (58)

n—oo

By virtue of the uniqueness of the Ilimit into
D'(Q) x D'(Q), we conclude from%6)-(58) that
(f,9)=(0,0). (59)
From (63), we get
l1un — Ug into L2(Q). (60)
n—oo
Then, we deduce that
l1Up — Up into D’(Q). (61)
n—oo
On the other hand as
z, —0into B, (62)
N—co
and ) )
l1tnllZ2q) < l1Zall3. ¥n € IN, (63)
then, we get
l1up — Ointo L%(Q). (64)
N—co
Consequently
l1un — Ointo D (Q). (65)

n—oo

Then, by virtue of the uniqueness of the limit(Q),
we obtain
Up =0,

and in the same way, we proof that
vo=0.
ThenAs closed.
The solution of the operator equation
Az= 7,

is called strong solution of probleni)¢(8). We extend

inequality (L7) to the set of solutions € D(A) by passing

to the limit and thus establish uniqueness of a strong

solution and closedness of the rariR(@) of the operator
Ain the spacéd.
Then, there exists a positive const@rguch that

lzlg <C| A7, vze D(A).

We now obtain two corollaries.

Corollary 1.The strong solution of probleri)-(8) if exists
is unique, and dependent with = (%, %,) € H, where
91 = (f,Uo) andf/"z = (g,Vo).

Corollary 2. The range RA) of the operatodA is closed in

the space H, andR) = R(A).

(© 2018 NSP
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5 Existence of solution Lemma 1The function W= (w,w») defined by §9) is

into (L%(Q)).
Theorem2For all  (f,g) € (L?(Q)? and o
(Up, Vo) € (L%(Q))? there exists a unique strong solution ~ ProofWe use the t-operators of regularization

—1 [ T _
z-A'F=A17, eyt =3 [ [ w2 xsas
0
f probl -(8), with # = (F1, %#2) € H, F1 = (f,u), ,
opr) em () (_) " (F1.72) € 1= (T,to) where we C*(0,t),w= 0 at the neighborhoods=0,t =T
F2=1(0,V0),z= (u,v), and 3
and outsid€0,t) ,and [ [rw(s)ds= 1.
lzlg <C|AZ|,, vze D(A), By applying % to the first equation ofg8), we obtain
[ iti 0 0

where C is a positive constant. o (—u— O2u) = " [(— — O2u) — pe (—t — C2u)]

Prooflt is enough to proof that the range Afis dense in 9
H =Hy x Ha. LetW = (W4, 45) = ({wa, w3}, {wa,wy}) € +op (pe(he)).
R(A)*, such as

Then
(AZ} qJ)H = ({L1u7 sz}v(qjla%))H 2
= (flu,Wl)Lz(@ + (|1U,W3)|_2(Q> H —U — |:|2 ,
L T
+ ($2V7 W2)|_2(Q) + (|2V7 W4)|_2(Q) Q) 2
=0. SZHE[(—L&—Diu)_.os(—ut—[liu)} ,
L T
Forze Dg(A), we get 2 @)
+2|| = (pe(h .
(flU,Wl)LZ(Q) + (XZV, WZ)LZ(Q) = O, H pg 1)) L2(QT)
then As ,
wq,Wo) = (0,0). 7]
(w1, W2) = (0,0) ‘ Spl(u-ta)—pe(-u-Bu)] | 0
Proposition 2.f for all function W= (wy, W) € (L%(Q))? L2Q")
and for all function €0 ;
e get
ze Do(A) ={z /ze D(A): f1u=Llv=0}, wedg
P 2 2
we have HE(—UI—DEU) <2H— (pe(hy)) :
L2(Q") L2(Q")

($1U,W1)|_2(Q) + (L, W2)|_2(Q) =0, (66)
. s (pe(h1)) — hy and & (—w —C2u) is bounded in
then W= 0 almost everywhere in Q L?(Q), thenw; € L%(Q). With the same methode, we

2
Prooflt follows from (66) holds for anyz € Dg(A). We can proof thatw; & L(Q).

express itin a particular form, we put

(070) OStSS,
:(u’v):{(ffsturdr,ffstvrdr) s<t<T1, 67

For continue the proof of proposition, substitutginto
(66) with representation given by$), we obtain

(— Ut — D)Z(ut,flu)Lz(@ + (—we — [y, LM, ) 12(q) =0

and leth(x,t),i = 1,2, defined by Then
ha(x,t) = —u — Ogu, (68) — (Wt Ut ) 2(g) + (Lt (X 1) Ux)x) 12(q)
ha(x,t) = —w — O2v.

)
+ (e, (b(x;t ) )iz — (DU, W) 2(g)

It's easy to see that + (2w, (a(X, t) Uy )x) 2 12(Q) + (2w, (B(X,t)Vy)x) 2 2Q)

—(

(

— Uy —[R Vit Vi) L2(q) F (e, (€% E)V)x) 2
W = (Wi, wp) = {VV\\/Il —Two D (gg) X ©)
2 = —vit — LixVt. + Vtt,k( ) )LZ(Q) — (DXVt,Vt)LZ(Q)
In accordance withg7) et (68), the functionz = (u,v) € (02w, (e t)V)x) L2(g) + (TRvE, KX ) 2
(L%(Q))2. In factzpossessed a superior order of regularity. — (. (70)
(@© 2018 NSP
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By integration by parts and using conditior®-(8), we By substitution of 71)-(82) in (70), we obtain
obtain

1 2 1 2
> [[vaux, T)|[ 2 ) + 5 Ivauxx T)liz )

— (Wt W) 2(s) = %HUt(XaS)HEZ(Q)v (71) 1 , 1 ,
+§ ([t (% 9)[IL2(q) + 2 H\/EV(X’T)HQ(Q)
At QU2 = (| VAU 9 zcp 45 VIR @)+ 5 (kI
3 Va0 +10k2  + 1Dt 2 e
—% I/Bux(%,9) | F2(0s) (72) + [[Vaa 9o gs) + [[VEUa 6,9 IF2 o

1 1
= 5 IVau(x,s)[f2(gs) + 5 | Vaau(x9) P2 s

(U, (B DV ze) = | [ bttt 1 .0 )
Q 5 [Vev(X,9)llL2(qs) + > [[v/Cut (X, 9) | 2 gs)

+// Uyt Vxdxd 73
o YUl (73) —// axu(Dxut)dxdt+// bk (Ol )dxdlt
, o5 o5
2
— (O, W) 2(qe) = 1 Oxt 2 s) (74) +// CXV(Dth)dxdtJr// kuwdxdt
o2 o
(C2u, (a(x, t)uy)x // axu( Dy )dxdt +//stutvtdxdt—//stu(D)Z(vt)dxdt
+§||\/5'u(x’T)HL2(_Q) - / /stuxtvxtdxdt— / /st[uxtvxdxdt (83)
1
-3 lv/au(x, S)HEZ(QS), (75)  Using e-Cauchy inequality and conditiory andP,, we
obtain
2 _ ae
(Ot (b(X, 1) V)x) 1 2(gs) = _//stvX(DXut)dXdL (76) _//QsaxU(Dxut)dthS % IIUHfz(QS)
1 & 2
_(Vttavt)LZ(Qs) = E HVt (X, S)”EZ(Q) (77) +28]_ H(Dxut)HLZ(QS) ) (84)
2
(e, (O DV)x) 2 = H‘lfc"X‘(X’S)HL%Q% / /Q _bu(Out)dxdt < MH V2 s
5 Ve T2 o
2 Q) by 2
1 ) t o, [[(Oxue) [ C2gs) » (85)
~5 Vet vx(X )l 2(qs),  (78)
Co&3
(e, k(X E)U) 2 ey = // kuvdxdt //Q cDat et < 2 v
—//stLthdXdT., (79) +2_£3 ”(DXVI)HLZ(QS)a (86)
2 2
_(DXVth)Lz(Q) = |||:|thH|_2(Qs)7 (80) // ktUV[dth< k_ || HLZ _|_ 2k_2 HVtHEZ(QS>a (87)
€4
(2w, (C(%,t)Va)x / / cxv(Oxvt ) dxdt

& k
[ | < 2 g + o Il 8)

+§H\/EV(X7T)||L2(Q)
1 2
T2 IVE Sl @Y ] /stu(miw)dxdtg K% 02, e

— (T2, KOG )W) 2y = / /stu(mivt)dxdt (82) o (W) [Fgey . (89)

+286 |
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—// bwtvxtdxdt—// bt Uy Vi d xdt
(O Qs

— / /QS Uxt (bw + brvy) dxdt

1 a 2
+2—87//QS (E(bvx)> dxdt

bi 12
2%, IVt [I2 s

A

7
< 5 luliEzgs

A

€
< 57 ||U><t||EZ(QS)+ (90)
By substitution of 84)-(90) in (83), we obtain

ag ag
20Tl P2y + 5 % T )

1 Co
+5 wx 9lIEz0) + 5 MK T)lIEz(e)

C3 2 1 2
+5 X Tz () + 5 v (x.9)ll2()
+ H O U ||EZ(QS) + ||DthHEZ(Qs>

dog 2 Co 2
T [[Uxe(%,9) |2 (gs) + ) ([t (% 9)1[ L2 gs)

< (an€1 + kogs + k1&6)

as 2
TS [[UxllC2(gs)

< . ulZ2 oo
kigs (Cog3+cCs)
+T||utHL2(QS)+fH IC2(09)
(b182+C5) 2 ko kq
+f||VX||L2(QS)+ 2_€4+2€ velI?2 (Q9)

b1
+ (324 2 ) I0ulE

o Kk 2 KL 1201 112
+ (g + g> 15 E20s) + 5 1@ 2(0s)

b2
oo HVXt”EZ(QS) (91)

2&7
C

2 o=g=s5=g=1g=a,6=3%
apCo < 0, then form 91), we obtain

ag ag
20Tl P2y + 5 luxx T2

&7 12
+5 luallizgs) +

If we pute; =
andb? —

1 2 Co 2
5 Ut (X 8)llL20) + > IV T)lIz(q)

C3 2 1 2
> (Ve (%, Tl (2 + > Ve (%,9)[I2(q)

_ (B +20+2k)

kq
< 7 2y 5 o ey + % lutlPz(e
c3+2cy (b1 +c¢s)
+¥ HV”Ez(QS) T HVXHE2(QS)

ki + ko by
(1) Il g+ 2 10l o

k k 2
+71 HDthHEZ(QS) + 31 ||D>2<Vt ||L2(QS)

Using this inequality

2
— 2 N
HDTU”Ez(Qs) < E |||:|)r;n 1u||L2(QS) ,Vme IN s

(92)

we have
by 2 bil? o
> I0lz gy < =7 llkllizgs) (93)
kq kql2
> 10 [F2(qs) < e M P29, (94)
k kel?
5 108w 2 ) < 5 M2 (95)

By the substitution ofg3)- (95) in (92), we obtain
5h) az
> Hu(XaT)”EZ(Q) 3 (% T) 120

1 2 Co 2
5 Ut (X )l L20) + > VX, T)IE2(q)

C3 2 1 2
> V(X Tl 2@ + > v (%,9) |20

2
aj + 2ka + 2k; 2 1.2
< (74 ||u||L2(Q5) + E ||UXHL2(QS)

2kq 4 byl? 2 3+ 2¢4 9
+ (f) Ut C2qs) + 2 IVIIE2(qs)

b1 +cs 3
(25 sl + g Ml

where

ks = 4ko + (4+ 12+ 1%)ky.
Consequently, we get

I T) 20y + U (%, T 20

VO T 2 ) + (06 T P20

+|u (% 9)lIF2(q)
+ (% 9)lIF2(q)

<K (HUHEZ(QS) + ”uX”EZ(QS) + HUTHEZ(QS) + ”VHEZ(QS)

2 2
ez + M2 ) (96)
where
2 k: Kk 2 2
. max(l, a1+222+2 1’ 2k1-5b1| ’ 022204,b1+ Cs, k743)

min(1,ao, a3, Co, C3)
We will introduce the functiov defined by

t)):(//tTqur,//tTdeT),

V = (a(xt),B(x

where
u(x,t) = a(x,s) —a(xt), ux,T) =a(xs),
v(x,t) = B(x,8) — B(x,t), v(x, T) = B(X,S).

From the combination o) and (75), we obtain
U (%9 [F2 ) + Ve (% ) [IF2

F(1-2K(T—9)) (||a(x,s)|\fz(9) + llax(x 9112 g
+ 1B Z2(g) + 189120 )
< 2K (lelPz ey + 2oy + 1t 2

+laxlPz s + I1BIF2ice) + 1Bl cs)) - (97)
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Iffor 5>0:(1-2K(T—-9%)) = % then from @7), we While our work is completed, but there are still some
get open questions and suggestions for future research, we
2 2 2 guote as an example:
[Ue (X )l L2(0) + M (X, 9)[ (20 + (Ha(XvS)HLZ(Q) . : :
-t would be interesting to apply this method for

+lax(%9) [F2(q) + B¢ 9)lIF2 ) + [1Bx(X, s)||fz<9)) systems of higher orders and of several variables;
—t would be interesting to apply this method for
< 4K (HutHEz(Q5> + HVtHEz(QS) + HaHEz(QS) semilinear, quasi-linear and non-linear equations, in
one-dimensional or multidimensional structures.
+ ”aXHEZ(QS) + HBHEZ(QS) + ”BXHEZ(QS)) : (98)
We take
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