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Abstract: Here we aim at presenting fractional integral and derivative formulas of Saigo and Meada type, which are involved in a
product of Wright function and Raizada polynomial. The results are obtained in a compact form containing the Riemann-Liouville,
Erdelyi-Kober and Saigo operators of fractional calculus.
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1 Introduction

Each special function arises in one or more physical contexts as a solution of the differential equation that can be
transformed into the hypergeometric function. The specialfunction is then defined in terms of generalized
hypergeometric function. The Wright function is one of special functions. The Wright function along with fractional
calculus operators plays an important role in the theory of fractional calculus [1,2]. This approach is worth considering,
and it is instructive to see that most of the special functions encountered in applied mathematics have a common root in
their relation to the hypergeometric function. Here we establish theorems for the generalized fractional calculus
operators, applied on the product of Wright function and Raizada polynomial. The solutions are constructed in
generalized Wright function. We begin our study from the following definitions

Wright Function
E. M. Wright [3,4] has investigated the asymptotic behaviour of the sum

pΨq(z) =
∞

∑
n=0

Γ (a1+β1n)...Γ (ap+βpn)
Γ (ρ1+ µ1n)...Γ (ρq+ µqn)

zn

n!

=
∞

∑
n=0

∏p
i=1Γ (ai +βin)

∏q
j=1Γ (ρ j + µ jn)

zn

n!
(1)

for large|z|. Here theβi and theµ j are real, positive and

1+
q

∑
j=1

µ j −
p

∑
i=1

βi > 0. (2)

If all the µ j andβi are equal to unity, this reduces to a multiple ofpFq(z). (Further details are in Refs.[5,6,7,8,9,10,11,
12,13]).
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Raizada Polynomial
The generalized polynomial provides an elegant unified representation of the various known extension of the classical

Hermite, Laguerre and Bessel polynomials [14,15,16,17] and is defined by the following Rodrigues type formula

Sa,b,τ
n (t; r,s,q,A,B,m,k, l) = (At+B)−α(1− τtr)β/τTm+n

k,l [(At+B)α+qn(1− τtr)
β

τ+sn] (3)

with the differential operatorTk,l being defined as

Tk,l ≡ t l (k+ tDt), (4)

whereDt =
d
dt . The explicit form of this generalized polynomial set (check Ref.[16], p. 71, Eq. (2.34)) is

Sa,b,τ
n (t; r,s,q,A,B,m,k, l)

= Bqnt l(m+n)lm+n(1− τtr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

j + k+ re
l

)

m+n

(

−τtr

1− τtr

)p(At
B

)i

. (5)

The manuscript is organized as follows. In Section 2 we give some details regarding the generalized fractional calculus
operator. The fractional integration of the productpΨq-function andSa,b,τ

n (·) polynomial is mentioned in Section 3. Also,

the fractional differential of the productpΨq function andSa,b,τ
n (·) polynomial is given in Section 4. The content of the

Section 5 is devoted to the fractional integro-differential of the product presented in the previous section. Finally,the
conclusions are presented in Section 6.

2 Generalized Fractional Calculus Operator

The class of fractional operator equations of various typesplays a very important role not only in mathematics but also
in physics, control systems, dynamical systems, and engineering. Naturally, such equations are required to be solved.
There are numerous studies focused in this direction [18,19,20,21,22,23,24,25,26,27,28,29]. An interesting and useful
generalization of both the Riemann-Liouville and Erdelyi-Kober fractional integration operators has been introduced in
terms of Gauss hypergeometric function [30] as given below.

Let α,β ,η ∈ C and x ∈ R+; then the generalized fractional integration and fractional differentiation operators
associated with Gauss hypergeometric function [30,31,32] are defined as follows

(Iα ,β ,η
0+ f )(x) =

x−α−β

Γ (α)

∫ x

0
(x− t)α−1

2F1

(

α +β ,−η ;α;1−
t
x

)

f (t)dt (6)

(R(α) > 0;

=
dn

dxn

(

Iα+n,β−n,η−n
0+ f

)

(x) (7)

(R(α)≤ 0;n= [R(−α)]+1);

(

Iα ,β ,η
− f

)

(x) =
1

Γ (α)

∫ ∞

x
(t − x)α−1t−α−β

2F1

(

α +β ,−η ;α;1−
x
t

)

f (t)dt (8)

(R(α) > 0;

= (−1)n dn

dxn

(

Iα+n,β−n,η
− f

)

(x)

(R(α)≤ 0;n= [R(−α)]+1);
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and
(

Dα ,β ,η
0+ f

)

(x) =
(

I−α ,−β ,α+η
0+ f

)

(x) =
dn

dxn

(

I−α+n,−β−n,α+η−n
0+ f

)

(x) (9)

(R(α)> 0;n= [R(α)]+1);

(

Dα ,β ,η
− f

)

(x) =
(

I−α ,−β ,α+η
− f

)

(x) = (−1)n dn

dxn

(

I−α+n,−β−n,α+η
− f

)

(x) (10)

(R(α)> 0;n= [R(α)]+1).

The Riemann-Liouville, Weyl and Erdelyi-Kober fractionalcalculus operators are recovered as special cases of the
operatorsIα ,β ,η

+ andIα ,β ,η
− as shown below

(Rα
0,x f )(x) =

(

Iα ,−α ,η
0+ f

)

(x) =
1

Γ (α)

∫ x

0
(x− t)α−1 f (t)dt (11)

(R(α) > 0);

=
dn

dxn

(

Rα+n
0,x f

)

(x) (12)

(0<R(α)+n≤ 1;n= 1,2,3, ...);

(Wα
x,∞) = (Iα ,−α ,η

− f )(x) =
1

Γ (α)

∫ ∞

x
(t − x)α−1 f (t)dt (13)

(R(α)> 0;

= (−1)n dn

dxn (W
α+n
x,∞ f )(x) (14)

(0<R(α)+n≤ 1;n= 1,2, ...);

(Eα ,η
0,x f )(x) = (Iα ,0,η

0+ f )(x) =
x−α−η

Γ (α)

∫ x

0
(x− t)α−1tn f (t)dt (15)

(R(α) > 0);

(Kα ,η
x,∞ f )(x) = (Iα ,0,η

− f )(x) =
xη

Γ (α)

∫ ∞

x
(t − x)α−1t−α−η f (t)dt. (16)

(R(α) > 0).

Now the definition of the following generalized fractional integration and differentiation operators of any complex
order involve Appell functionF3 ( see Ref. [33], p.393, Eqs. (4.12) ad (4.13)) in the kernel in the following form.

(

Iα ,α ′,β ,β ′,γ
0+ f

)

(x) =
x−α

Γ (γ)

∫ x

0
t−α ′

(x− t)γ−1F3(α,α ′,β ,β ′;γ;1−
t
x
,1−

x
t
) f (t)dt (17)

(R(γ)> 0);

=
dn

dxn (I
α ,α ′,β+n,β ′,γ+n
0+ f )(x). (18)

(R(γ)≤ 0;n= [−R(γ)]+1);
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(Iα ,α ′,β ,β ′,γ
− f )(x) =

x−α

Γ (γ)

∫ ∞

x
t−α(t − x)γ−1F3(α,α ′,β ,β ′;γ;1−

x
t
,1−

t
x
) f (t)dt (19)

(R(γ)> 0);

= (−1)n dn

dxn (I
α ,α ′,β ,β ′+n,γ+n
− f )(x) (20)

(R(γ)≤ 0; n= [−R(γ)]+1);

and
(Dα ,α ′,β ,β ′,γ

0+ f )(x) = (I−α ′,−α ,−β ′,−β ,−γ
0+ f )(x) (21)

=
dn

dxn

(

I−α ′,−α ,−β ′+n,−β ,−γ+n
0+ f

)

(x) (22)

(R(γ)> 0; n= [R(γ)]+1);

(Dα ,α ′,β ,β ′,γ
− f )(x) = (I−α ′,α ,−β ′,−β ,−γ

− f )(x) (23)

= (−1)n dn

dxn

(

I−α ′,−α ,−β ′,−β+n,−γ+n
− f

)

(x) (24)

(R(γ)> 0; n= [R(γ)]+1).

These operators are reduced to that in (17) - (23) as the following.

(Iα ,0,β ,β ′,γ
0+ f )(x) = (I γ,α−γ,−β

0+ f )(x)(γ ∈C); (25)

(Iα ,0,β ,β ′,γ
− f )(x) = (I γ,α−γ,−β

− f )(x)(γ ∈C); (26)

(D0,α ′,β ,β ′,γ
0+ f )(x) = (Dγ,α ′−γ,β ′−γ

0+ f )(x)(R(γ) > 0); (27)

(D0,α ′,β ,β ′,γ
− f )(x) = (Dγ,α ′−γ,β ′−γ

− f )(x)(R(γ) > 0). (28)

(Further in Refs. ([33], p. 394, eqs (4.18) and (4.19)), we also have

(Iα ,α ′,β ,β ′,γ
0+ xρ−1 f )(x) =

Γ
[

ρ ,ρ + γ −α −α ′−β ,ρ +β ′−α ′

ρ + γ −α −α ′,ρ + γ −α ′−β ,ρ +β ′

]

xρ−α−α ′+γ−1, (29)

whereR(γ)> 0, R(ρ)> max[0,R(α +α ′+β − γ),R(α ′−β ′)]
and

(Iα ,α ′,β ,β ′,γ
− xρ−1 f )(x) =

Γ
[

1+α +α ′− γ −ρ ,1+α+β ′− γ −ρ ,1−β −ρ
1−ρ ,1+α+α ′+β ′− γ −ρ ,1+α −β −ρ

]

xρ−α−α ′+γ−1, (30)

whereR(γ)> 0, R(ρ)< 1+min[R(−β ),R(α +α ′− γ),R(α −β ′− γ)].

Here the symbolΓ
[

a,b,c
d,e, f

]

is employed to represent the ratios of product of gamma function
Γ (a)Γ (b)Γ (c)

Γ (d)Γ (e)Γ ( f )
.
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3 Fractional Integration of the Product pΨq-Function and Sa,b,τ
n (·) Polynomial

Theorem 1. Letα,α ′,β ,β ′,γ,ρ ∈C,Re(γ)> 0 and Re(ρ)> 0 and let a∈C, σ > 0. If the condition of equation (2) and

(29) are satisfied, then the fractional integral Iα ,α ′,β ,β ′,γ
0+ of the productpΨq and Sa,b,τ

n (·) exists and the following relation
holds.

(Iα ,α ′,β ,β ′,γ
0+ [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ+l(m+n)−α−α ′+γ−1Bqnlm+n(1− τxr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

i + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+3Ψq+3

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p,(θ ,σ),(θ + γ −α −α ′−β ,σ),(θ +β ′−α ′,σ)
(a j ,b j)1,q,(θ + γ −α −α ′,σ),(θ + γ −α ′−β ,σ)(θ +β ′,σ)

]

(31)

Whereθ = ρ + l(m+n)+ rw+ rp+ i.

Proof.With equation (1), (5) and (17)

(Iα ,α ′,β ,β ′,γ
0+ [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

=
x−α

Γ (γ)

∫ x

0
t−α ′

(x− t)γ−1F3

(

α,α ′,β ,β ′;γ;1−
t
x
,1−

x
t

)

×[tρ−1
pΨq(atσ )Sa,b,τ

n (t; r,s,q,A,B,m,k, l)]dt

=
x−α

Γ (γ)

∫ x

0
t−α ′

(x− t)γ−1F3

(

α,α ′,β ,β ′;γ;1−
t
x
,1−

x
t

)

×

{

tρ−1
∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

(atσ )k

k!
Bqnt l(m+n)lm+n(1− τtr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n

(−τtr)p

(1− τtr)p

(

At
B

)i
}

dt

=
∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!
Bqnlm+n

∞

∑
w=0

(τ)w

w!
(−sn+ p)w

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

×

(

−b
τ

− sn

)

p

(

i + k+ re
l

)

m+n
(−τ)p

(

A
B

)i x−α

Γ (γ)

∫ x

0
t−α ′

(x− t)γ−1
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×F3

(

α,α ′,β ,β ′;γ;1−
t
x
,1−

x
t

)

tρ+σk+l(m+n)+rw+rp+i−1dt

=
∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!
Bqnlm+n

∞

∑
w=0

(τ)w

w!
(−sn+ p)w

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

×

(

−b
τ

− sn

)

p

(

i + k+ re
l

)

m+n
(−τ)p

(

A
B

)i

Iα ,α ′,β ,β ′,γ
0+ [tρ+σk+l(m+n)+rw+rp+i−1](x).

Using (29) in the above expression we obtain

=
∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!
Bqnlm+n

∞

∑
w=0

(τ)w

w!
(−sn+ p)w

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

×

(

−b
τ

− sn

)

p

(

i + k+ re
l

)

m+n
(−τ)p

(

A
B

)i

×
Γ (θ +σk)Γ (θ +σk+ γ −α −α ′−β)Γ (θ +σk+β ′−α ′)

Γ (θ +σk+ γ −α −α ′)Γ (θ +σk+ γ −α ′−β)Γ (θ +σk+β ′)

× xρ+σk+l(m+n)+rw+rp+i−α−α ′+γ−1

= xρ+l(m+n)−α−α ′+γ−1Bqnlm+n(1− τxr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

i + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+3Ψq+3

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p,(θ ,σ),(θ + γ −α −α ′−β ,σ),(θ +β ′−α ′,σ)
(a j ,b j)1,q,(θ + γ −α −α ′,σ),(θ + γ −α ′−β ,σ)(θ +β ′,σ)

]

. (32)

which is a required result.
If α ′ = 0 in (31), then with (25), we arrive at

Corollary 1. Let α,β ,η ,ρ ∈C, Re(α)> 0 and Re(ρ)> 0 and let a∈C, σ > 0. If the condition (2) is satisfied, then the

fractional integral Iα ,β ,γ
0+ of the productpΨq and Sa,b,τ

n (·) exists and the following relation holds.

(Iα ,β ,η
0+ [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ−β+l(m+n)−1Bqnlm+n(1− τxr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−1) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

i + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i
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×p+2Ψq+2

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p, (θ ,σ), (θ +η −β ,σ)
(a j ,b j)1,q, (θ −β ,σ), (θ +α +η ,σ)

]

. (33)

If we go ahead with the equations (11) and (33), then we get

(Iα
0+[t

ρ−1
pΨq(atσ )sa,b,τ

n (t; r,s,q,A,B,m,k, l)])(x)

= xρ+α+l(m+n)−1Bqnlm+n(1− τxr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−1) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

i + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+1Ψq+1

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p, (θ ,σ)
(a j ,b j)1,q, (θ +α,σ)

]

. (34)

If we re-do equation (33) with (15), we obtain

(Eα ,η
0+ [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ+l(m+n)−1Bqnlm+n(1− τxr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−1) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

i + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+1Ψq+1

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p, (θ +η ,σ)
(a j ,b j)1,q, (θ +α +η ,σ)

]

. (35)

Equations (34) and (35) move along the path shown in the equation (2).

Theorem 2. Let α,α ′,β ,β ′,γ,ρ ∈C,Re(γ) > 0 and Re(ρ)> 0 and let a∈C, σ > 0. If the condition of (2) and (30)are

satisfied, then the fractional integral Iα ,α ′,β ,β ′,γ
− of the productpΨq and Sa,b,τ

n (·) exists and the following relation holds.

Iα ,α ′,β ,β ′,γ
− [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ+l(m+n)−α−α ′+γ−1Bqnlm+n(1− τxr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

i + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+3Ψq+3

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p,(1+α +α ′− γ −θ ,−σ),(1+α +β ′− γ −θ ,−σ),(1−β −θ ,−σ)
(a j ,b j)1,q,(1−θ ,−σ),(1+α +α ′+β ′− γ −θ ,−σ),(1+α −β −θ ,−σ)

]

. (36)
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Proof.Using equation (1), (5) and (19), we have

(Iα ,α ′,β ,β ′,γ
− [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

=
x−α ′

Γ (γ)

∫ ∞

x
t−α(t − x)γ−1F3

(

α,α ′,β ,β ′;γ;1−
x
t
,1−

t
x

)

× [tρ−1
pΨq(atσ )Sa,b,τ

n (t; r,s,q,A,B,m,k, l)]dt

=
x−α ′

Γ (γ)

∫ ∞

x
t−α(t − x)γ−1F3

(

α,α ′,β ,β ′;γ;1−
x
t
,1−

t
x

)

×

{

tρ−1
∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

(atσ )k

k!
Bqnt l(m+n)lm+n(1− τtr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n

(−τtr)p

(1− τtr)p

(

At
B

)i
}

dt

=
∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!
Bqnlm+n

∞

∑
w=0

(τ)w

w!
(−sn+ p)w

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

×

(

−b
τ

− sn

)

p

(

i + k+ re
l

)

m+n
(−τ)p

(

A
B

)i

Iα ,α ′,β ,β ′,γ
− [tρ+σk+l(m+n)+rw+rp+i−1](x).

Applying the formula (30), the above expression becomes

= xρ+l(m+n)−α−α ′+γ−1Bqnlm+n(1− τxr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

i + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+3Ψq+3

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p,(1+α +α ′− γ −θ ,−σ),(1+α +β ′− γ −θ ,−σ),(1−β −θ ,−σ)
(a j ,b j)1,q,(1−θ ,−σ),(1+α +α ′+β ′− γ −θ ,−σ),(1+α −β −θ ,−σ)

⊲

]

. (37)

which is a required result.

If we takeα ′ = 0 in (36), then with (26), we arrive at

Corollary 2. Let α,β ,η ,ρ ∈C, Re(α)> 0 and Re(ρ)> 0 and let a∈C, σ > 0. If the condition (2) is satisfied, then the

fractional integral Iα ,β ,η
− of the productpΨq and Sa,b,τ

n (·) exists and the following relation holds.

(Iα ,β ,η
− [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ−β+l(m+n)−1Bqnlm+n(1− τxr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−1) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

j + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i
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×p+2Ψq+2

[

axσ

∣

∣

∣

∣

∣

(ai ,bi)1,p, (1+β −θ ,−σ), (1+η −θ ,−σ)
(a j ,b j)1,q, (1−θ ,−σ), (1+α +β +η −θ ,−σ)

]

. (38)

Now, if we setβ =−α, then we can show equation (38)as we did in (13)

(Wα
x,∞[t

ρ−1
pΨq(atσ )sa,b,τ

n (t; r,s,q,A,B,m,k, l)])(x)

= xρ+α+l(m+n)−1Bqnlm+n(1− τxr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−1) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

j + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+1Ψq+1

[

axσ

∣

∣

∣

∣

∣

(ai ,bi)1,p, (1−α −θ ,−σ)
(a j ,b j)1,q, (1−θ ,−σ)

]

. (39)

Next, If we takeβ = 0, (38) implies that

(Kα ,η
x,∞ [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ+l(m+n)−1Bqnlm+n(1− τxr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−1) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

j + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+1Ψq+1

[

axσ

∣

∣

∣

∣

∣

(ai ,bi)1,p, (1+η −θ ,−σ)
(a j ,b j)1,q, (1+α +η −θ ,−σ)

]

. (40)

Equations (39) and (40) move along the path shown in the equation (2).

4 Fractional Differential of the Product pΨq Function and Sa,b,τ
n (·) Polynomial

Theorem 3. Let α,α ′,β ,β ′,γ,ρ ∈C,Re(γ)> 0 and Re(ρ)> 0 and let a∈C, σ > 0. If the condition of (2) and (29) are

satisfied, then the fractional integral Dα ,α ′,β ,β ′,γ
0+ of the productpΨq and Sa,b,τ

n (·) exists and the following relation holds.

(Dα ,α ′,β ,β ′,γ
0+ [tρ−1

pΨq(atσ )Sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ−γ+α+α ′+l(m+n)−1Bqnlm+n(1− τtr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+3Ψq+3

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p,(θ ,σ)(θ − γ +α +α ′+β ′,σ),(θ −β +α,σ)
(a j ,b j)1,q,(θ − γ +α +α ′,σ),(θ − γ +α +β ′,σ),(θ −β ,σ)

]

. (41)

Proof.With (1), (5) and (22), we have

(Dα ,α ′,β ,β ′,γ
0+ [tρ−1

pΨq(atσ )Sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

=
dk

dxk (I
−α ′,−α ,−β ′+k,−β ,−γ+k
0+ [tρ−1

pΨq(atσ )Sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)
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wherek= [R(γ)+1].

=
dk

dxk
(I−α ′,−α ,−β ′+k,−β ,−γ+k

0+ (tρ−1

×
∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

(atσ )k

k!
Bqnt l(m+n)lm+n(1− τtr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

i + k+ re
l

)

m+n

(

−τxr

1− τtr

)p(Ax
B

)i

)(x))

= Bqnlm+n
∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!

m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

∞

∑
w=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

j + k+ re
l

)

m+n
(−τ)pτw

(

A
B

)i

×
(−sn+ p)w

w!
dk

dxk

(

I−α ′,−α ,−β ′+k,−β ,−γ+k
0+ [tρ+σk+l(m+n)+rw+rp+i−1]

)

(x)

= Bqnlm+n
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

∞

∑
w=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

A
B

)i

×

(

j + k+ re
l

)

m+n
(−τ)pτw (−sn+ p)w

w!

∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!

×
Γ (θ +σk)Γ (θ +σk− γ +α +α ′+β ′)Γ (θ +σk−β +α)

Γ (θ +σk+α +α ′− γ + k)Γ (θ +σk− γ +α +β ′)Γ (θ +σk−β)
dk

dxk
xθ+α+α ′−γ+k+σk−1.

Using dn

dxn xm = Γ (m+1)
Γ (m−n+1)x

m−n, wherem≥ n in the above expression, we obtain

= xρ−γ+α+α ′+l(m+n)−1Bqnlm+n(1− τtr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+3Ψq+3

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p,(θ ,σ)(θ − γ +α +α ′+β ′,σ),(θ −β +α,σ)
(a j ,b j)1,q,(θ − γ +α +α ′,σ),(θ − γ +α +β ′,σ),(θ −β ,σ)

]

. (42)

With the help of (41) and (27), we arrive at
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Corollary 3.Let α,β ,η ,ρ ∈C, Re(α) > 0 and Re(ρ)> 0 and let a∈C, σ > 0. If the condition (2)is satisfied, then the

fractional integral Dα ,β ,η
0+ of the productpΨq and Sa,b,τ

n (·) exists and following relation holds.

(Dα ,β ,η
+ [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ+β+l(m+n)−1Bqnlm+n(1− τxr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−1) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

j + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+2Ψq+2

[

axσ

∣

∣

∣

∣

∣

(ai ,bi)1,p, (θ ,σ), (θ +α +β +η ,σ)
(a j ,b j)1,q, (θ +β ,σ), (θ +η ,σ)

]

. (43)

Theorem 4. Let α,α ′,β ,β ;γ,ρ ∈C, Re(γ)> 0 and Re(ρ)> 0 and let a∈C, σ > 0. If the condition of (2) and (30) are

satisfied, then the fractional integral Dα ,α ′,β ,β ′,γ
− of the productpΨq and Sa,b,τ

n (·) exists and the following relation holds.

(Dα ,α ′,β ,β ′,γ
− [tρ−1

pΨq(atσ )sa,b,τ
n (t;x,s,q,A,B,m,k, l)])(x)

= xρ−γ+α+α ′+l(m+n)−1Bqnlm+n(1− τxr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

j + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+3Ψq+3

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p,(1−α ′−α + γ −θ ,−σ),(1−α ′−β + γ −θ ,−σ),(1+β ′−θ ,−σ)
(a j ,b j)1,q,(1−θ ,−σ),(1−α ′−α −β + γ −θ ,−σ),(1−α ′+β ′−θ ,−σ)

]

. (44)

Proof.Using (1), (5) and (24), we arrive at

(Dα ,α ′,β ,β ′,γ
− [tρ−1

pΨq(atσ )sa,b,τ
n (t;x,s,q,A,B,m,k, l)])(x)

= (−1)k dk

dxk (I
−α ′,−α ,−β ′,−β+k,−γ+k
− [tρ−1

pΨq(atσ )sa,b,τ
n (t;x,s,q,A,B,m,k, l)])(x)
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wherek= [R(γ)+1].

= (−1)k dk

dxk

[

I−α ′,−α ,−β ′,−β+k,−γ+k
−

(

tρ−1
∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

(atσ )k

k!
Bqnt l(m+n)lm+n

× (1− τtr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n

(

−τtr

1− τtr

)p(At
B

)i )

(x)

]

= Bqnlm+n
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

∞

∑
w=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

× (−τ)pτw
(

A
B

)i (−sn+ p)w

w!
(−1)k dk

dxk

∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!

×
(

I−α ′,−α ,−β ′,−β+k,−γ+k
−

[

tρ+σk+rw+rp+l(m+n)+i−1
])

(x).

Applying the formula (30)

= Bqnlm+n
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

∞

∑
w=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n
(−τ)pτw

(

A
B

)i (−sn+ p)w

w!

∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

×
Γ (1−α ′−α + γ − k−θ −σk)Γ (1−α ′−β + γ −θ −σk)Γ ((1+β ′−θ −σk)

Γ (1−θ −σk)Γ (1−α ′−α −β + γ −θ −σk)Γ (1−α ′+β ′−θ −σk)

× (−1)k dk

dxk xα+α ′−γ+k+θ+σk−1

= Bqnlm+n
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

∞

∑
w=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n
(−τ)pτw

(

A
B

)i (−sn+ p)w

w!

∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!

×
Γ (1−α ′−α + γ − k−θ −σk)Γ (1−α ′−β + γ −θ −σk)Γ ((1+β ′−θ −σk)

Γ (1−θ −σk)Γ (1−α ′−α −β + γ −θ −σk)Γ (1−α ′+β ′−θ −σk)

× (1−α ′−α + γ − k−θ −σk)k xα+α ′−γ+θ+σk

= xρ−γ+α+α ′+l(m+n)−1Bqnlm+n(1− τxr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

j + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i
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×p+3Ψq+3

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p,(1−α ′−α + γ −θ ,−σ),(1−α ′−β + γ −θ ,−σ),(1+β ′−θ ,−σ)
(a j ,b j)1,q,(1−θ ,−σ),(1−α ′−α −β + γ −θ ,−σ),(1−α ′+β ′−θ ,−σ)

]

. (45)

By using relation (28) in (44), we arrive at

Corollary 4. Let α,β ,η ,ρ ∈C, Re(α)> 0 and Re(ρ)> 0 and let a∈C, σ > 0. If the condition (2) is satisfied, then the

fractional integral Dα ,β ,η
− of the productpΨq and Sa,b,τ

n (·) exists and the following relation holds.

(Dα ,β ,η
− [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ+β+l(m+n)−1Bqnlm+n(1− τxr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−1) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

j + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+2Ψq+2

[

axσ

∣

∣

∣

∣

∣

(ai ,bi)1,p, (1−β −θ ,−σ), (1+α +η −θ ,−σ)
(a j ,b j)1,q, (1−θ ,−σ), (1−β +η −θ ,−σ)

]

. (46)

5 Fractional Integro-Differential of the Product pΨq-Function and Sa,b,τ
n (·) Polynomial

Theorem 5. Letα,α ′,β ,β ′,γ,ρ ∈C,Re(γ)> 0 and Re(ρ)> 0 and let a∈C, σ > 0. If the condition of (2) and ( 29) are

satisfied, then the fractional integral Iα ,α ′,β ,β ′,γ
0+ of the productpΨq and Sa,b,τ

n (·) exists and the following relation holds.

(Iα ,α ′,β ,β ′,γ
0+ [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ+l(m+n)−α−α ′+γ−1Bqnlm+n(1− τxr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

i + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+3Ψq+3

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p,(θ ,σ),(θ + γ −α −α ′−β ,σ),(θ +β ′−α ′,σ)
(a j ,b j)1,q,(θ + γ −α −α ′,σ),(θ + γ −α ′−β ,σ)(θ +β ′,σ)

]

. (47)
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Proof.With (1), (5) and (18)

(Iα ,α ′,β ,β ′,γ
0+

[

tρ−1
pΨq(atσ )sa,b,τ

n (t; r,s,q,A,B,m,k, l)
]

)(x)

=
dk

dxk (I
α ,α ′,β+k,β ′,γ+k
0+

[

tρ−1
pΨq(atσ )sa,b,τ

n (t; r,s,q,A,B,m,k, l)
]

(x)

=
dk

dxk (I
α ,α ′,β+k,β ′,γ+k
0+ tρ−1(

∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

(atσ )k

k!
Bqnt l(m+n)lm+n(1− τtr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n

(

−τtr

1− τtr

)p(At
B

)i

)(x)

= Bqnlm+n
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

∞

∑
w=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n
(−τ)pτw

(

A
B

)i (−sn+ p)w

w!
dk

dxk

∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!

× (Iα ,α ′,β+k,β ′,γ+k
0+ (tρ+σk+rw+rp+l(m+n)+i−1)(x)

Using the formula (29)

= Bqnlm+n
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

∞

∑
w=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n
(−τ)pτw (sn+ p)w

w!

(

A
B

)i ∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!

×
Γ (θ +σk)Γ (θ +σk+ γ −α −α ′−β)Γ (θ +σk+β ′−α ′)

Γ (θ +σk+ γ + k−α −α ′)Γ (θ +σk+ γ −α ′−β)Γ (θ +σk+β ′)

×
dk

dxk xγ+k−α−α ′+θ+σk−1

Finally using dn

dxn xm = Γ (m+1)
Γ (m−n+1)x

m−n, wherem≥ n, the above expression becomes

xρ+γ−α−α ′+l(m+n)−1Bqnlm+n(1− τxr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

(x)

×p+3Ψq+3

[

axσ
∣

∣

∣

∣

(ai,bi)1,p,(θ ,σ),(θ + γ −α −α ′−β ,σ),(θ +β ′−α ′,σ)
(a j ,b j)1,q,(θ + γ −α −α ′,σ),(θ + γ −α ′−β ,σ),(θ +β ′,σ)

]

(48)
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If we takeα ′ = 0 in (47), we arrive at

Corollary 5.Let α,β ,η ,ρ ∈C, Re(α) > 0 and Re(ρ)> 0 and let a∈C, σ > 0. If the condition (2) is satisfied, then the

fractional integral Iα ,β ,γ
0+ of the productpΨq and Sa,b,τ

n (·) exists and following relation holds.

(Iα ,β ,η
0+ [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ−β+l(m+n)−1Bqnlm+n(1− τxr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−1) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

i + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+2Ψq+2

[

(ai ,bi)1,p, (θ ,σ), (θ +η −β ,σ)
(a j ,b j)1,q, (θ ,−β ,σ), (θ +α +η ,σ)

]

. (49)

Theorem 6.Let α,α ′,β ,β ′,γ,ρ ∈C,Re(γ)> 0 and Re(ρ)> 0 and let a∈C, σ > 0. If the condition of (2) and (30) are

satisfied, then the fractional integral Iα ,α ′,β ,β ′,γ
− of the productpΨq and Sa,b,τ

n (·)exists and following relation holds.

Iα ,α ′,β ,β ′,γ
− [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ+l(m+n)−α−α ′+γ−1Bqnlm+n(1− τxr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

i + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+3Ψq+3

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p,(1+α +α ′− γ −θ ,−σ),(1+α +β ′− γ −θ ,−σ),(1−β −θ ,−σ)
(a j ,b j)1,q,(1−θ ,−σ),(1+α +α ′+β ′− γ −θ ,−σ),(1+α −β −θ ,−σ)

]

. (50)

Proof.By using (1), (5) and (20), we get

(Iα ,α ′,β ,β ′+k,γ+k
−

[

tρ−1
pΨq(atσ )sa,b,τ

n (t; r,s,q,A,B,m,k, l)
]

)(x)

=
dk

dxk (I
α ,α ′,β ,β ′+k,γ+k
−

[

tρ−1
pΨq(atσ )sa,b,τ

n (t; r,s,q,A,B,m,k, l)
]

(x)

=
dk

dxk (I
α ,α ′,β ,β ′+k,γ+k
− tρ−1

∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

(atσ )k

k!
Bqnt l(m+n)lm+n(1− τtr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n

(

−τtr

1− τtr

)p(At
B

)i

(x)

= Bqnlm+n
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

∞

∑
w=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n
(−τ)pτw

(

A
B

)i (−sn+ p)w

w!
dk

dxk

∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!

× (Iα ,α ′,β ,β ′+k,γ+k
− tρ+σk+rw+rp+l(m+n)+i−1)(x)
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Using the formula (30)

= Bqnlm+n
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

∞

∑
w=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n
(−τ)pτw (sn+ p)w

w!

(

A
B

)i ∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!

×
Γ (1+α +α ′− γ − k−θ −σk)Γ (1+α +β ′− γ −θ −σk)Γ (1−β −θ −σk)

Γ (1−θ −σk)Γ (1+α +α ′+β ′− γ −θ −σk)Γ (1+α −β −θ −σk)

× (−1)k dk

dxk xγ+k−α−α ′+θ+σk−1

= Bqnlm+n
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

∞

∑
w=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n
(−τ)pτw (sn+ p)w

w!

(

A
B

)i ∞

∑
k=0

p

∏
i=1

Γ (ai +bik)

q

∏
j=1

Γ (a j +b jk)

ak

k!

×
Γ (1+α +α ′− γ − k−θ −σk)Γ (1+α +β ′− γ −θ −σk)Γ (1−β −θ −σk)

Γ (1−θ −σk)Γ (1+α +α ′+β ′− γ −θ −σk)Γ (1+α −β −θ −σk)

× (1+α +α ′− γ − k−θ −σk)kx
γ−α−α ′−θ+σk

= xρ+γ−α−α ′+l(m+n)−1Bqnlm+n(1− τxr)sn

×
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−i) j(a)i

p!i! j!e!
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

×

(

j + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

(x)

×p+3Ψq+3

[

axσ
∣

∣

∣

∣

(ai ,bi)1,p,(1+α +α ′− γ −θ ,−σ),(1+α +β ′− γ −θ ,−σ),(1−β −θ ,−σ)
(a j ,b j)1,q,(1−θ ,−σ),(1+α+α ′−β ′− γ −θ ,−σ),(1+α,−β −θ ,−σ)

]

. (51)

which is a required result.

If we takeα ′ = 0 in (50), we arrive at

Corollary 6.Let α,β ,η ,ρ ∈C, Re(α) > 0 and Re(ρ)> 0 and let a∈C, σ > 0. If the condition (2) is satisfied, then the

fractional integral of Iα ,β ,η
− of the productpΨq and Sa,b,τ

n (·) exists and the following relation holds.

(Iα ,β ,η
− [tρ−1

pΨq(atσ )sa,b,τ
n (t; r,s,q,A,B,m,k, l)])(x)

= xρ−β+l(m+n)−1Bqnlm+n(1− τxr)sn
m+n

∑
p=0

p

∑
e=0

m+n

∑
i=0

i

∑
j=0

(−1)i(−p)e(−1) j(a)i

p!i! j!e!

×
(−a−qn) j

(1−a− i) j

(

−b
τ

− sn

)

p

(

j + k+ re
l

)

m+n

(

−τxr

1− τxr

)p(Ax
B

)i

×p+2Ψq+2

[

axσ

∣

∣

∣

∣

∣

(ai ,bi)1,p, (1+β −θ ,−σ), (1+η −θ ,−σ)
(a j ,b j)1,q, (1−θ ,−σ), (1+α +β +η −θ ,−σ)

]

. (52)
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6 Conclusion

In the present paper, we have given the six theorems of generalized fractional integral and derivative operators given by
Saigo and Meada. The theorems have been developed in terms ofthe product of Wright function and Raizada polynomial
in a compact and elegant form with the help of Saigo-Meada power function formulas. The Wright function, expressed
in this paper, is relatively basic in nature. Therefore on some suitable adjustment of the parameters on function, we may
obtain other special functions such as M-series, Mittag-Leffler function, Bessel-Maitland function as its special cases. The
results presented in this paper are easily converted in terms of a similar type of new integrals with different arguments
after some suitable parametric replacements. In this sequel, one can obtain integral representation of more generalized
special functions, which has a wide application in physics and engineering sciences.
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